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The corrections to the ionization energies of two-electron ions due to
relativistic effects are studied by different two-component relativistic meth-
ods. In particular, the results obtained by the standard Pauli-Cowan—Griffin
method and by two variants of the Douglas—Kroll-Hess method (the one
based on the free-particle transformation and the one in which the transfor-
mation accounts for the nuclear potential) are compared with those calcu-
lated using the four-component Dirac—Fock method. Limits of applicability
of each of these methods have been indicated. Results acceptable in the
whole range of the nuclear charge (relativistic corrections accurate up to 4%
for Z < 85) are given only by the Douglas—Kroll-Hess method which goes
beyond the free-particle transformation. Each of the other two approaches
either underestimates or overestimates the corrections due to relativistic
effects.

PACS numbers: 31.15.—p, 31.30.Jv

1. Introduction

In spite of the very rapid and successful development of the “exact” four-com-
ponent relativistic theory of many-electron systems [1-3], studies of two-component
relativistic models are still timely and of relevance in quantum chemistry. During
recent years methods based on the Douglas—Kroll transformed Dirac—Coulomb
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Hamiltonian [4-9] have received considerable attention because they have proved
to be both accurate and easy to apply computationally [10-16].

The motivation for developing two-component relativistic approximations is
their simplicity. Due to these methods, a substantial part of the relativistic effects
may be taken into account by straightforward modifications of nonrelativistic com-
puter codes. For this reason, the most common way of simultaneously including rel-
ativistic effects and electron correlation in molecular calculations are variations of
the Pauli approximation. With the spin—orbit coupling neglected, this approxima-
tion is usually referred to as the Pauli-Cowan—Griffin (PCG) or the mass-velocity
and Darwin (MVD) approximation [17]. The corresponding Hamiltonian is not
bounded from below and is strongly singular [18]. Therefore this approximation
has to be used with great care and, in principle, the operator describing the MVD
correction should be used as the first-order perturbation.

A successful method to overcome the deficiencies of the MVD approxima-
tion has been developed by Hess [6] and is based on the Douglas-Kroll trans-
formation [5]. The two-component Douglas—Kroll Hamiltonian is bounded from
below and has no non-integrable singularities. Therefore it may be used in vari-
ational calculations employing any square-integrable trial function. The algebraic
approximation introduced to the variational method based on the Douglas—Kroll
transformed Hamiltonian by Hess [6, 10] has made it easy to apply computation-
ally. The resulting formulation is referred to as the Douglas—Kroll-Hess (DKH)
no-pair method. If the Douglas—Kroll transformation has been constructed using
a free particle Hamiltonian [6] then, in this paper, the corresponding method is
referred to as DKHO. If the Douglas—Kroll transformation depends on the exter-
nal field potential [7] then the resulting method is denoted by DKHI1. Usually,
the two-electron terms (related to the Breit corrections) are not included into the
Douglas—Kroll transformed Hamiltonian (see however [10, 19]). They are neither
taken into account in this study. Their contribution to the total energy is simi-
lar to that due to the quantum electro-dynamics corrections [20], however they
may be very important in determining the fine structure splittings in spectra [21].
Including the two-electron terms into the Douglas—Kroll transformation operator
leads to a rather complicated formalism and, except for a general formulation [4]
has never been implemented.

The routine calculation of relativistic corrections is still limited, mainly be-
cause most of the generally available software is based on non-relativistic for-
mulations. Also the experience concerning the construction of suitable basis sets
is rather limited. It has been recommended by Hess and co-workers [22-24] to
construct appropriate basis sets by re-contracting the standard non-relativistic
Gaussian basis sets by using the eigenvectors resulting from DKH Hartree-Fock
(HF) calculations (rather than from the corresponding non-relativistic calcula-
tions). This strategy is due to the observation that the DKH bare-nucleus Hamil-
tonian emphasises a region closer to the nucleus than its non-relativistic counter-
part. The effect of using basis sets optimised on the non-relativistic and on the
relativistic levels is addressed in this study as well.

