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On the basis of Maradudin and Mc Gurn 's mo del we investi gate the spec-
tral prop erties of a two- dimensional photonic crystal, consisting of cylindri -
cal rods disp osed perio dical ly throughout a dielectric matri x (the crystal is

limited by tw o surf aces perp endicul ar to the axes of the rods) . T he model
is supplemented by a new structural element in the form of dielectric rods
(also cylindr ical in shap e) disp osed coaxial ly w ithin the origin al ro ds. T he
centers of b oth kinds of ro ds overlap forming a two- dimensional rectangular
lattice in the plane parallel to the surf ace. Thus, the ob ject of our study is
a Maradudin À Mc Gurn' s model in w hich the indivi dua l rods are replaced by
coaxial double rods. For this mo diÙed mo del w e search for the optimal set
of structural parameter values for w hich the forbidden energy gaps become
greatest, giving especial attention to the role played by the additi onal inner
ro ds in the emergence of gaps. W e arrive at the conclusion that the conditio n
for the opening of absolutely forbidden gaps become more favourable in a
photonic crystal with double rods compared with those required in a crystal
w ith simple rods.

PACS numb ers: 78.66.Sq, 78.66. {w , 42.25.Bs

1. I n t rod uct io n

Fol lowing t he publ icati on of Yablonovi tch [1], reporti ng exp erimenta l ly the
exi stence of energy gaps in spectrum of the electro magneti c wa ves pro pagati ng in
a periodic di electri c structure (ref erred to as p h o to n i c crysta l), there appeared sev-
era l papers reporti ng ca l cu l ation s of the photo ni c band structures in periodic sys-
tem s [2{ 7] di ˜eri ng by the typ esof incl u sions embedded periodi cal ly into the back-
ground matri x. Esp ecial interest has been devoted to the study of tw o-dimensional
(2D ) system s, consi sting of para l lel hom ogeneous rods [8{ 25], havi ng di ˜erent
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shapes of thei r cross-sections and embedded in a hom ogeneous m atri x wi th prop-
erti es di ˜eri ng from tho se of the ro ds. Recently, the paper has appeared [26], in
whi ch the new structura l element has been incl uded into the 2D pho toni c crysta l
m odel , namely the autho rs considered nonhom ogeneous (di electri c-m etal l ic) rods
instead of the purel y dielectri c ones. Fol lowi ng thi s l ine, in thi s work we also con-
sider the 2D periodi c com posite, in whi ch the single dielectri c rods are replaced
by coaxi al ly-double di electri c rods (cyl indri cal in shape) and we search for the
opti mal set of structura l param eter values for whi ch the forbi dden energy gaps
become greatest : we give especial attenti on to the ro le played by the addi ti onal
inn er ro ds in the emergence of gaps.

Af ter the presentati on of the general theo ry of 2D photo ni c crysta ls in Sec. 2,
we pro ceed to the theo reti cal analysis of the structure consi sting of sing le rods
(Sec. 3), and afterwa rds | consisti ng of doubl e rods (Sec. 4). The calcul ated re-
spective photo nic energy spectra are presented in Sec. 5, and Ùnal ly Sec. 6 presents
the concl usions drawn from our calcul ati ons.

2. T h e m od el of a t wo -d im en sion al ph ot onic cr yst al

As standard, we choose the two -dim ensional m odel proposed by Ma radudi n
and McGurn [27], where the photoni c crysta l consists of a periodic latti cecomposed
of identi cal para llel rods (cha racteri zed by a di electri c constant " a ) di sposed in a
hom ogeneous dielectri c m atri x (wi th dielectri c constant " b ). The di electri c rods are
para l lel to the x 3 -axi s, whereas the crysta l as a who le is lim i ted by two m etal l ic
pl anes perpendicul ar to the x 3 -axi s, di sposed in the points x 3 = 0 and x 3 = d (see
Fi g. 1). In the Ùrst pl ace, we shal l study the case of a structure wi th cyl indri cal
rods (the case al ready tho roughly analyzed in the l i tera ture [19À 22]). Ob vi ousl y,
the cross-secti ons of the rods wi ll form on the plane perpendicul ar to the x 3 -axi s a
square two- di mensional latti ce and positi ons of the nodes of the latti ce are given
by the two -dim ensional vecto r

x
k

( l ) = l1 a 1 + l2 a 2 ; (1)

where coe£ cients l 1 and l 2 assume arbi tra ry integer values; the sym bol k denotes
a two -dim ensional vecto r para l lel to the x 1 ; x 2 -plane. The dielectri c constant " ( x )

of the com posite can be expressed as dependent on the positi on vector x
k
:

x
k

= bx 1 x 1 + bx 2 x 2 (2)

