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The approach to e+ {e À interaction in j ellium prop osed by Gondzik and
Stachow iak pro ved to be simple numerically and leadin g to reasonable re-
sults. This is why it seemed to be particularl y suited for generalizati ons to
real solids, a problem that in spite of more than thirty years of research in
this direction did not get yet a satisf actory solution. A n obstacle up to now
w as the necessity to solve integro- di ˜erential equations in tw o dimensi ons.
A fter overcoming this di £culty w e were able to compute e+ {e À enhance-
ment for core and valence electrons in lithium and for core electrons in other
tw o-electron core elements. Prop erties of the electronic cloud screening the
p ositron are investigated for di˜erent coordinates of this particle. T he results
are compared to such simplif yi ng guessesconcerning this problem as the local
density , the generalize d gradient and the w eighted density approximation s.

PACS numb ers: 71.60.+ z, 78. 70.Bj

1. I n t rod uct io n

M any-body approaches to the pro blem of electro n{ posi tro n intera cti on (EPI)
in m etal latti ces did not lead to conclusi ve results [1, 2]. Thi s is why appro aches
to thi s ẽ ect were developed whi ch beneÙt of the results obta ined for EPI in an
electron gas. Let us m enti on here the local density appro xi m atio n (L DA) [3{ 6],
the general ized gradient appro xi m atio n (GGA) [7], and the wei ghted density ap-
pro xi mati on (W D A) [8] (f or comparison of the above appro aches wi th exp eriment
cf . [9]).

The appro ach of Gondzi k and Sta chowi ak to EPI in jell ium [10] whi ch bases
on the results of the theory of l iquids [11] is relati vely sim ple and leads to rea-
sonable results for the anni hi lati on rate f or al l electro n densiti es. Thi s is why we
appl ied i t to study EPI in l ight elements. The probl em is su£ cientl y com pl icated
for avoiding the addi ti onal obsta cle connected wi th the m etal latti ce tha t disturbs
the spheri cal sym m etry of the system. Theref ore let us dem onstra te thi s appro ach
usi ng the exam ple of an ato m of li thi um embedded in an electro n gas.
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W e describe the electroni c structure of thi s system using two functi ons ê 1 ( r )

and ê 2 ( r ) . ê 1 (r ) i s the wa ve functi on of core electrons and ê 2 ( r ) i s the density
am pl i tude of valence electro ns. ê 2

2 determ ines the density of conducti on electrons
in the m odel [12]. These two functi ons obey the appro pri ate Ko hn{ Sham -l ik eequa-
ti ons (i n ato m ic uni ts tha t wi l l be used thro ughout thi s work)
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Z i s the charge of the nucl eus, d ( r ) i s the di stri buti on of the positi ve charge in the
electron gas. It is equal to

d (r ) =

(
£ 0 for r > r s ;

0 for r < r s ;
(3)

where £ 0 = D (3 =4 ¤ r 3
s ) . The value of r is equivalent to the radius of the

W igner{ Seitz sphere. The coe£ cient D i s chosen in such a way as to obta in
the correct norm al izati on of ê 2 ( r ) wi thi n the W igner À Seitz sphere. V ( £ ) i s the
Hedi n{ Lundqvi st exchange-correl ati on correcti on for an electron gas of density £ .

In the presence of the positro n the electro nic structure is described by two
functi ons â ( r ; r ) , where r are param eters corresp onding to the positro n coor-
di nates. â obey the equati ons
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where W ( r ; r ) i s the screened potenti al of electron{ positro n intera cti on. â indi -
cate the f orm of the functi ons ê in presence of the positro n.

From test calculati ons it fol lows tha t the e˜ect of positro n intera cti on wi th
conducti on electrons depends onl y slightl y on the polari zati on of the core by the
positro n. Al so the state of the core depends very weakl y on the state, and even
on the presence, of valence electrons. Thi s is why the equati ons for â 1 and â 2

can be solved separatel y. Thi s al lowed com puti ng the enhancement am pl i tudes for
conducti on (Fi g. 1) as wel l as for core electro ns (Fi g. 2). The polari zati on of the
core by the positro n has been found also in elements where the di stri buti on of
valence electrons can hardl y be expressed by sing le density ampl i tude, pro vi ded
the core conta ins only s-electrons. The results for di ˜erent elements are shown
in Fi g. 2. Since core and valence electro ns intera ct wi th the positro n to a large
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Fig. 1. T he density amplitude of conduction electrons on an atom of lithi um emb edded
in j ellium ê 2 ( r ) (dashed curve ) and as seen by the positron â 2 ( r ; r ) (f ull curve).