The aim of this investigation is to compare the relativistic corrections to the
ionization energies of two-electron 1ons with the nuclear charge Z ranging from
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7 =2 to Z = 86 computed by different two-component methods. The corrections
are calculated by using the standard PCG approximation and by the two variants
of the Douglas—Kroll-Hess no-pair approach. The correlation effects are studied by
using the coupled cluster (CCSD) method [25], in this case equivalent to the full
configuration interaction (CI), and by the full CI method, modified to account for
the relativistic effects. All calculations have been performed using the OpenMol
system of programs [26, 27]. The results proved to be helpful in determining the
limits of applicability of the investigated two-component approximations.

2. Theory

The spin free no-pair approximation based on the Douglas—Kroll trans-
formation reduces the four-component relativistic one-electron Hamiltonian to a
two-component form. The Dirac Hamiltonian in the momentum space is

Hp = cap + Bmc? +V, (1)

where ¢ /& 137.036 a.u. is the velocity of light and V (7) is the one-electron nuclear
attraction operator, can be transformed into a block-diagonal form exact to the
second-order in V

Hp IﬁEp+51—B(WEPW+%{W2,EP}), (2)

where {} means anticommutator. In the spin-free approximation

E, = c\/p* + m?c? (3)

and

& = A(V + RVR)A,

E, + mc?
A=y, )
P

— cp
B, +me?
The integral operator W is defined in terms of its kernel
Vip,p')
W(p,p') = A(p)[R(p) — R(p"A(P ) =~ 5
(p, ") = A(p)[R(p) — R(P")]A(p Byt B, ()

where V(p,p') denotes the Fourier transform of the nuclear potential V. Usu-
ally the Douglas—Kroll transformation is limited to its one-electron part and the
two-electron terms are left in their Coulomb form. If the spin-dependent terms
are neglected (as it has been done in Egs. (2-5)) both components of the no-pair
Hamiltonian are identical and the structure of the theory becomes the same as
that of the nonrelativistic one. This gives the so-called spin free two-component
many-electron no-pair Hamiltonian

H+IZEP(Z')+Z%H(Z')+ZL, (6)

— rij
1<J v
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where

Verr(4) = AV () + R(HV () R(D)]A(4)

-JWU%UWWU—%KWWD?&MH~ (7)

In the initial formulation of the no-pair approximation [6] the Douglas—Kroll trans-
formation operators were constructed using the free-particle Hamiltonian only. In
such a case

Vi(i) = A@[V Q) + RV (i) R(D)]A(i). (8)
The relevance of V-dependent terms in the transformation procedure, already
recognized by Hess [7], is also studied in this paper.

The operators £,, A, and R may be conveniently defined in the momentum
space. In order to avoid computational difficulties, the transitions between the
coordinate and the momentum representations are performed within the algebraic
approximation [6, 10]. In this approximation one sets up the kinetic energy ma-
trix T in the original orbital basis. Then one transforms T to the diagonal form
and assumes that its eigenvalues are equal to —%pz. The eigenvalues of the matri-
ces representing F,, A, and R are then evaluated as the appropriate functions of
the eigenvalues of T. Having the diagonal forms of these matrices, one transforms
them to the coordinate representation using the eigenvetors of the kinetic energy
matrix. Finally, by properly inserting into Eq. (8) the resolutions of the identity
in the actually used basis set, the matrices representing E, and V% are expressed
as

(a| Ep|b) = (SCE,CTS)ap — me?Sas, (9)
(a|Vg|b) = (SCACTVCACTS) 44 + (SCBCTY CBCTS) us, (10)
where
. cA(%)
B(i) = ——~_ 11
() = — B (11)
Y(i) = pV(i)p;, (12)

S is the overlap matrix, tilde means that the matrix is defined in an orthogo-
nal basis of orbitals and C stands for the orthogonalization matrix. Using the
algebraic approximation is the key to the success of the approaches based on the
Douglas—Kroll transformation. The resulting DKH method is easily implementable
within an arbitrary non-relativistic code. If the effective one-electron potential 1s
defined according to Eq. (7), it is referred to as DKH1 method; if Eq. (8) is used
instead, the method 1s called DKHO.