(where bx 1 and bx 2 are di recti on versors of the axes x 1 and x 2 , respect ivel y) being
a peri odic functi on of x k . Thi s can be described by the relati on

" [x
k

+ x
k

( l ) ] = " ( x
k

) ; (3)

where x
k

( l ) i s an arbi tra ry two -di mensional vector of the crysta l latti ce deÙned by
Eq. (1).

W e intro duce the recipro cal la tti ce deÙned by

G
k

( h ) = h 1 b1 + h 2 b2 ; (4)

where h 1 and h 2 are arbi tra ry integers, and the basis vecto rs of the tw o-dimensional
reci procal latti ce b1 and b2 are deÙned by the standard relati ons

a i Â bj = 2 ¤ £ i j : (5)
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Fig. 1. Mo del of a tw o-dimensional photonic crystal limited by two perf ectly conductin g

surf aces perp endicul ar to axes of the ro ds (af ter Maradudin and McGurn [27]).

On intro duci ng the basic deÙniti ons related to the structure under consi der-
ati on we make use of the equati on whi ch has to be fulÙlled by the electrom agneti c
Ùeld E

r È r È E ( x j ! ) = " ( x k )
! 2

c2
E ( x j ! ) : (6)

Equati on (6) gives the relati ons between the electri c Ùeld com ponents. Theref ore,
the fol lowing three equati ons:

1

" ( x
k

)

˚

À

@2 E 1

@x 2
2

À

@2 E 1

@x 2
3

+
@2 E 2

@x 1 @x 2

+
@2 E 3

@x 1 @x 3

Ç

=
! 2

c 2
E 1 ; (7)

1

" ( x
k

)

˚
@2 E 1

@x 2 @x 1

À

@2 E 2

@x 2
3

À

@2 E 2

@x 2
1

+
@2 E 3

@x 2 @x 3

Ç

=
! 2

c2
E 2 ; (8)

1

" ( x
k

)

˚
@2 E 1

@x 3 @x 1

+
@2 E 2

@x 3 @x 2

À

@2 E 3

@x 2
1

À

@2 E 3

@x 2
2

Ç
=

! 2

c2
E 3 (9)

describe the propagati on of a wa ve in an inhom ogeneous m edium wi th positi on-
-dependent dielectri c constant " (x k ) . In the case of the photo nic crysta l model in-
tro duced above, we sti l l have to consi der the ro le of the m etal l ic planes boundi ng
the crysta l. They im pose bounda ry condi ti ons anni hi lati ng the ta ngenti al com po-
nents of the electrom agneti c Ùeld on the surfaces. W e wri te tho se condi ti ons as
fol lows:

E 1 = E 2 = 0 for x 3 = 0 ; d : (10)

Co mbining (7), (8) and (9) and the boundary condi ti ons (10) and using
Bl och' s theo rem we obta in

E 1 ( x j ! ) =

1

=1

a
( )

1
( k

k
+ G

k
) e[ ( + ) Â ] sin

n¤ x 3

d
;
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E 2 ( x j ! ) =
X

GG
k

1X

n =1

a
( n )
2 ( k k + G k ) e[ i ( kk k + ) Â ] sin

n¤ x 3

d
;

E 3 ( x j ! ) = i
1

n = 0

" n a
( n )

3
( k

k
+ G

k
) e[ ( + ) Â ] cos

n¤ x 3

d
; (11)

where k
k

= x 1 k 1 + x 2 k 2 i s a two -dim ensional wa ve vecto r, and " n (resul ti ng f rom
the deÙniti on of the expansi on in a Fouri er series) is given as

" n =
1 =2 for n = 0 ;

1 for n Ñ 1 :
(12)

The inverse dielectri c permi tti vi t y is a periodic functi on also wi th a period given
by tha t of the Bra vais latti ce, thus

1

" ( x k )
=

1

" ( x k + x k ( l ))
:

Accordi ng ly, we are j usti Ùed in carryi ng out the expansion
1

" ( x
k

)
= ç ( G

k
) e Â ; (13)

where the summ ati on extends over a ll the vecto rs G k of the recipro cal latti ce. The
respect ive coe£ cients of the Fouri er expansi on are given by the form ula

ç ( G
k

) =
1

V c c

dx
k
eÀ Â

1

" ( x k )
; (14)

where integ rati on extends over an arbi tra ry pri mi ti ve elementa ry cell c of the
sim ple latti ce and V c i s i ts volum e. On inserti ng (11) and (13) into (7), (8) and (9)

we obta in equati ons for the coe£ cients a
( n )
˜ ( k

k
+ G

k
) ; ˜ = 1 ; 2 ; 3 ; n = 0 ; 1 ; 2 ; . . .

Let us start from the case n = 0 (the Ùrst harm onic). For thi s case the set of
Eqs. (7), (8) and (9) is reduced to a sing le equati on since for n = 0 the components
E 1 ( x j ! ) and E 2 (x j ! ) vani sh (see Eq. (11) | the functi on sin ( n¤ x 3 =d ) vanishes
for n = 0 ):

1

" ( x
k

)
À

@2 E 3

@x 2
1

À

@2 E 3

@x 2
2

=
! 2

c 2
E 3 : (15)

On inserti ng the sim pl iÙed equati on for the E 3 -com ponent of the electri c Ùeld
and the Fouri er tra nsform of the functi on " À 1 ( x

k
) into (15), to gether wi th (11)

and (13) we obta in

ç ( G
k

À G 00

k
)a

(0 )
3 ( k

k
+ G 0 0

k
)( k

k
+ G 0 0

k
) 2 =

! 2

c 2
a

(0 )
3 ( k

k
+ G

k
) (16)

| an equati on f or the coe£ cients a
(0 )
3 ( k k + G k ) . Thi s is a standard form of the

equati on for the eigenvalues of the sym m etri c m atri x whi ch holds for an arbi tra ry
vecto r G k of the recipro cal latti ce.

Our further calculati ons requi re the kno wl edgeof the expl icit f orm of the co-
e£ cient ç ( G k ) , the Fouri er com ponent of the functi on " ( x k ) À 1 (see (13) and (14)).
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It is noteworthy tha t we are always justi Ùed in wri ti ng the fol lowing deÙniti on of
the dielectri c perm i tti vi ty " ( x

k
) À 1 irresp ective of the shape of the rod cro ss-section

(see R ef. [16])

1

" ( x
k

)
=

1

" b

+

˚
1

" a

À

1

" b

Ç 1X

l 1 = À1

1X

l 2 = À1

S
È
x

k
À x

k
( l ) ; (17)

where:

S ( x k ) =
1 i f vecto r x

k
denotes a point situa ted inside the ro d;

0 i f i t i s situa ted outsi de the rod:
(18)

On maki ng use of the above deÙniti on and Eq. (14) we obta in the fol lowi ng f orm ula
for the expansion coe£ cient ç ( G k ) for the two -dim ensional square latti ce (a 1 =

a 2 = a ):

ç ( G
k

) =
1

a 2

a

À a

dx 1

a

À a

dx 2

1

" b

À

1

" a

À

1

" b

1

l ; l = À1

S [x
k

À x
k

( l )]

È eÀ Â =
1

" b

1

a 2

a

À a

dx 1

a

À a

dx 2 eÀ Â

A

(19)

À

1

a 2

a

À a

dx 1

a

À a

dx 2

1

" a

À

1

" b

1

l ; l = À1

S [x
k

À x
k

( l )] eÀ Â

B

: (20)

W e now pro ceed to consider the integra ls denoted above as A and B . R egardi ng
the Ùrst one, we invoke the properti es of the D irac functi on £

£ ( x ) = 0 for x 6= 0 and £ ( x ) dx = 1 (21)

(the range of integ rati on com pri ses the point x = 0 ). A parti cularl y useful rep-
resentati on of the functi on £ i s based on the functi on ( sin g x ) =¤ x , where g i s an
arbi tra ry real numb er

£ ( x ) = l im
g !1

sin g x

¤ x
: (22)