Fig. 2. T he enhancement amplitude of the core electrons for di˜erent atoms emb edded

in j ellium according to this w ork.

degree independentl y, the local density appro xi matio n could be repl aced by the
local parti al density appro xi mati on (LPD A), where only core electrons or onl y
valence electrons were included in the density .

As shown in Fi gs. 1 and 3 the enhancement am pl itude is greatl y a˜ected
by the displ acement of the node (f rom 0.9 to 0.76 a.u.) due to intera cti on wi th
the positro n. Such a displacement of the nodes has been observed by Chi ba in
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Fig. 3. T he enhancement amplitude of conduction electrons in Li in our model (f ull

curve) and according to LP DA (dotted curve). The LDA enhancement amplitude is

show n by the dashed curve.

Fig. 4. E˜ective enhancement " ( r p ) inside an atom of lithi um emb edded in an electron

gas calculated in this w ork (solid curve) and according to LDA (dashed curve), GGA

(dotted curve), and WDA (dashed- dotted curve).

Mg O [13]. However, the e˜ecti ve enhancement whi ch ta kes into account a lso the
polari zati on of the core by the positro n behaves qui te regularl y (Fi g. 4).
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Fig. 5. Comparison of E ( r p ) = 2E 1 ( r p ) + (f ull curve) and the energy of

electron{p ositron correlation in lithium according to LDA (dashed curve). T he ener-

gies have b een normalized in such a w ay as to coincid e at .

The energy of the polarized core state ( ) incl udes the e˜ecti ve attra cti on
(of chemical character) between the positro n and the nucl eus due to col lectivi za-
ti on of core electrons. It wi ll enter the positro n Ham i lto nian as a contri buti on to
the positro n potenti al . It is shown in Fi g. 5 (after norm al izati on ta ki ng into ac-
count a consta nt contri buti on of conducti on electro ns) and com pared to LD A
predi cti ons concerni ng e { e correl ati on energy.

It is well kno wn tha t positro n anni hi lati on rates in meta ls are lower tha n
exp ected on the ground of the local density appro xi m ati on. Thi s is why Mi jnarends
et al . [11] are in favo r of accordi ng m ore conÙdence to the theoreti cal calcul ati ons
of Lantto [14]. In Lantto ' s calculati ons the oversim pli Ùed tri al wa ve functi on of
the Jastro w typ e is used for describi ng the m any electrons{ one positro n system ;
the results of Lantto form the basis for the form ul as of Boro¥ski and Ni eminen [15]
and of Puska et al . [16] tha t describe the electron{ positro n enhancement factors as
functi ons of the electron density . The lesscontro versial calculati ons of Arp onen and
Pajanne [17] and also of Lo wy and Jackson [18] and R ubaszek and Sta chowi ak [19]
lead to m arkedl y higher anni hi lati on rates. A di scussion of thi s cruci al pro blem
can be found in App endix.

The present wo rk, however, is not devoted to studyi ng m eri ts of di ˜erent
appro aches to e { e intera cti on in an electron gas, but to tryi ng to understa nd
speciÙc properti es of the behavi or of a positro n in a real m etal in order to develop
an atti tude wi th regard to such heuri stic appro aches to thi s pro blem as LD A,
GGA, and W D A.
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In thi s context the local anni hi lati on rates shown in Fi g. 4 seem to repro-
duce qui te well the predi cti ons of the local density appro xi mati on. Ho wever, the
enhancement factors for di ˜erent electro n popul ati ons di ˜er substa nti al ly f rom
LD A predi cti ons (Fi gs. 2 and 3). Fi gure 2 points at a lower enhancement factor
in the ta i l of the core electro n distri buti on, m ost im porta nt for positro n anni hi la-
ti on. Thi s woul d give in the positro n li feti m e an e˜ect going in the right di recti on
(decrea se in the to ta l annihi lati on rate). However, in Fi g. 5 we observe a higher
energy of electro n positro n correl ati on tha n predi cted by LD A. Thi s e˜ect is due
to col lecti vi zati on of core electrons between the nucl eus and the positro n. It woul d
faci l ita te penetra ti on of the positro n into the core region characteri zed by high
electron density , decreasing in thi s way the positro n l i feti m e.