By expanding E,, A, and R in Eqgs. (8) and (9) into power series on the
fine structure constant and retaining the terms up to the second order only, one
obtains the MVD (also known as PCG) approximation

z 2 1 2 1 4
(SCECTS)p — me?Syy — %<a|p |6y — 8m—362<a|p |0}, (13)
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- - 1
(SCACTVCACTS)ap — (alV[b) = o (alp™V + Vp?[b), (14)

i i 1
T 1 =
(SCBCTY CBOS)a — = 1—— (pal V|b). (15)

3. Details of the calculations

All calculations performed in this study have been carried out with uncon-
tracted Gaussian type orbitals (GTO’s). Since this study is restricted to ground
state properties, only s-type orbitals are required at the HF level of approxima-
tions. The initial set of s-type Gaussian orbital exponents has been taken from
Gropen [28]. The charge distribution in the studied systems is fairly compact.
Therefore the s-type orbital with the lowest exponent has been removed from the
basis set. The remaining 18 GTO’s (ozi;;it) have been reoptimized with respect to
the nonrelativistic HF energy by using the uniform scaling o} = ozi;:tk?r. Most
of the correlation energy of two-electron ions in the 1s? electron configuration can
be accounted for by using spd-type basis sets. For the non-relativistic and the rel-
ativistic CCSD calculations [25] in addition to the s-type Gaussian orbitals, five
p-type and three d-type Gaussian orbitals have been used. The initial p-type orbital
exponents have been set equal to the s-type orbital exponents of’ corresponding
to the highest coefficients in the 1s eigenvector resulting from a non-relativistic HF
calculation. The final optimized p-type orbital exponents have been determined by
the uniform scaling )" = o7 k", Similarly, the three d-type exponents have been
selected and optimized by the uniform scaling oy’ = a;" k3" The corresponding
scaling factors are collected in Table I.

In the present investigation the following properties have been calculated:
(i) the nonrelativistic HF energy, (ii) the first order relativistic MVD correction to
the HF energy, (iii) the corrections to the HF and to the CCSD energy due to rel-
ativistic effects determined by the DKXHO method and (iv) by the DKHI method.
As reference data, the exact non-relativistic Schrodinger energies determined by
Drake [29] £E5" and the exact numerical HF and Dirac—Hartree—Fock (DHF) en-
ergies, EMY and EPHF respectively, determined in this study by the GRASP
program [30] have been used. The correlation energies have been obtained as
differences between the CCSD and the HF energies or between the numerical
multi-configurational (MC) and one-configurational HF or DHF energies. The nu-
merically exact HF ionization energies, the errors in the HF ionization energies
(calculated using the analytical orbitals) due to the limited orbital basis set, the
exact and the CCSD electron correlation energy contributions to the ionization
energies are displayed in Table I1.The corrections to the ionization energies due
to relativistic effects calculated by using the MVD, DKHO, and DKH1 methods
are compared to the corresponding numerically exact DHF ionization energies cal-
culated by using the GRASP program [30] in Table III. The percentage error é
displayed in the table is defined as

EDHF N
0(x) = 100 % (16)
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TABLE 1

The values of scaling coefficients for s-, p-, and

d-type atomic orbitals optimized with respect to
the non-relativistic (k™) and the relativistic (k™)

where EPHF and E% denote, respectively, the relativistic corrections to the exact
DHF energy and to the energy in question. The DKH1 energies have been calcu-
lated using basis sets optimized both at the non-relativistic and at the relativistic
level of approximation. Finally, the electron correlation energies calculated on the

calculations.
Tons | k3 | k37 | kY | k| ket | k!
Aut? 1 1.11|8.08 868 | 1.97]|7.01 7.93
Hg*t™ | 1.13 | 7.96 | 8.71| 2.22|6.28 7.18
TI+7™ | 1.01|8.21|885| 2.29]6.32 7.18
Pb+80 | 1.01 | 8.32 | 8.94| 6.46 | 2.29 2.61
Bit3h | 1.02(8.35(9.03| 6.39]2.37 2.71
Pot32 | 1.03|8.23 | 891 | 7.87|1.93 2.21
Att33 1 1.04|8.23 (892 | 7.94|1.95 2.23
Rnt3 | 1.02 1 9.59 | 9.15 | 20.61 | 2.26 2.13
TABLE 11

The exact non-relativistic Hartree—Fock ioniza-
tion energies EBF the differences AERF be-
tween EF and the corresponding energies ob-
tained using the non-relativistic basis sets, the
exact non-relativistic correlation energies Fy2e",
and the correlation energies calculated using the
CCSD method with the non-relativistic basis
set B2 . The fluctuation in the last digit in

obn are due to the finite basis set effects. All

results are in mhartrees.

