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ENHANCED PHOTONIC BAND GAPS
OF PERIODIC DIELECTRIC STRUCTURES
COMPOSED OF DOUBLE CYLINDRICAL RODS
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On the basis of Maradudin and McGurn’s model we investigate the spec-
tral properties of a two-dimensional photonic crystal, consisting of cylindri-
cal rods disposed periodically throughout a dielectric matrix (the crystal is
limited by two surfaces perpendicular to the axes of the rods). The model
is supplemented by a new structural element in the form of dielectric rods
(also cylindrical in shape) disposed coaxially within the original rods. The
centers of both kinds of rods overlap forming a two-dimensional rectangular
lattice in the plane parallel to the surface. Thus, the object of our study is
a Maradudin—McGurn’s model in which the individual rods are replaced by
coaxial double rods. For this modified model we search for the optimal set
of structural parameter values for which the forbidden energy gaps become
greatest, giving especial attention to the role played by the additional inner
rods in the emergence of gaps. We arrive at the conclusion that the condition
for the opening of absolutely forbidden gaps become more favourable in a
photonic crystal with double rods compared with those required in a crystal
with simple rods.

PACS numbers: 78.66.Sq, 78.66.—w, 42.25.Bs

1. Introduction

Following the publication of Yablonovitch [1], reporting experimentally the
existence of energy gaps in spectrum of the electromagnetic waves propagating in
a periodic dielectric structure (referred to as photonic crystal), there appeared sev-
eral papers reporting calculations of the photonic band structures in periodic sys-
tems [2-7] differing by the types of inclusions embedded periodically into the back-
ground matrix. Especial interest has been devoted to the study of two-dimensional
(2D) systems, consisting of parallel homogeneous rods [8-25], having different
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shapes of their cross-sections and embedded in a homogeneous matrix with prop-
erties differing from those of the rods. Recently, the paper has appeared [26], in
which the new structural element has been included into the 2D photonic crystal
model, namely the authors considered nonhomogeneous (dielectric-metallic) rods
instead of the purely dielectric ones. Following this line, in this work we also con-
sider the 2D periodic composite, in which the single dielectric rods are replaced
by coaxially-double dielectric rods (cylindrical in shape) and we search for the
optimal set of structural parameter values for which the forbidden energy gaps
become greatest: we give especial attention to the role played by the additional
tnner rods in the emergence of gaps.

After the presentation of the general theory of 2D photonic crystals in Sec. 2,
we proceed to the theoretical analysis of the structure consisting of single rods
(Sec. 3), and afterwards — consisting of double rods (Sec. 4). The calculated re-
spective photonic energy spectra are presented in Sec. b, and finally Sec. 6 presents
the conclusions drawn from our calculations.

2. The model of a two-dimensional photonic crystal

As standard, we choose the two-dimensional model proposed by Maradudin
and McGurn [27], where the photonic crystal consists of a periodic lattice composed
of identical parallel rods (characterized by a dielectric constant e,) disposed in a
homogeneous dielectric matrix (with dielectric constant ). The dielectric rods are
parallel to the xs-axis, whereas the crystal as a whole is limited by two metallic
planes perpendicular to the zz-axis, disposed in the points #3 = 0 and z3 = d (see
Fig. 1). In the first place, we shall study the case of a structure with cylindrical
rods (the case already thoroughly analyzed in the literature [19—22]). Obviously,
the cross-sections of the rods will form on the plane perpendicular to the z3-axis a
square two-dimensional lattice and positions of the nodes of the lattice are given
by the two-dimensional vector

ZE”(I) = llal + lzaz, (1)
where coefficients {; and l; assume arbitrary integer values; the symbol || denotes
a two-dimensional vector parallel to the x;, s-plane. The dielectric constant ()
of the composite can be expressed as dependent on the position vector z):

ZE” = 211‘1 + le‘z (2)
(where Z; and Zo are direction versors of the axes #; and xs, respectively) being
a periodic function of @). This can be described by the relation

el + ()] = e(=)), (3)
where (1) is an arbitrary two-dimensional vector of the crystal lattice defined by
Eq. (1).

We introduce the reciprocal lattice defined by

G”(h) = h1by + hobs, (4)

where hi; and hs are arbitrary integers, and the basis vectors of the two-dimensional
reciprocal lattice by and by are defined by the standard relations

a; - b]' = 271'(52']'. (5)
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Fig. 1. Model of a two-dimensional photonic crystal limited by two perfectly conducting
surfaces perpendicular to axes of the rods (after Maradudin and McGurn [27]).