The techni cal mathem ati cal problems solved in the present work should fa-
ci li ta te further studi es of e+ { eÀ intera cti on in sol ids.

Ac kn ow l ed gm ent s
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A pp en dix

Comment s on exi st ing t heor ies of e{ p int eract ion in an elect ron gas
and thei r application t o real metals

Some of the results of form er theo reti cal investigati ons of the e{ p intera cti on
in jell ium are in perm anent use in the interpreta ti on of the experim enta l data .
Thi s needs, however, cri ti cal comm ents.

The present state of the art can be characteri zed best basing on the recent
wo rk of Mi jnarends et al . [9] who investigated high m omentum anni hi lati on wi th
core electrons wi th two -detecto r studi es of the D oppl er broadening. The inter-
preta ti on based on assuming three m odels of appl icati on to the real m etal (Al )
the enhancement factors found for jell ium . The Ùrst model was the LD A of the
enhancement of Arp onen and Pajanne (AP) [17] given by the form ula [7]

Û = 1 + 1 :2 3 r s À 0 : 0 7 4 2 r 2
s

+ r 3
s

= 6 : (A1 )

The second (LD A 0 ) was the sam e typ e appro xi m ati on but given by the f or-
m ula of Puska et al . [16]

Û = 1 + 1 :2 3 r s + 0 : 9 8 8 9 r 3 = 2
s À 1 : 4 8 2 r 2

s + 0 : 3 9 5 6 r 5 = 2 + r 3 =6 ; (A2 )

whi ch num erical ly di ˜ered very l ittl e from the well -known form ula of Boro¥ski and
Ni eminen [15]

Û = 1 + 1 :2 3 r + 0 : 8 2 9 5 r 3 2
À 1 : 2 6 r 2 + 0 : 3 2 8 6 r 5 2 + r 3 =6 : (A3 )

The thi rd m odel wa s the gradient correcti on (G GA) (co nta ining an exp erim ental ly
determ ined parameter) to the AP factors, intro duced by Barbi ell ini et al . [7].
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Mi jnarends et al . [9] found tha t the LD A 0 m odel gives the best agreement
wi th exp eriment, tho ugh a smal l correcti on by appl yi ng a lesser tha n in GGA
gradi ent correcti on coul d probably lead to som e im pro vement.

W hat do the resul ts of R ef. [9] m ean?
The compl ete theo ry of e{p intera cti on should be self-consistent, i t should

ta ke into account the mom entum dependence of electro n scatteri ng and the e˜ect
of the e{e correlati on on the e{p intera cti on. The three necessary features (TNF)
enum erated above f orm the basis of the calcul ati ons of Lowy and Jackson [18] using
the Li ppm an{ Schwi nger equati on and of the work of R ubaszek and Stachowia k [19]
whi ch incl udes self-consistency and eÀ { eÀ correl ati ons into the Bethe{ Goldsto ne
form al ism of Ka hana [20]. Both works in spite of usi ng appro aches qui te di ˜erent
from each other and from AP end wi th almost the same enhancement factors
described by f orm ula (A1 ) whi ch is also the result of TNF calcul ati on.

