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The corrections to the ionizatio n energies of two- electron ions due to
relativi stic e˜ects are studied by di˜erent two- comp onent relativi stic meth-
ods. In particular, the results obtained by the standard Pauli {C ow an{Gri £n
metho d and by tw o variants of the Douglas À K roll { H ess metho d (the one
based on the free-particle transf ormation and the one in w hich the transf or-
mation accounts for the nuclear potential ) are compared w ith those calcu-
lated using the four- comp onent Dirac{F ock metho d. Limits of applicab il ity
of each of these metho ds ha ve been indica ted. Results acceptable in the
w hole range of the nuclear charge (relativisti c corrections accurate up to 4%
for Z ç 85 ) are given only by the Douglas{K rol l{H ess metho d which goes
b eyond the free-particle transf ormation. Each of the other tw o approaches
either underestimates or overestimates the corrections due to relativisti c
e˜ects.

PACS numb ers: 31.15. {p, 31.30.Jv

1. I n t rod uct io n

I n spi t e of t he very rapid and successful devel opm ent of the \ exact " four-com -
ponent rel ati vi sti c theo ry of many -electron systems [1{ 3], studi es of t wo-component
relati vi sti c models are sti l l ti mely and of relevance in quantum chemistry . D uri ng
recent years m etho ds based on the D ouglas{ Kro l l tra nsform ed D irac{ Coul omb
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Ha mi l to nian [4{ 9] have received considerabl e attenti on because they have pro ved
to be both accurate and easy to appl y computa ti onally [10{ 16].

The m oti vati on for devel oping two -comp onent relati vi sti c appro xi mati ons is
thei r simpl ici ty. D ue to these metho ds, a substa nti al part of the relati vi stic ẽ ects
m ay be ta ken into account by stra ightf orw ard m odi Ùcati ons of nonrela ti vi sti c com -
puter codes. For thi s reason, the m ost com mon way of sim ul ta neously incl udi ng rel -
ati vi sti c e˜ects and electro n correl ati on in molecular calcul ati ons are vari atio ns of
the Paul i appro xi mati on. W i th the spin{ orbi t coupl ing neglected, thi s appro xi m a-
ti on is usual ly ref erred to as the Paul i { Cowan{ Gri £ n (PCG ) or the mass-vel ocit y
and D arwi n (MVD ) appro xi matio n [17]. The corresponding Ham i lto ni an is not
bounded from below and is strongly singul ar [18]. Theref ore thi s appro xi mati on
has to be used wi th great care and, in pri nci ple, the operato r describing the MVD
correcti on shoul d be used as the Ùrst- order perturba ti on.

A successful metho d to overcome the deÙciencies of the MVD appro xi m a-
ti on has been developed by Hess [6] and is based on the Douglas{ Kro l l tra ns-
form ati on [5]. The two -comp onent D ouglas{ Kro l l Ha mi l to nian is bounded f rom
below and has no non- integ rable singul ari ti es. Theref ore it m ay be used in vari -
ati onal calcul ati ons employi ng any square- integ rable tri a l functi on. The algebra ic
appro xi m atio n intro duced to the vari ati onal m etho d based on the D ouglasÀ Kro l l
tra nsform ed Ha mi lto nian by Hess [6, 10] has m ade i t easy to appl y com puta ti on-
al ly. The resulti ng form ul atio n is referred to as the DouglasÀ Kro l l { Hess (D KH)
no-pai r m etho d. If the D ouglas{ Kro l l tra nsform ati on has been constructe d using
a f ree parti cle Ham i l to nian [6] then, in thi s paper, the correspondi ng m etho d is
ref erred to as DKH0 . If the D ouglas{ Kro ll tra nsform ati on depends on the exter-
na l Ùeld potenti al [7] then the resulti ng m etho d is denoted by D KH1 . Usual ly,
the two -electron term s (rel ated to the Brei t correcti ons) are not incl uded into the
D ouglas{Kro l l tra nsform ed Ha mi lto nian (see however [10, 19]). They are nei ther
ta ken into account in thi s study . Thei r contri buti on to the to ta l energy is sim i -
lar to tha t due to the quantum electro-dyna mics correcti ons [20], however they
m ay be very im porta nt in determ ini ng the Ùne structure spli tti ngs in spectra [21].
Incl udi ng the two- electro n term s into the D ouglas{Kro l l tra nsform ati on operato r
leads to a rather compl icated form alism and, except for a general form ulati on [4]
has never been im plemented.