On introducing the basic definitions related to the structure under consider-
ation we make use of the equation which has to be fulfilled by the electromagnetic

field E
V x V x E(zjw) = 5(33||)('Z—2E(33|w). (6)

Equation (6) gives the relations between the electric field components. Therefore,

the following three equations:

1 ’E g ’p ’p 2
(E5_eh on om0y vy, 5

6(:13”)

c2
1 62E1 . 62E2 . 62E2 82E3 _ (.dz
e(z)) \Ox20xy 03 0x?  Owgdxs )

1 62E1 62E2 82E3 82E3 _ (.dz
(=) (61‘361‘1 duzlxy  Ox? dx} ) B
describe the propagation of a wave in an inhomogeneous medium with position-
-dependent dielectric constant (=) In the case of the photonic crystal model in-
troduced above, we still have to consider the role of the metallic planes bounding
the crystal. They impose boundary conditions annihilating the tangential compo-
nents of the electromagnetic field on the surfaces. We write those conditions as
follows:

Ei=FE;=0 for z3=0;d. (10)

Combining (7), (8) and (9) and the boundary conditions (10) and using
Bloch’s theorem we obtain

Eu(alw) = Y 3 o (by + Gl ena giy (2252,

G” n=1

B 61‘% 81‘% 8x18x2 81‘18l‘3
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Bs(alw) = Z Z ay’ k|| + G))e Lk +G1) 2] gip (nﬂ;f?)) ’

G n=1
: N n ik +G)) o nTes
s<wlw>:1;§%enag J(ky + G )eliFi+ G0 ||]cos( y ) (11)
Imn=

where k” = Z1k1 + Toks is a two-dimensional wave vector, and ¢, (resulting from
the definition of the expansion in a Fourier series) is given as

o= { 1/2 for n=20, (12)

1 for n> 1.

The inverse dielectric permittivity is a periodic function also with a period given
by that of the Bravais lattice, thus
1 1

6(33”) - 6(33” + 33”(1))'
Accordingly, we are justified in carrying out the expansion
1 N .
LS Raecrn, (13)
(@) % !

where the summation extends over all the vectors G|| of the reciprocal lattice. The
respective coefficients of the Fourier expansion are given by the formula

(G = 10/ dzjei S (14)

6(:13”)

where integration extends over an arbitrary primitive elementary cell ¢ of the
simple lattice and V; is its volume. On inserting (11) and (13) into (7), (8) and (9)
we obtain equations for the coefficients a(an)(k” +G)), a=1,2,3;n=0,1,2,...
Let us start from the case n = 0 (the first harmonic). For this case the set of
Egs. (7), (8) and (9) is reduced to a single equation since for n = 0 the components
Fy(@|lw) and Fa(#|w) vanish (see Eq. (11) — the function sin (nwzs/d) vanishes
for n = 0):
1 82E3 82E3 (.dz
e(x)) ( 0a3 a3 ) ==t (15)
On inserting the simplified equation for the Es-component of the electric field
and the Fourier transform of the function e~*(z)) into (15), together with (11)
and (13) we obtain

D_R(G) — Giay (ky + G (ky + Gf)” = c—aé (ky + Gy) (16)

G
Il

— an equation for the coefficients a§,0>(k|| + G)). This is a standard form of the
equation for the eigenvalues of the symmetric matrix which holds for an arbitrary
vector G of the reciprocal lattice.

Our further calculations require the knowledge of the explicit form of the co-
efficient k(G)), the Fourier component of the function (z))~"! (see (13) and (14)).
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It is noteworthy that we are always justified in writing the following definition of
the dielectric permittivity 6(33”)_1 irrespective of the shape of the rod cross-section

(see Ref. [16])

1 /1 -
e e ( ) ji: ji: Sy — (0], (17)

Ca li=—c0 lg=—0

where:

1 if vector @) denotes a point situated inside the rod,
S(y) = U . (18)
0 if 1t 1s situated outside the rod.