Some groups of physi cists do not l ike the appro ach of Ka hana to EPI, be-
cause i t assumes a recta ngul ar electron di stri buti on in m omentum space; they
pref er a D aniel { Vosko typ e distri buti on. Our feeling is tha t i t is not obvi ous tha t
the electron holes below and the electro n states above the Ferm i surface whi ch
both are due to electron{ electro n correl ati ons are enhanced to the sam e degree as
the m ain parts of the electro n wa ve functi ons wi th well deÙned m om enta whi ch
describe the rectangular distri buti on. Both theo reti cal considerati ons of Carb otte
and Kahana [21, 22] and exp erimenta l studi es (e.g. [23, 24]) supp ort the above
point of vi ew, in contra st to the Com pto n scatteri ng in whi ch the nonrecta ngul ar
D aniel { Vosko di stri buti on was detected relati vely easily [25]. Thi s does not mean
tha t devi ati on from rectangular shape cannot be observed by positro n anni hi la-
ti on [26]. One can expect tha t for hi gher densiti es the Dani el{ Vosko distri buti on
wi l l be lessa˜ected by EPI. Our opini on basing on the calculati ons of Boro¥ski [27]
(cf . also [24]) is tha t the D aniel { Vosko e˜ect in positro n annihi lati on in an electron
gas is poorl y trea ted both in wo rks using a rectangular occupati on numb er for elec-
tro ns [9, 8, 7, 28] where i t is neglected and by Arp onen and Paj anne whi ch disturb
wi th the positro n the Sawada boson vacuum corresponding to the rando m phase
appro xi m atio n (R PA) state. As f ollows from the calculati ons of Boro¥ski there is no
evi dence tha t they are able to incl ude in thei r com puta ti ons the inÛuence of e+ { eÀ

intera cti on on the D aniel { Vosko distri buti on (as seen by positro ns). They just re-
pro duce the R PA results. Thi s could be done as well using the Bethe{ Goldsto ne
form al ism. Onl y Mo nte Carl o calculati ons could, in pri ncipl e, give an answer.

Since three independent TNF calcul ati ons, using very di ˜erent appro aches
to EPI led to qui te sim i lar enhancement factors, one m ust conclude tha t the f or-
m ula (A1 ) is an una voidable consequence of the three requi rem ents.

Let us observe tha t Lantto ' s calculati ons [14] basing fai thf ul ly on a Jas-
tro w typ e tri al functi on incl ude certa inl y one from the TNF assumpti ons, nam ely
self-consistency. In the case of a system of one positro n and N electrons the tri al
functi on (1) of Lantto has the form

ˆ = F 1 2 F 1 1 ¢ 1 ; (A4 )

where the factors F 1 1 and F 1 2 are expressed by the functi on-param eters f 1 1 and
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f 1 2 thro ugh the form ul ae

F 1 1 =
Y

i j

f 1 1 ( r i ; r j ) ; F 1 2 =
Y

i

f 1 2 ( r i ; r p ) : (A5 )

¢ 1 i s the Slater determ inant of free electrons, r i and r p are the coordi nates of
the electro ns and the positro n, respecti vel y. It is obvi ous tha t the v ariati onal
functi on-param eter f 1 1 o˜ers no possibi l i ty to m inim ize the Ha mi l to nian wi th
regard to the dependence of e+ { eÀ correl ati ons on the distance from the positro n.
Al so the functi on-parameter f 1 2 does not incl ude the momentum dependence of
electron scatteri ng on the positro n.

The concl usion from the resul ts of Ref. [9] (and m any previ ous m easurem ents
| since the form ul a of Boro¥ski and Ni eminen is so popul ar am ong positro n physi -
ci sts) is tha t som e e˜ects not included in TNF lead to lowering the anni hi lati on
rate of positro ns in m etals (and also in an electron gas). Let us rem ark, however,
tha t the results of Lantto di ˜er from tho se of AP no m ore tha n by 20%, whi le
La ntto hi mself adm its tha t hi s correl ati on functi ons are accurate up to about
10%, besides his publ ished calculati ons are perf orm ed for r 5 , leavi ng aside the
electron densiti es of cesium and rubi di um . Our feeling is tha t in order to check the
rel iabi l it y of the results, calculati ons should be perf orm ed up to r = 8 or so.

W henever in our calcul ati ons we neglected electro n{ electro n correl ati ons,
or ra ther thei r dependence on the positro n positi on thi s resulted in lowering the
anni hi lati on rate (cf . [10] and unpubl ished calculati ons). Indeed, subtra cti ng f rom
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the screening cloud around the positro n a part of i t due to the correl ati on hole
increases the conta ct density of electrons on the positro n owi ng to lesser screening
of i ts positi ve charge.