The routi ne calcul ati on of relati vi sti c correcti ons is sti l l lim ited, m ainl y be-
cause m ost of the general ly avai lable softwa re is based on non-relati vi sti c f or-
m ulati ons. Al so the experience concerni ng the constructi on of suita bl e basis sets
is rather l imited. It has been recomm ended by Hess and co-workers [22{ 24] to
construct appro pri ate basis sets by re-contra cti ng the standard non-relati vi stic
Gaussian basis sets by usi ng the eigenvecto rs resulti ng from DKH Ha rtree{ Fock
(HF) calcul ati ons (rather tha n from the corresp ondi ng non-relati vi sti c calcula-
ti ons). Thi s stra tegy is due to the observati on tha t the DKH bare-nucl eus Ha mi l -
to ni an empha sises a region closer to the nucl eus tha n i ts non-relati vi stic counter-
part. The e˜ect of using basis sets opti mised on the non-relati vi sti c and on the
relati vi sti c levels is addressed in thi s study as wel l .

The aim of thi s inv estigati on is to com pare the relati vi sti c correcti ons to the
ioni zati on energies of two- electro n ions wi th the nucl ear charge Z ranging f rom
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Z = 2 to Z = 8 6 com puted by di ˜erent two -com ponent m etho ds. The correcti ons
are calcul ated by using the standard PCG appro xi mati on and by the two vari ants
of the D ouglas{ Kro l l { Hess no-pai r appro ach. The correl ati on e˜ects are studi ed by
usi ng the coupl ed cluster (CC SD) m etho d [25], in thi s case equivalent to the ful l
conÙgurati on intera cti on (CI), and by the ful l CI m etho d, m odiÙed to account for
the relati vi sti c e˜ects. Al l calcul ati ons have been perf orm ed using the Op enMo l
system of pro grams [26, 27]. The resul ts pro ved to be helpful in determ ining the
l im its of appl icabi l i ty of the investi gated two -component appro xi mati ons.

2. T heor y

The spin free no-pai r approxi matio n based on the D ouglas{ Kro ll tra ns-
form ati on reduces the four- com ponent relati vi stic one-electron Ham i l to nian to a
two -comp onent form . The D irac Ham i l to nian in the m omentum space is

H D = c˜ p + Ùmc 2 + V ; (1)

where c ¤ 1 3 7 : 0 3 6 a.u. is the velocity of l ight and V ( i ) is the one-electron nucl ear
attra cti on operator, can be tra nsform ed into a bl ock-diagonal form exact to the
second-order in V

H D = ÙE p + E 1 À Ù( W E p W +
1

2
f W

2 ; E p g ) ; (2)

where f g means anti commutato r. In the spin- free appro xi m ati on

E p = c
p

p 2 + m 2 c (3)

and

E = A ( V + V ) A;

A =
E p + mc

2 E p

; (4)

=
c

E p + mc
:

The integ ra l operato r W i s deÙned in term s of i ts kernel

W ( ; ) = A (p ) [ R ( ) À R ( ) ]A ( p )
V ( ; )

E p + E p

; (5)

where V ( ; ) denotes the Fouri er tra nsform of the nucl ear potenti al V . Usu-
al ly the Douglas{ Kro l l tra nsform ati on is l imited to its one-electro n part and the
two -electron term s are left in thei r Coul omb form . If the spin-dependent term s
are neglected (as i t has been done in Eqs. (2{ 5)) both com ponents of the no-pai r
Ha mi l to nian are identi cal and the structure of the theo ry becom es the sam e as
tha t of the nonrel ati vi sti c one. Thi s gives the so-cal led spin free two- component
m any -electron no-pair Ha m il to nian

H =

i

E p ( i ) +

i

V e˜ ( i ) +

i < j

1

r i j

; (6)
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where

V e˜ ( i ) = A ( i )[ V ( i ) + R ( i )V ( i ) R ( i )] A ( i )

ÀW ( i )E p ( i ) W ( i ) À

1

2
f ( W ( i )) 2 ; E p ( i ) g : (7)

In the ini ti al form ulati on of the no-pai r appro xi ma ti on [6] the Douglas{ Kro l l tra ns-
form ati on operato rs were constructed using the free-parti cle Ham i lto ni an only. In
such a case

V 0
e˜ ( i ) = A ( i )[ V ( i ) + R ( i )V ( i ) R ( i )] A ( i ) : (8)

The relevance of V -dependent term s in the tra nsform ati on pro cedure, al ready
recognized by Hess [7], is also studi ed in thi s paper.