W e consider the integra l

1

2 ¤

1

À1

eÀ k x dx = l im
g !1

1

2 ¤

g

À g

eÀ k x dx = l im
g !1

1

2 ¤

g

À g

[cos(k x ) + i sin( k x )] dx

= l im
g !1

1

2 ¤

g

À g

cos( k x ) dx + l im
g !1

1

2 ¤

g

À g

i sin ( k x ) dx

= l im
g !1

1

2 ¤

1

k
sin (k x ) j

g
À g À l im

g !1

1

2 ¤

1

k
i cos( k x ) j

g
À g

=0
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= l im
g !1

1

2 ¤

1

k
[sin( k g ) À sin( À g k )] = l im

g !1

2 sin( k g )

2 ¤ k
= l im

g !1

sin ( k g )

¤ k
= £ ( k );

Ùnal ly

1

2 ¤

Z
1

À1

eÀ ik x dx = £ ( k ) : (23)

Thus, the integ ral A (see form ul a (19)) am ounts to

A =
1

" b

1

a 2

Z

c

eÀ iGG k Âxx
k =

1

" b

£ (
k

) : (24)

R egardi ng the integ ra l B (see form ula (20)) we perform integrati on over the
range of the elementa ry cell whereas summati on ranges over al l the nodes of the
real latti ce deÙned by the vector k ( l ):

B =
1

a 2

a

À a

dx 1

a

À a

dx 2

1

" a

À

1

" b

1

l ; l = À1

S [
k

À
k

( l )] eÀ Â

=
1

a 2

1

" a

À

1

" b

1

l ; l = À1

a

À a

dx 1

a

À a

dx 2 S [
k

À
k

( l )] eÀ Â : (25)

In Eq. (25) the sum over l 1 and l 2 to gether wi th the doubl e integ ra l over dx 1

and dx 2 i s constructe d so tha t the vecto r k À k ( l ) , whi ch is the argum ent of the
functi on S , shal l span al l the points of the plane x 1 x 2 . Fol lowi ng the procedure of
[16], we perform a tra nsiti on consisti ng in a change of the integrati on lim its À

1
2

a

to À 1 and 1
2

a to 1 simul taneousl y tra nsferri ng the vecto r k ( l ) into the ori gin of
coordi nates (an operati on equivalent to the liqui dati on of summ atio n over l 1 and
l 2 ). The above tra nsform ati on gives

B =
1

a 2

1

" a

À

1

" b

1

À1

dx 1

1

À1

dx 2 S (
k

) eÀ Â ; (26)

whi ch inserted into (20) leads Ùnal ly to an expression tha t wi l l ho ld for an arbi tra ry
shape of the cross-section of the di electri c rods

ç ( k ) =
1

" b

£( k ) +
1

a 2

1

À1

dx 1

1

À1

dx 2

1

" a

À

1

" b

S ( k ) eÀ Â : (27)

On disti ngui shing between the two cases k = 0 and k 6= 0 , Eq. (27) can be
rewri tten in the Ùnal form

ç (
k

) =

1

"
+ 1

a

1

À1
dx 1

1

À1
dx 2

1

"
À

1

"
S (

k
) for

k
= 0 ;

(2 8 )

1
a

1

À1
dx 1

1

À1
dx 2

1
"

À
1

"
S (

k
) eÀ Â for

k
6= 0 :
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3. Th e case of sin g le cyl in dr ical r od s

In order to m ake Eq. (28) appl icable for the determ inati on of the quanti ty
bç ( G k ) in the case of a photo ni c crysta l wi th rods havi ng a circul ar cro ss-section
(see Fi g. 2), we have to express the functi on S ( x k ), occurri ng in the precedi ng

Fig. 2. T he top view of the 2D square array of single circular rods; " a and " b denote,
resp ectively , dielectric constants of the rods and the background, a and R represent,

resp ectively , the lattice constant and the radius of the rods.

form ulae, expl icitl y in term s of the parameters of the structure under consi derati on

S ( x k ) =
1 for x

k
R ;

0 for x
k

> R ;
(29)

where R is the radius of the circl e determ ined by the cross-secti on of the ro d wi th a
pl ane perpendicul ar to the axi s. On inserti ng into (27) and going over to spheri cal
coordi nates, we obta in

ç ( G k ) =
1

"
£( G k ) +

1

a

1

"

1

"

1

d r d 'r S ( x k )eÀ : (30)