Thus, i f one com pares e.g. the curves labelled Gondzi k{ Stachowi ak and of
form ula (A1 ) in Fi g. 6 one concl udes tha t al lowi ng f or mom entum dependence of
electron scatteri ng on the positro n leads to lowering the anni hi lati on rate. There-
fore from thi s point of vi ew the agreement of Lantto ' s resul ts wi th experim ent is
not physi cal ly enl ighteni ng and can be trea ted as purel y accidenta l and fol lowi ng
from com pensati on of di ˜erent e˜ects tha t have been neglected. Thi s l imits essen-
ti al ly the physi cal impact of the statem ent of Mi jnarends et al . [9] tha t \ . . . only the
local density enhancement of Pusk a, Seitsonen, and Ni eminen can sim ul ta neously
repro duce the proÙle and the l if eti me. . . " . Let us rem ark, however, tha t the f orm
(A4 ) of the tri al functi on does not exclude the r dependence of e+ { eÀ correlati ons
(where r i s the distance from the positro n). Indeed, the Hartree{ Fock appro ach to
electronic structure neglects eÀ { eÀ correl ati on f actors al to gether, obta ining nev-
erthel essthe exchange correcti on to the e˜ecti ve potenti a l. On the other hand, the
Ko hn{ Sham approach uses (i n local density appro xi mati on) soluti ons of the many
electron probl em for al l densiti es of the electron gas occurri ng in the system . The
Jastro w tri al functi on in the case of one positro n in the electro n gas appro ach is
abl e to uti l ize the soluti on of the eÀ { eÀ correlati on probl em only for the average
density of the electro n gas.

W e advo cate for the another TNF calcul ati ons presented in R ef. [28], whi ch
also yi elded enhancement factors. The wa ve functi on of the system consisted of
the Slater determ inant bui l t from one-electron wave functi ons ¢ modulated by
enhancement am pl i tudes w

ˆ ( s1 ; . . . sN ) =

NY

i =1

w ( s i )

Ù
Ù
Ù
Ù
Ù
Ù
Ù
Ù
Ù

¢ 1 ( s1 ) ¢ 1 ( s2 ) . . . ¢ 1 ( sN )

¢ 2 ( s1 ) ¢ 2 ( s2 ) . . . ¢ 2 ( sN )

. . . . . . . . . . . .

¢ N ( s1 ) ¢ N ( s2 ) . . . ¢ (s )

Ù
Ù
Ù
Ù
Ù
Ù
Ù
Ù
Ù

(A6 )

and

s = r r : (A7 )

The one-electron wav e functi ons are al lowed to be weakl y nonortho gonal .
Theref ore the electron density is com puted from the f orm ula

£ ( s) = 2
X

ˆ Ê ( s)ˆ ( s) 2
X

6=

A ˆ Ê ( s)ˆ ( s) ; (A8 )

where

A =

Z
ds0 ê Ê ( s0 ) ê (s0 ) ; (A9 )

ê (s) = w (s ) ¢ (s) ; (A1 0)

¢ ( s) =
1

¨
eks + ¡ ( s) : (A1 1)
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The correspondi ng enhancement facto rs can be described by the form ula

Û = 1 + 1 :2 3 r s À 0 : 1 3 7 5 r 2
s + r 3

s = 6 : (A1 2)

The behavi or of di ˜erent enhancement f actors is shown in Fi g. 6.
Thus Ref. [28] presents the onl y TNF enhancement facto rs tha t are appreci a-

bl y lower tha n the ones of f orm ula (A1 ). Theref ore, as concerns an electro n gas, the
resul ts of R ef. [9] point at the importa nce of al lowing for weak nonortho gonal i ty of
one-electron wave functi ons, whi ch results in thei r intera cti on wi th the positro n.
Thi s probl em wa s Ùrst cal led attenti on upon by Lo wy and Jackson [18]. Let us
rem ark tha t thi s appro ach (ref erred to as perturb ed hyp ernetted- chain (PHNC))
does not intro duce arti Ùcial ly the Paul i exclusion pri nci ple unl ike the appro ach of
Ka hana [21] cri ti cized for thi s reason in R ef. [18].

As concerns devi ati ons from the local density appro xi mati on in m etal lat-
ti ces, thi s pro blem accordi ng to Ref. [9] is of lesser importa nce (we have also
exam ined the GGA perform ing some model calcul ati ons). But thi s concl usion fol -
lows from exp erimenta l consi derati ons and means tha t a sati sfacto ry theo ry of
e+ { eÀ intera cti on in meta l latti ces is not exi sti ng.
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