On making use of the above definition and Eq. (14) we obtain the following formula
for the expansion coefficient E(G”) for the two-dimensional square lattice (a1 =

as = a):
= [ [aai-(E-2) 5 gomein

ll,lgz—oo
—1G-x 1 1 % %a -Gz
xe Il = —— dzq dzge™ ™I %0 (19)
€y a —1a —1a
A

za za 1 0 .
- = d - — = Slay — @ (D]e= C1=n 20
a0 o (2 ) 3 sten - aole (20)

B

We now proceed to consider the integrals denoted above as A and B. Regarding
the first one, we invoke the properties of the Dirac function ¢

§(x)=0 for ##0 and /6(1‘)dx =1 (21)

(the range of integration comprises the point © = 0). A particularly useful rep-
resentation of the function § is based on the function (singx)/mz, where g is an
arbitrary real number

(22)

We consider the integral

1 o0 —ik . 1 g —ik . 1 g ..
o e™"de = lim — e™"de = lim — [cos(kx) +isin(kx)] dx
T J oo —y

g—oo 2 g—o0 27 —g

1 g 1 g
= lim —/ cos(kz)de + lim —/ isin(kz)dx

g—oo 27 —g g—oo 27 —g

1 1
lim —%sin(kx)ﬂ — lim 2—£icos(kx)|g

g—00 T g g—00 m ]C -9

=0
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1 2 sin(k in(k
finally
% ek dy = 6(k). (23)

Thus, the integral A4 (see formula (19)) amounts to

11
A= -G E) = —5 G 24
- a2/ - (G))- (24)

Regarding the integral B (see formula (20)) we perform integration over the
range of the elementary cell whereas summation ranges over all the nodes of the
real lattice defined by the vector @) (/):

1 [3e ba 1 1) < Gy
B= o dxl/_ dzsy (a - 5) Z Slay — a)({)Je™" =11

1 1
z4a 7@ l1,l2=—00

1 ( 1 1 )

T a? \ g,
In Eq. (25) the sum over /1 and l; together with the double integral over da;
and dzs is constructed so that the vector @ — (), which is the argument of the
function S, shall span all the points of the plane z;25. Following the procedure of
[16], we perform a transition consisting in a change of the integration limits —%a
to —oo and La to co simultaneously transferring the vector ) (1) into the origin of
coordinates (an operation equivalent to the liquidation of summation over {; and
l3). The above transformation gives

B= o (—a — —)/ dxl/ das S () )e —iG)Ey (26)

which inserted into (20) leads finally to an expression that will hold for an arbitrary
shape of the cross-section of the dielectric rods

R(G)) = —6(G)) +—/ dxl/ day (-a— —) S(zy)e~ G, (27)

On distinguishing between the two cases G = 0 and G|| # 0, Eq. (27) can be
rewritten in the final form

i + a%ffooo dz; f_ dzy (L _ L) S(;)j“) for G” =0,

/2 dxy /2 dyS[e) — 2 (1)]e -Gy (25)

ll l =—00

X

K(G)) = (28)
e foo dxq f (— — i) S(ZE”)e_iGll'EII for G” # 0.
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3. The case of single cylindrical rods

In order to make Eq. (28) applicable for the determination of the quantity
K(G|) in the case of a photonic crystal with rods having a circular cross-section
(see Fig. 2), we have to express the function S(z), occurring in the preceding

Fig. 2. The top view of the 2D square array of single circular rods; e, and e denote,
respectively, dielectric constants of the rods and the background, ¢ and R represent,
respectively, the lattice constant and the radius of the rods.

formulae, explicitly in terms of the parameters of the structure under consideration

<
Sap=q Loor sk (29)
0 for lzy| > R,

where R is the radius of the circle determined by the cross-section of the rod with a
plane perpendicular to the axis. On inserting into (27) and going over to spherical
coordinates, we obtain

=" 1 1 1 1 ~ o —1G)r cos
RG)) = oG+ 5 (Z_ 5)/0 dr/o deprS(ay)e™ 17 (30)

Since the function S(=) vanishes everywhere except inside the rod (see (29)), we
get the following expression for the coefficient k( G)):

Gy = 1(Gm 1<ir——)/‘dﬂ/%dwwﬂ%““¢ (31)

where (7 is the length of the vector G||. In order to calculate the above integral
we have recourse to the Bessel functions. A Bessel function of the n-th order 1s
defined as

To(z) = =

2w
ﬁ/o eTIT Y cos(pn)dep. (32)
It will be remembered that the Bessel functions fulfill the following recurrence
relations:
dJn(2)
dx

:—%h@ﬁ+ﬁhﬁm. (33)
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With (33), we calculate the derivative as
d[xJ1(ax)]