Since the functi on S ( x
k

) vanishes everywhere except inside the rod (see (29)), we
get the fol lowi ng expression for the coe£ cient ç ( G

k
) :

ç ( G
k

) =
1

"
£( G

k
) +

1

a

1

"

1

"
d r d 'r eÀ ; (31)

where G
k

i s the length of the vecto r G
k
. In order to calculate the above integra l

we have recourse to the Bessel functi ons. A Bessel functi on of the n -th order is
deÙned as

J ( x ) =
1

2 ¤
eÀ cos( 'n ) d': (32)

It wi l l be remembered tha t the Bessel functi ons ful Ùll the f ol lowing recurrence
relati ons:

dJ ( x )

dx
=

n

x
J ( x ) + J À ( x ) : (33)
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W i th (33), we calcul ate the deri vati ve as

d [ x J 1 ( ax )]

dx
= J 1 ( ax ) + x

ç

À

1

ax
J 1 ( ax ) a + J 0 ( ax ) a )

Ñ

= J 1 ( ax ) À

1

a
J 1 ( ax ) a + x J 0 ( ax ) a = x J 0 ( ax ) a;

whi ch is equivalent to the relati on

[ x J 1 ( ax )]
0

= J 0 ( ax ) ax :

On m ul tipl ying both term s of the precedi ng equati on by 1 =a , we arri ve at
h

x

a
J 1 ( ax )

i
0

= J 0 (ax ) x : (34)

On putti ng r for x , and G k for a , we get
ç

r

G k

J 1 ( G k r )

Ñ
0

= J 0 ( G k r ) r : (35)

Equa ti on (32) (f or n = 0 ) enabl es us to rewri te the integra l (31) in the fol lowi ng
form :

bç ( G
k

) =
1

" b

£( G
k

) +
2 ¤

a 2

1

" a

À

1

" b

R

0

r J 0 ( G
k

r ) d r : (36)

In deal ing wi th the integ ra l of (36) we consider two cases: 1. for G
k

= 0

ç ( G
k

) =
1

" b

£ ( G
k

)

=1

+
2 ¤

a 2

1

" a

À

1

" b

R

0

r J 0 ( G
k

r )

J (0 )=1

d r

=
1

" b

+
2 ¤

a 2

1

" a

À

1

" b

r

0

r d r =
1

" b

+
2 ¤

a 2

1

" a

À

1

" b

r 2

2

R

0

=
1

" a

+
1

" b

1 À

¤ R 2

a 2
(37)

and 2. for G k 6= 0 :

=
1

" b

£( G
k

)

=0

+
2 ¤

a 2

1

" a

À

1

" b

r

G
k

J 1 ( G
k

r )
R

0

=
2 ¤

a 2

1

" a

À

1

" b

r

G
k

J 1 ( G
k

r )
R

0
=

¤ R 2

a 2

1

" a

À

1

" b

2 J 1 ( G
k

R )

( G
k

R )
: (38)

Ha vi ng recourse to the noti on of Ùll ing factor f deÙned as the rati o of the area
of the cross-secti on of the rod and the area of the cross-section of the elementa ry
cell , i .e. for a square latti ce wi th cyl indri cal rods

f =
¤ R 2

a 2
; (39)

we are j usti Ùed in combini ng Eqs. (37) and (38) into the fol lowi ng sing leexpression:

ç ( G
k

) =

1
"

+ 1
"

(1 À f ) for G k = 0 ;

1
"

À
1

"
f

2 J ( G R )

( G R )
for G

k
6= 0 :

(40)
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4. Th e case of d ou bl e cyl i nd r ical r ods

In the present section we deal wi th a composite wi th the structure shown
in Fi g. 3. It di ˜ers from tha t studi ed in the preceding secti on in tha t the rods
wi th a di electri c constant " a (outer rods) are m ade to conta in ro ds wi th a di ˜erent

Fig. 3. The top view of the 2D square array of double circular rods; " A and " a denote

dielectri c constants of the inner and outer ro ds, resp ectively , r and R represent radii of

resp ective ro ds.

constant " A (inner rods). The di electri c perm i tti vi ty functi on of thi s system as a
who le ta kes the form

1

" ( x k )
=

1

" b

+
1

" a

+
1

" A

1

" a

1

l À1

1

l À1

S r [x k x k ( l )]
1

" b

1

l À1

1

l À1

S R [x
k

x
k

( l )] ; (41)

where

S r ( x
k

) =
1 for x k r ;