The operato rs E p ; A , and R m ay be conveni entl y deÙned in the momentum
space. In order to avoid com puta ti onal di£ cul ti es, the tra nsi ti ons between the
coordi nate and the mom entum representati ons are perform ed wi thi n the algebra ic
appro xi m atio n [6, 10]. In thi s appro xi m ati on one sets up the ki neti c energy m a-
tri x T in the ori ginal orbi tal basis. Then one tra nsform s T to the di agonal f orm
and assumes tha t i ts eigenvalues are equal to À p . The eigenvalues of the matri -
ces representi ng E p ; A; and are then evaluated as the appro pri ate functi ons of
the eigenvalues of . Ha vi ng the diagonal f orm s of these m atri ces, one tra nsform s
them to the coordi nate representati on using the eigenvetors of the ki neti c energy
m atri x. Fi na l ly, by pro perly inserti ng into Eq. (8) the resoluti ons of the identi ty
in the actua l ly used basis set, the m atri cesrepresenti ng E p and V 0

e˜ are expressed
as

h a j E p j bi = ( S C ~E p C S ) ab À mc S ab ; (9)

h a j V e˜ j b i = (S C ~A C V C ~A C S ) ab + ( S C ~B C Y C ~B C S ) ab ; (10)

where

B ( i ) =
cA (i )

mc + E i

; (11)

Y ( i ) = i V ( i ) i ; (12)

is the overl ap matri x, ti lde means tha t the m atri x is deÙned in an ortho go-
nal basis of orbi ta ls and stands for the ortho gonal izati on m atri x. Using the
algebra ic appro xi mati on is the key to the success of the approaches based on the
D ouglas{Kro l l tra nsform ati on. The resul ti ng DKH m etho d is easily im plem enta ble
wi thi n an arbi tra ry non-relati vi stic code. If the e˜ecti ve one-electron potenti al is
deÙned accordi ng to Eq. (7), i t is ref erred to as D KH1 m etho d; if Eq. (8) is used
instead, the metho d is cal led D KH0 .

By expandi ng E p ; A , and in Eqs. (8) and (9) into power series on the
Ùne structure constant and reta ini ng the term s up to the second order onl y, one
obta ins the MVD (also kno wn as PCG ) appro xi mati on

( S C ~E C S ) ab À mc S ab !

1

2 m
h a j p j b i À

1

8 m c
h a j p j b i ; (13)
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( S C ~A C y V C ~A C y S ) ab ! h a j V j bi À

1

8 m 2 c 2
h a j p 2 V + V p 2

j b i ; (14)

( S C ~B C y Y C ~B C y S ) ab ! À

1

4 m 2 c2
h a j V j bi : (15)

Al l calcul ati ons perform ed in thi s study have been carri ed out wi th unco n-
tra cted Gaussian typ e orbi ta ls (G TO ' s). Since thi s study is restri cted to ground
state pro perti es, onl y s- typ e orbi ta ls are requi red at the HF level of appro xi m a-
ti ons. The ini ti al set of s -typ e Gaussian orbi ta l exponents has been taken f rom
Gropen [28]. The charge distri buti on in the studi ed system s is fai rl y compact.
Theref ore the s -typ e orbi ta l wi th the lowest exponent has been rem oved from the
basis set. The rem aining 18 GTO' s ( ˜

s
) have been reopti m ized wi th respect to

the nonrelati vi sti c HF energy by using the uni form scal ing ˜
s

= ˜
s

k
s

. Mo st
of the correl ati on energy of two- electron ions in the 1 s electro n conÙgura ti on can
be accounted for by using sp d -typ e basis sets. For the non-rela ti vi sti c and the rel -
ati vi sti c CCSD calcul ati ons [25] in addi ti on to the s -typ e Gaussian orbi ta ls, Ùve
p - typ eand three d -typ e Gaussian orbi tals have been used. The ini ti al p - typ eorbi ta l
exp onents have been set equal to the s- typ e orbi ta l exp onents ˜

s
corresp ondi ng

to the hi ghest coe£ ci ents in the 1 s eigenvector resul ti ng from a non-relati vi sti c HF
calculati on. The Ùnal opti m ized p - typ eorbi tal exponents have been determ ined by
the uni form scal ing ˜ p = ˜ s k p . Sim i larl y, the three d -typ e exponents have been
selected and opti m ized by the uni form scal ing ˜

d
= ˜ p k

d
: The corresp ondi ng

scaling facto rs are collected in Tabl e I.
In the present investi gatio n the fol lowing properti es have been calcul ated :