1
1 = Ji(ax)+ 2 —Ejl(ax)a—l—Jo(ax)a)

1
= Ji(ax) — =Ji(ax)a + zJy(ax)a = zJy(ax)a,
a
which is equivalent to the relation
[€]1(ax)] = Jo(az)az.
On multiplying both terms of the preceding equation by 1/a, we arrive at
/
[fjl(ax)] = Jo(az)z. (34)
a
On putting r for z, and G| for a, we get
/
[G—”Jl(G”r)] = Jo(Gyr)r. (35)
Equation (32) (for n = 0) enables us to rewrite the integral (31) in the following

form:
wG)) = —5(G||) L2 (Ei - é)/o rJo(Gyr)dr. (36)

In dealing with the mtegral of (36) we consider two cases: 1. for G| =0

e =g (- 5) [ raon

Eq Ep
=1 JU(O):l

271'(1 1)r2
_|__ - -
€a £p 2

:i+i(1_“32) (37)

Il
Q=
@|l\>
ro| X
TN
2=
|
Q)=
N
ﬁ
-
o
)
Il
Q=
=
[3v]

1 27 (1 1 r R
=@+ (— - 6—) o NGl

fa @/ G
:0
27 (1 1\ r rR TR? 1\ 2J1(GR)
=) = J (G = -] —. 38
a? <€a Eb) e LGy uz <€a Eb) (GR) (38)

Having recourse to the notion of filling factor f defined as the ratio of the area
of the cross-section of the rod and the area of the cross-section of the elementary
cell, 1.e. for a square lattice with cylindrical rods
RZ
f="a
we are justified in combining Eqgs. (37) and (38) into the following single expression:

= 1- for G) =0,
E(G”):{ L4i-p ||

2J1(G| R)
(% —5)f Gr v G #0.

(39)

(40)
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4. The case of double cylindrical rods

In the present section we deal with a composite with the structure shown
in Fig. 3. It differs from that studied in the preceding section in that the rods
with a dielectric constant £, (outer rods) are made to contain rods with a different

Fig. 3. The top view of the 2D square array of double circular rods; €4 and ¢, denote
dielectric constants of the inner and outer rods, respectively, r and R represent radii of

respective rods.

constant €4 (inner rods). The dielectric permittivity function of this system as a
whole takes the form

=i { [ (G 2) L stn-no] 2]

—00 la=—00
x > D Salzy -y, (41)
li=—0 la=—00
where
1 for |l | <7,

Sr = - 42
(2)) { 0 for |z | >, (42)

1 for |;)3||| < R,
S = - 43
r(#) { 0 for lzg| > R, (43)

where R and r denote, respectively, the radii of the outer and inner rods.
We now insert the above defined permittivity function into Eq. (14):

Eb

éJr(———) Z Z Sr [z — 2 ( )]] 1}

li=—o0 la=—00
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x> > SR[wn—wn(l)])e‘iG“'”“

li=—oc0 lz=—00

= /dxl/ dxz—e—lGll'”n
iz [ den [ don (5 = ) e - oo

oQ

+a_2 dxl/ dx2<———) Z > Selay — ()]

Ca li=—0 la=—00

XSR[:B” — (l)]e_iGII'EII .

Above, the first integral has a structure analogous to that of the integral (19);
accordingly, we make use of the results obtained in the respective section, leading
to

Pl Eb/ dl‘l/ dage™ (F171) = gé(Gll) (44)

The remaining two integrals are of the same type as the integral (20). We note
that the product of the functions S, (%) and Sg(=)) (as defined in (42) and (43))

takes the value

Sr [33” — 33”(1)]53[33” — 33”(1)] =5, [33” — 33”(1)]; (45)

thus, we can write the expression for the coefficient E(G”) in the case under
consideration in the form

n 2J1(G R 2J1(Gyr
o= e (3= S+ (G2 P @

where, respectively, F' and f are the filling factors of the inner and outer cylinders
defined as follows:

e (47)
TR?
o (18)
Finally, we write (46) in a form similar to (40):
2GR | (1 1) p2hlEn)
#(G)) = (B-) it + (- ) i o ez (49)

T—bi_p;f-p(a—i)F for G =0.
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5. Calculated photonic energy spectra

The essential numerical problem is that of the convergence of our results.
It arises due to the fact that the equations whence we determine the photonic
spectra are well determined for a crystal of infinite size. Thus, we deal with a
crystal with an infinitely great number of sites on the original lattice and conse-
quently an infinite reciprocal lattice over the sites of which summation runs. In
our numerical work we have recourse to a simplification restricting summation to
a finite number of sites of the reciprocal lattice. In numerical practice we cannot
avold compromising between the degree of convergence obtained and the achiev-
able time of the computer work. On the basis of our experience and that of others
[27] we chose N = 441 as ensuring one-percent convergence.