0 for x
k

> r ;
(42)

S R ( x k ) =
1 for x

k
R ;

0 for x
k

> R ;
(43)

where R and r denote, respectively, the radi i of the outer and inner rods.
W e now insert the above deÙned perm i tti vi ty functi on into Eq. (14):

ç ( G
k

) =
1

a

a

dx

a

dx
1

" b

+

+
1

" a

+
1

" A

1

" a

1

l À1

1

l À1

S r [x k x k ( l )]
1

" b
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È

1X

l 1 = À1

1X

l 2 = À1

S R [x
k

À x
k

( l )]

!

eÀ i GG Â

=
1

a 2

a

0

dx 1

a

0

dx 2

1

" b

eÀ Â

+
1

a 2

a

0

dx 1

a

0

dx 2

1

" a

À

1

" b

S R [x k À x k ( l )] eÀ Â

+
1

a 2

a

0

dx 1

a

0

dx 2

1

" A

À

1

" a

1

l = À1

1

l = À1

S r [x k À x k ( l )]

È S R [x
k

À x
k

( l )] eÀ Â :

Ab ove, the Ùrst integ ra l has a structure analogous to tha t of the integ ral (19);
accordi ng ly, we make use of the results obta ined in the respective section, leading
to

1

a 2

1

" b

a

0

dx 1

a

0

dx 2 eÀ ( Â ) =
1

" b

£ ( G
k

) : (44)

The remaini ng two integ ra ls are of the same typ e as the integ ra l (20). W e note
tha t the product of the functi ons S r (x k ) and S R ( x k ) (as deÙned in (42) and (43))
ta kes the value

S r [x
k

À x
k

( l )] S R [x
k

À x
k

( l )] ² S r [x
k

À x
k

( l )] ; (45)

thus, we can wri te the expression f or the coe£ cient ç ( G
k

) in the case under
considerati on in the form

ç ( G
k

) =
1

" c

£ ;0 +
1

" a

À

1

" b

f
2 J 1 (G k R )

( G k R )
+

1

" A

À

1

" a

F
2 J 1 ( G k r )

( G k r )
; (46)

where, respectively, F and f are the Ùll ing factors of the inner and outer cyl inders
deÙned as fol lows:

F =
¤ r 2

a 2
; (47)

f =
¤ R 2

a 2
: (48)

Fi na l ly, we wri te (46) in a form sim ilar to (40):

ç ( G k ) =

1
"

À
1

"
f

2 J ( G R )

( G R )
+ 1

"
À

1
"

F
2 J ( G r )

( G r )
for G

k
6= 0;

1 À f

"
+ 1

"
f + 1

"
À

1
"

F for G
k

= 0:
(49)
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5. Cal cu lat ed p hot on ic en er gy sp ect ra

The essential num erical probl em is tha t of the conv ergence of our results.
It ari ses due to the fact tha t the equati ons whence we determ ine the photo nic
spectra are wel l determ ined for a crysta l of inf inite size. Thus, we deal wi th a
crysta l wi th an inÙni tel y great numb er of sites on the ori gina l latti ce and conse-
quentl y an inÙni te recipro cal latti ce over the sites of whi ch summatio n runs. In
our num erical work we have recourse to a sim pl iÙcati on restri cti ng summ atio n to
a f inite num ber of sites of the recipro cal latti ce. In num erical pra cti ce we cannot
avoid com prom ising between the degree of converg ence obta ined and the achi ev-
abl e ti m e of the computer work. On the basis of our experience and tha t of others
[27] we chose N = 4 4 1 as ensuri ng one-percent converg ence.