Tons EHE L ApHE | peorr | preorr
Aut™ | 3071237 | 7 ~46 ~44
Hgt™ | 3150112 | 8 ~46 ~45
TIT™ | 3229987 | 8 ~46 —45
Pb+80 | 3310862 | 8 ~46 ~44
Bit8! | 3392737 | 8 ~46 ~44
Pot®2 | 3475612 | 8 ~46 ~44
A4S 13559487 | 9 ~46 ~45
Rnt®* | 3644362 | 9 ~46 ~45

relativistic level of approximation are displayed in Table TV.
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TABLE III

EDHF

DHF relativistic corrections to ionization energies (E;"") and the per-
centage errors given by the method specified. Subscripts nr and rel refer to
using the non-relativistic and relativistic basis set, respectively. All results

are in mhartrees.

Tons EI]%FF §(MVDy,;) | $(DKHOy,) | 8(DKH1,y) | §(DKH1,e)
Aut™ | 306394 18.39 -44.17 4.07 4.04
Hgt78 | 324143 18.87 —44.50 4.11 4.07
TI*7 | 342746 19.33 -44.80 4.14 4.10
Pb+8Y | 362240 19.63 —45.11 4.18 4.13
Bit3! | 382664 20.27 —45.43 4.22 4.16
Pot82 | 404057 20.76 —45.76 4.26 4.19
At+33 | 426460 21.25 -46.09 4.29 4.21
Rnt3 | 449919 21.75 —46.41 4.34 4.22

TABLE 1V
Non-relativistic correlation energies

(E5om) and the relativistic corrections
enum calculated by the numerical MCHF
and MCDHF methods for (1s + 2s + 2p +
3d)? configuration compared with the cor-
responding quantities (Eq%; and eqpr) cal-
culated by CCSD and DKH1 methods us-

ing the relativistic orbital basis set defined
in the text. All results are in mhartrees.

Ions | B0 | enum | B0 Erlbr
Aut™ | -39.7| 2.95 | 444 | -334
Hgt™ | -39.7 | -3.14 | —44.5 | -34.6
TIF™ | -39.7 | -3.34 | 445 | -35.8
Pb*80 | -39.7 | -3.55 | 445 | —37.2
Bit3! | -39.7 | -3.77 | -44.5 | -38.5
Pot32 | -39.7 | —4.00 | —44.5 | -39.9
Att33 | 397 | 425 | 445 | —41.3

Rnt® | =39.7 | —4.51 | 445 | —42.9

4. Results and discussion

According to the data of Table IIT both the MVD and the DKHO meth-
ods fail to account correctly for the contribution to the ionization energy of the
two-electron heavy atomic ions due to relativistic effects. By using these approx-
imations at most the order of magnitude of the relativistic correction to the ion-
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ization energies can be estimated. The performance of both methods may be in-
terpreted by analyzing Z/c-expansions of the corresponding energies evaluated for
hydrogen-like atoms [31, 32]. In the case of the MVD method, only terms up to
Z*/c? are taken into account. The first term of the expansion which is neglected
in this approach, is equal (in mhartree) to

6
AM = 6252

o4

and leads to an increase in the relativistic correction [31]. In the present calculation
the relativistic corrections are underestimated by the MVD approximation. The
least-square fit shows that the corresponding absolute error, as a function of 7,
behaves as

The difference between A™ and AH® is a consequence of the non-hydrogenic char-
acter of the wave function and of an effective influence of the higher-order terms.

In the case of the DKHO method, using the free-particle projector intro-
duces admixtures of negative-energy solutions which pollute the positive energy
state [32]. In the corresponding Z-expansion of the energy of a hydrogen-like atom,
this results in the presence of a spurious term proportional to Z®. As one can check
by applying the least-squares procedure to the data displayed in Table IT1, the ab-
solute error of the DKH0 method scales with Z®. Then, the errors of the MVD and
of the DKHO methods, which in the case under consideration amount, respectively,
to 20% and 45% of the total relativistic correction, are due to the high-order terms
either not included (in the MVD Hamiltonian) or are incorrectly represented (in
the DKHO Hamiltonian). Since the leading term of the total relativistic correc-
tion is proportional to Z%, the percentage errors of the MVD and of the DKHO0
methods have to be, approximately, proportional to Z2? and to Z, respectively.
This behaviour of the errors may also be seen from Table III. One should remem-
ber [31, 32] that in the case of the MVD method, the next missing term in the
Z-expansion of the energy is proportional to Z®, while in the case of the DKHO0
method, the next incorrectly represented term is proportional to Z%log Z. There-
fore the departure of 8(MVD) from the Z? behaviour is considerably smaller than
the departure of §(DKHO) from the linearity in Z (as it can be seen from the data
in Table TIT).