We now proceed to a detailed analysis of the photonic energy band spectra
obtained for two-dimensional composite crystal constructed with cylindrical rods
(simple and double). We shall analyze the mutual relations between the shape,
the inner structure, and the size of the rods and their dielectric surroundings as
well as the width and disposition of the energy gaps. We start from a discussion
of structures composed of single dielectric cylindrical rods. Figures 4 and 5 show
the mechanism of formation of photonic energy gaps versus the filling factor f for
n =0 (at n = 0 the spectra are independent of the ratio d/a; that is to say, they
are insensitive to the separation of surfaces [27]). For small f < 0.02, we observe
no gaps, an increase in f up to 0.05 leads to the formation of the first two gaps
(and a lowering of the individual energy branches). A further increase in f opens
the third gap and causes a further lowering of gaps. Concerning the width of the
energy gaps, we shall consider only the case when the filling factor f fulfills the
relation 0 < f < 0.79, i.e. when the dielectric rods are well “separated”. Figures ba
and b show the widths of the first, second, and third energy gaps versus the filling
factor f and permittivity £,. A gradual increasing f is found to open a gap only if
a certain critical value is exceeded (different for each of the gap). The gap width
then increases steeply and reaches its maximum, afterwards we observe a slow
narrowing of the gap down to its disappearance. For each of the gap there exists a
characteristic value of f followed by a steep increase in width. These characteristic
values of f are attained successively by the successive gaps.

We now proceed to the study of energy spectra of structures composed of
double dielectric rods. Let us now elucidate the effect of the inner cylinder on the
width of the gap. Figure 6 visualizes the difference between the width of the first
gap as obtained for the structure of double cylinders and the width of the same
gap obtained in the model with simple cylinders (for the same values of the filling
factor and the two permittivities), the variable parameters being the value of the
filling factor of the inner rod and its dielectric permittivity. We note that for the
gap, the gain from the enrichment of the structure by the inner rod is of the order
of 100 percent when adding an inner cylinder with a permittivity higher than that
of the outer cylinder (cf. Figs. 7b and ¢), but also we even observe a small increase
in the gap width when an inner cylinder has permittivity lower than the outer one

(cf. Figs. 7a and b).
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Fig. 4. The width (in units of the reduced frequency) of the 1st, 2nd, and 3rd gap vs.
the filling fraction, f, and the dielectric constant e, (for a 2D photonic crystal composed

of single dielectric rods).
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Fig. 5. Frequency gaps calculated for photonic crystal composed of single rods (for
N = 441, the number of shortest vectors of the reciprocal lattice). The respective struc-
ture parameters are: (a) f = 0.16, e, =10 and e, = 1; (b) f = 0.38, ¢4 = 10 and e = 1.
The two-dimensional wave vector kj (in units 27/a) extends over the first Brillouin

zone.
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Fig. 6. The increase in the width of the first (lowest) photonic frequency gap caused

by an introduction of an additional inner cylinder (its parameters € 4 and F are treated

as variables). It is interesting to note that the gap grows wider even in the region where
e 4 1s smaller than e4.
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Fig. 7. The lowest frequency gap in the photonic crystal composed of double rods;
parts (a), (b), and (c) correspond to particular structure parameters indicated in Fig. 6.

Note that case (b) corresponds in fact to the intermediate case of a single rod structure.
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6. Conclusions

We studied the properties of a two-dimensional (surface-bounded) photonic
macrocrystal composed of cylindrical dielectric rods (the limiting surfaces were
perpendicular to the axes of the cylinders). We have determined the parameters
of the structure best favoring the emergence of absolute photonic energy gaps. In
particular, we dealt with the changes in energy spectrum caused by the insertion
of a foreign rod with different dielectric constant into the original rods, thus giving
rise to a system of double rods. We found that the insertion of a foreign (inner)
cylindrical rod increases the width of the absolute energy gaps. In the next paper
we intend to perform a similar study for the case of rods (inner and/or outer)
having rectangular cross-sections.
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