W e now pro ceed to a deta i led analysis of the photo ni c energy band spectra
obta ined for two -dim ensional com posite crysta l constructed wi th cyl indri cal rods
(si m ple and doubl e). W e shal l analyze the m utua l relati ons between the shape,
the inner structure, and the size of the rods and thei r dielectri c surro undi ngs as
wel l as the wi dth and di spositi on of the energy gaps. W e start from a di scussion
of structures com posed of sing le di electri c cyl indri cal rods. Fi gures 4 and 5 show
the m echani sm of form ati on of photo ni c energy gaps versus the Ùll ing factor f for
n = 0 (a t n = 0 the spectra are independent of the rati o d =a ; tha t is to say, they
are insensiti ve to the separati on of surfaces [27]). For smal l f ç 0 :0 2 , we observe
no gaps, an increase in f up to 0.05 leads to the f orm ati on of the Ùrst two gaps
(and a lowering of the indi vi dual energy branches). A further increase in f opens
the thi rd gap and causes a further lowering of gaps. Concerni ng the wi dth of the
energy gaps, we shal l consi der onl y the case when the Ùll ing factor f fulÙlls the
relati on 0 < f < 0 : 7 9 , i .e. when the di electri c rods are well \ separated" . Fi gures 5a
and b show the wi dths of the Ùrst, second, and thi rd energy gaps versus the Ùll ing
facto r f and perm i tti vi ty " a . A gradual increasing f i s found to open a gap onl y i f
a certa in cri ti cal value is exceeded (di ˜erent for each of the gap). The gap wi dth
then increases steeply and reaches i ts maximum, afterwa rds we observe a slow
narro wi ng of the gap down to i ts disappearance. For each of the gap there exists a
characteri sti c value of f fol lowed by a steep increase in wi dth. These characteri stic
values of f are atta ined successively by the successive gaps.

W e now proceed to the study of energy spectra of structures composed of
doubl e di electri c rods. Let us now elucidate the e˜ect of the inner cyl inder on the
wi dth of the gap. Fi gure 6 vi sual izes the di ˜erence between the wi dth of the Ùrst
gap as obta ined for the structure of doubl e cyl inders and the wi dth of the same
gap obta ined in the m odel wi th sim pl e cyl inders (f or the sam e values of the Ùll ing
facto r and the two perm i tti vi ti es), the v ariable param eters being the value of the
Ùll ing facto r of the inner ro d and i ts di electri c perm itti vi t y. W e note tha t for the
gap, the gain from the enrichm ent of the structure by the inner rod is of the order
of 100 percent when addi ng an inner cyl inder wi th a perm i tti vi t y higher tha n tha t
of the outer cyl inder (cf . Fi gs. 7b and c), but also we even observe a smal l increase
in the gap wi dth when an inner cyl inder has perm i tti vi ty lower tha n the outer one
(cf . Fi gs. 7a and b).
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Fig. 4. The width (in units of the reduced frequency) of the 1st, 2nd, and 3rd gap vs.

the Ùllin g fraction, f , and the dielectric constant " a (f or a 2D photonic crystal comp osed

of single dielectric rods).

Fig. 5. Frequency gaps calculated for photonic crystal comp osed of single ro ds (f or

N = 44 1 , the numb er of shortest vectors of the recipro cal lattice). The resp ective struc-

ture parameters are: (a) f = 0 : 16 , " a and ; (b) , and .

T he tw o-dimensional wave vector (in units ) extends over the Ùrst Brillo ui n

zone.
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Fig. 6. T he increase in the w idth of the Ùrst (low est) photonic frequency gap caused

by an intro duction of an additional inner cylinder (its parameters " A and F are treated

as variables). I t is interesting to note that the gap grow s wider even in the region where

" A is smaller than " a .

Fig. 7. The lowest frequency gap in the photonic crystal comp osed of double ro ds;
parts (a), (b), and (c) corresp ond to particul ar structure parameters indica ted in Fig. 6.

N ote that case (b) corresp onds in fact to the intermediate case of a single rod structure.
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6 . Co n cl usion s

W e studi ed the properti es of a two- dimensional (surf ace-bounded) photo nic
m acrocrysta l com posed of cyl indri cal dielectri c rods (the l im iti ng surf aces were
perpendicul ar to the axes of the cyl inders). W e have determ ined the param eters
of the structure best favo ring the emergence of absolute photoni c energy gaps. In
parti cul ar, we deal t wi th the changes in energy spectrum caused by the inserti on
of a foreign rod wi th di ˜erent dielectri c constant into the origina l rods, thus givi ng
ri se to a system of double ro ds. We found tha t the inserti on of a f oreign (i nner)
cyl indri cal rod increasesthe wi dth of the absolute energy gaps. In the next paper
we intend to perform a simi lar study f or the case of rods (i nner and/ or outer)
havi ng recta ngul ar cross-sections.
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