(i ) the nonrel ati vi stic HF energy, (i i ) the Ùrst order relati vi sti c MVD correcti on to
the HF energy, (i i i ) the correcti ons to the HF and to the CCSD energy due to rel -
ati vi sti c e˜ects determ ined by the D KH0 m etho d and (i v) by the D KH1 m etho d.
As reference data , the exact non-relati vi sti c Schr�odinger energies determ ined by
D rake [29] E and the exact num erical HF and D irac{ Ha rtree{ Fock (D HF) en-
erg ies, E and E , respectivel y, determ ined in thi s study by the GRASP
pro gram [30] have been used. The correl ati on energies have been obta ined as
di ˜erences between the CCSD and the HF energ ies or between the num erical
m ulti -conÙgurati onal (MC) and one-conÙgura ti onal HF or DHF energies. The nu-
m erical ly exact HF ioni zati on energies, the errors in the HF ioni zati on energies
(ca lcul ated using the analyti cal orbi ta ls) due to the l imi ted orbi ta l basis set, the
exact and the CCSD electron correl ati on energy contri buti ons to the ionizati on
energies are di splayed in Tabl e I I.The correcti ons to the ioni zati on energies due
to relati vi sti c e˜ects calcul ated by using the MVD , D KH0 , and D KH1 metho ds
are compared to the corresp ondi ng num erical ly exact D HF ionizati on energies cal-
cul ated by usi ng the GRASP pro gram [30] in Tabl e I II. The percentage error £

di splayed in the tabl e is deÙned as

£ ( x ) = 1 0 0
E À E x

E
% ; (16)
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T AB LE I

T he values of scaling coe£cients for s -, p-, and
d -typ e atomic orbitals optimized with resp ect to
the non- relativ isti c ( k

n r ) and the relativi sti c ( k
r el )

calculatio ns.

Io ns k nr
s

k nr
p

k nr
d

k re l
s

k re l
p

k re l
d

Au + 7 7 1.11 8.08 8.68 1.97 7.01 7.93

Hg+7 8 1.13 7.96 8.71 2.22 6.28 7.18

Tl +7 9 1.01 8.21 8.85 2.29 6.32 7.18

Pb +8 0 1.01 8.32 8.94 6.46 2.29 2.61

Bi +8 1 1.02 8.35 9.03 6.39 2.37 2.71

Po +8 2 1.03 8.23 8.91 7.87 1.93 2.21

At +8 3 1.04 8.23 8.92 7.94 1.95 2.23

Rn 1.02 9.59 9.15 20.61 2.26 2.13

T ABLE I I

The exact non- relativi stic H artree{F ock ioniza-
tion energies E , the di˜erences E be-
tween E and the corresp onding energies ob-
tained using the non- relativi sti c basis sets, the
exact non- relati vis tic correlation energies E ,
and the correlation energies calcula ted using the
CC SD metho d w ith the non- relativ isti c basis
set E . T he Ûuctuation in the last digit in
E are due to the Ùnite basis set e˜ects. A ll
results are in mhartrees.

Io ns E H F E H F E corr
nre E c orr

nr bn

Au 3071237 7 { 46 { 44

Hg 3150112 8 { 46 { 45

Tl 3229987 8 { 46 { 45

Pb 3310862 8 { 46 { 44

Bi 3392737 8 { 46 { 44

Po 3475612 8 { 46 { 44

At 3559487 9 { 46 { 45

Rn 3644362 9 { 46 { 45

where E DH F and E x denote, respecti vely, the relati vi sti c correcti ons to the exact
D HF energy and to the energy in questi on. The DKH1 energies have been calcu-
lated using basis sets opti m ized both at the non-relati vi sti c and at the relati vi stic
level of appro xi mati on. Fi na l ly, the electron correl ati on energies calculated on the
relati vi sti c level of appro xi mati on are displayed in Tabl e IV.
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T ABLE I I I

DH F relativi stic corrections to ionizati on energies (E
D H F
re l ) and the per-

centage errors given by the metho d speciÙed. Subscripts nr and rel refer to
using the non- relativ istic and relativis tic basis set, respectively . A ll results
are in mhartrees.