The values of the relativistic corrections resulting from the DKH1 method
are correct up to 4% (the error increases with Z from 4.04% for Aut™ to 4.22%
for Rnt3%). Reoptimizing the basis sets by using the DKH1 Hamiltonian improves
the corrections due to relativistic effects only slightly. The remaining differences
between the DHF and DKH1 results may be attributed to the approximate form
of the no-pair Hamiltonian and to the use of the algebraic approximation (this
contribution to the error is expected to be Z-independent however it depends
upon the quality of the orbital basis set).

The 4% error of the DKH1 relativistic correction corresponds to the abso-
lute error ranging from 12 hartree for Aut"" to 19 hartree for Rnt®*. This error is
more than two orders of magnitude larger than the absolute value of the electron
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correlation energy, which in this case does not exceed 0.05 hartree. Therefore one
should not expect that for the systems considered in this paper relativistic correc-
tions to the electron correlation energy may be well described by the DKH method.
However, the major source of the error, 1.e. the algebraic approximation, influences
the one-electron integrals only and, consequently, modifies both non-correlated and
correlated energies in a similar way. Therefore some considerable compensations of
the errors may be expected. The degree of this compensation, to a certain extent,
determines the limits of applicability of the DKH method.

The relativistic correction to the electron correlation energy, defined as the
difference between correlation energies derived from a relativistic and from a
non-relativistic Hamiltonian

£ = (EDC _ EDHF) _ (ESch _ EHF) (17)

(where EPC denotes the appropriate eigenvalue of the Dirac-Coulomb Hamilto-
nian) is referred to as the Coulomb part of the correlation-relativity cross-term
energy [33-35]. The second part of the relativistic correction to the electron cor-
relation energy i1s due to the Breit operator and is not considered in this paper.
The lowest-order term in Z/c¢ expansion of £ vanishes [33, 35]. Therefore, except
for a large 7, the values of ¢ are very small. In particular, for the ground states
of the helium-like ions with 7 < 60 they do not exceed 0.5 mhartree [34]. The
non-relativistic correlation energies and the corresponding relativistic corrections
€num, calculated using the numerical MCDF procedure with (1s + 2s + 2p + 3d)?
configurations included, as well as the corresponding values €., derived from the
CCSD, HF, and DKH1 methods are collected in Table IV. As one can see, the
non-relativistic correlation energies obtained by the CCSD method and by the nu-
merical MCHF procedure are in fairly good agreement (the differences are mainly
due to the limited set of configurations included in the numerical MCHF calcula-
tions). On the other hand, as expected, the relativistic DKH1-CCSD values of yp;,
are completely wrong, though the degree of compensation of the error §(DKH1) is
surprisingly large. The origin of the non-compensated error may be deduced from
the type of its Z-dependence. The least square fit of the correction derived from
the numerical MCDHF calculations gives

5
A

€hum ~ —46 (—)
C

and 1n the case of the DKH1-CCSD correction,
7\ 3
Erlbr ~ —174 (—) .
c

Then, the values of £, do not describe the Coulomb part of the correlation-rela-
tivity cross-terms, which behave as 7%, but are dominated by the residual values
of 8(DKH1) being proportional to Z3.

5. Conclusions

According to the results of the present investigation the contribution to the
ionization energy of the two-electron heavy atomic ions due to relativistic effects
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is well represented by the Hamiltonian resulting from the Douglas—Kroll-Hess
transformation taking into account the nuclear potential (DKH1). In the present
case the corrections resulting from the DKH1 approximation are correct up to 4%.
Both the MVD and the DKHO approximations fail to account correctly for these
corrections.
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