Io ns E DH F
re l £( MVD nr ) £ ( D KH0 nr ) £ (D KH1 nr ) £ ( DKH1 re l )

Au +7 7 306394 18.39 { 44.17 4.07 4.04

Hg+7 8 324143 18.87 { 44.50 4.11 4.07

Tl +7 9 342746 19.33 { 44.80 4.14 4.10

Pb +8 0 362240 19.63 { 45.11 4.18 4.13

Bi +8 1 382664 20.27 { 45.43 4.22 4.16

Po +8 2 404057 20.76 { 45.76 4.26 4.19

At +8 3 426460 21.25 { 46.09 4.29 4.21

R n+8 4 449919 21.75 { 46.41 4.34 4.22

T ABLE IV

N on- relativi stic correlation energies
E and the relativi sti c corrections

" calculated by the numerical MC H F
and MC DH F metho ds for s s p

d conÙguratio n compared w ith the cor-
resp ondin g quantities ( E and " ) cal-
culated by C CSD and DK H 1 metho ds us-
ing the relativisti c orbital basis set deÙned
in the text. A ll results are in mhartrees.

Io ns E co rr
n um " num E c orr

rlbn " rlbr

Au { 39.7 { 2.95 { 44.4 { 33.4

Hg { 39.7 { 3.14 4 4 : 5 { 34.6

Tl { 39.7 { 3.34 { 44.5 { 35.8

Pb { 39.7 { 3.55 { 44.5 { 37.2

Bi { 39.7 { 3.77 { 44.5 { 38.5

Po { 39.7 4 : 0 0 { 44.5 { 39.9

At { 39.7 { 4.25 { 44.5 { 41.3

R n { 39.7 { 4.51 { 44.5 { 42.9

Accordi ng to the data of T able I I I both the MVD and the D KH0 m eth-
ods fai l to account correctl y f or the contri buti on to the ionizati on energy of the
two -electron heavy atom ic ions due to rela ti vi sti c e˜ects. By using these appro x-
im ati ons at most the order of magni tude of the relati vi sti c correcti on to the ion-
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izati on energies can be estim ated. The perf orm ance of both metho ds m ay be in-
terpreted by analyzi ng Z =c-expansi ons of the corresp ondi ng energies evaluated for
hydro gen-l ike atom s [31, 32]. In the case of the MVD metho d, onl y term s up to
Z 4 =c 2 are ta ken into account. The Ùrst term of the expansion whi ch is neglected
in thi s approach, is equal (i n m hartree) to

Â H = 62:5
Z6

c4

and leads to an increase in the relati vi stic correcti on [31]. In the present calcul ati on
the relati vi sti c correcti ons are underesti mated by the MVD appro xi matio n. The
least-square Ùt shows tha t the correspondi ng absolute error, as a functi on of Z ,
behaves as

Â H e = 82
Z6

c4
:

The di ˜erence between Â H and Â H e i s a consequence of the non-hydro genic char-
acter of the wa ve functi on and of an e˜ecti ve inÛuence of the higher- order term s.

In the case of the D KH0 m etho d, usi ng the f ree-parti cle pro jector intro -
duces adm ix tures of negati ve-energy soluti ons whi ch pol lute the positi ve energy
state [32]. In the corresp ondi ng Z -expansi on of the energy of a hydro gen- like ato m,
thi s results in the presence of a spuri ous term proporti onal to Z 5 . As one can check
by appl yi ng the least-squares pro cedure to the data displayed in T able I I I, the ab-
solute error of the DKH0 m etho d scales wi th Z 5 . Then, the errors of the MVD and
of the D KH0 m etho ds, whi ch in the case under consi derati on am ount, respectively,
to 20% and 45% of the to ta l relati vi sti c correcti on, are due to the high-order term s
ei ther not incl uded (i n the MVD Ha m ilto nian) or are incorrectl y represented (in
the DKH0 Ha m il to nian). Since the leading term of the to tal relati vi sti c correc-
ti on is pro porti onal to Z 4 , the percentage errors of the MVD and of the D KH0
m etho ds have to be, appro xi m ately, proporti onal to Z 2 and to Z , respectively.
Thi s behavi our of the errors m ay also be seen from T abl e II I. One shoul d rem em-
ber [31, 32] tha t in the case of the MVD m etho d, the next m issing term in the
Z -expansi on of the energy is pro porti onal to Z 8 , whi le in the case of the D KH0
m etho d, the next incorrectl y represented term is proporti onal to Z 6 logZ . There-
fore the departure of £ (MVD ) from the Z 2 behavi our is considerably smal ler tha n
the departure of £ (D KH0 ) from the l ineari ty in Z (as i t can be seen from the data
in T able I I I).

The values of the relati vi sti c correcti ons resulti ng from the D KH1 metho d
are correct up to 4% (the error increases wi th Z from 4.04% for Au +7 7 to 4.22%
for R n+8 4 ). R eopti m izi ng the basis sets by using the D KH1 Ham i lto nian im pro ves
the correcti ons due to relati vi sti c e˜ects only slightl y. The rem aini ng di ˜erences
between the D HF and D KH1 results m ay be attri buted to the appro xi mate f orm
of the no-pai r Ha mi lto nian and to the use of the algebra ic appro xi mati on (thi s
contri buti on to the error is exp ected to be Z - indep endent however i t depends
up on the qual it y of the orbi ta l basis set).

The 4% error of the D KH1 relati vi stic correcti on corresponds to the abso-
lute error ranging from 12 hartree for Au to 19 hartree for R n . Thi s error is
m ore tha n two orders of magni tude larger tha n the absolute value of the electron
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correl ati on energy, whi ch in thi s case does not exceed 0.05 hartree. Theref ore one
should not expect tha t for the system s consi dered in thi s paper relati vi stic correc-
ti ons to the electron correl ati on energy m ay be well described by the DKH m etho d.
Ho wever, the m ajor source of the error, i .e. the algebraic appro xi mati on, inÛuences
the one-electron integ ra ls only and, consequentl y, m odiÙesboth non-correl ated and
correl ated energies in a simi lar way. Theref ore som econsiderable compensati ons of
the errors may be exp ected. The degree of thi s compensati on, to a certa in extent,
determ ines the l imits of appl icabi l it y of the DKH metho d.

The relati vi stic correcti on to the electron correl ati on energy, deÙned as the
di ˜erence between correl ati on energies deri ved from a relati vi stic and from a
non-relati vi stic Ham i l tonia n

" = ( E D C
À E DH F ) À ( E Sch

À E H F ) (17)

(where E DC denotes the appro pri ate eigenvalue of the Dirac{ Co ulomb Ha mi l to -
ni an) is ref erred to as the Coul omb part of the correl ati on-relati vi ty cross-term
energy [33{ 35]. The second part of the relati vi stic correcti on to the electro n cor-
relati on energy is due to the Brei t operato r and is not considered in thi s paper.
The lowest-order term in Z =c expansion of " v anishes [33, 35]. Theref ore, except
for a large Z , the values of " are very smal l. In parti cul ar, for the ground states
of the helium - l ike ions wi th Z < 6 0 they do not exceed 0.5 mhartree [34]. The
non-relati vi stic correl ati on energies and the corresp ondi ng relati vi sti c correcti ons
" num , calcul ated using the num erical MCD F pro cedure wi th (1 s + 2 s + 2 p + 3 d )2

conÙgurati ons incl uded, as wel l as the corresp ondi ng values " rlbr derived from the
CCSD , HF, and D KH1 metho ds are col lected in T able IV. As one can see, the
non-relati vi stic correla ti on energies obta ined by the CCSD m etho d and by the nu-
m erical MCHF pro cedure are in fai rl y good agreement (the di ˜erences are m ainly
due to the lim ited set of conÙgurati ons incl uded in the num erical MCHF calcula-
ti ons). On the other hand, as exp ected, the relati vi sti c D KH1 { CCSD values of " rlbr

are com pletely wro ng, tho ugh the degree of compensati on of the error £(D KH1 ) is
surpri sing ly large. The origin of the non-compensated error m ay be deduced f rom
the typ e of i ts Z -dependence. The least square Ùt of the correcti on deri ved f rom
the num erical MCD HF calculati ons gives

" num ¤ À 4 6

˚
Z

c

Ç 5

and in the case of the DKH1 { CCSD correcti on,

" rlbr ¤ À 1 7 4

˚
Z

c

Ç3

:

Then, the values of " rlbr do not describe the Coulomb part of the correl ati on-rela-
ti vi ty cross-term s, whi ch behave as Z 5 , but are dom inated by the residual values
of £ (D KH1 ) being pro porti onal to Z 3 .

5 . Co n clusion s

Accordi ng to the results of the present investigatio n the contri buti on to the
ioni zati on energy of the two -electron heavy atom ic ions due to rel ati vi sti c e˜ects
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is well represented by the Ha m il to nian resulti ng from the D ouglas{ Kro l l {Hess
tra nsform ati on ta ki ng into account the nucl ear potenti al (D KH1 ). In the present
case the correcti ons resul ti ng from the D KH1 appro xi m atio n are correct up to 4%.
Both the MVD and the D KH0 appro xi matio ns fai l to account correctl y for these
correcti ons.
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