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We study an electron transport through a quantum dot in the pres-
ence of time-dependent fields. The dot is described by a single level and
the intra-dot Coulomb interaction is introduced within the Hartree—Fock
approximation. The external fields cause a time-dependent shift of the en-
ergy spectrum of the leads and quantum dot. We take into account the
spin-polarized solutions for the quantum dot charge. We calculated the time
dependence of the current and charge accumulated on the dot, the average
current and charge vs. the source—drain and gate voltages in dependence on
the Coulomb interaction strength and the frequencies and amplitude of the
external fields.

PACS numbers: 85.30.Vw, 85.30.Wx

1. Introduction

The advance of experimental techniques on a nanometer scale has made it
possible to investigate the electronic transport through quantum dots — small
structures formed in two-dimensional electron gas by applying appropriate gate
voltage. Especially interesting are the transport properties of a quantum dot (QD)
under the influence of external time-dependent fields. The high-frequency signals
may be applied to the QD and the time-dependent fields will modify the tunnel-
ing current. We should mention such phenomena as a photon-assisted tunneling
(e.g. [1]) or photon—electron pump effect, turnstiles and others (e.g. [2]). One can
investigate the current flowing through the QD under the periodic modulation of
the QD electronic structure [3] or periodic modulation of the tunneling barriers
[2] and electron energy levels in both (left and right) reservoirs [4] (see also [5-8]).
The effect of the time-dependent potential on the conductance and current flow-
ing through the QD and superlattices has been measured and some interesting
features, e.g. negative conductance, have been observed [1, 3, 9].
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The Coulomb intra-dot electron—electron interactions play very important
role in some phenomena, such as the Coulomb blockade oscillations, resonant tun-
neling, and many others. It is well known that the Coulomb interactions make the
tunneling coefficient very small in the blockade regime in opposite to the tunnel-
ing regime where the current flowing through the quantum dot is measured. The
conductance exhibits oscillations as a function of the external potential which can
be explained by the mechanism of single-electron tunneling and Coulomb blockade
phenomenon due to intra-dot electron—electron interaction.

In the literature there are numerous theoretical works concerning the in-
fluence of the intra-dot electron—electron interaction in time-independent electron
transport through the quantum dot (e.g. [10-14]). On the other hand, the literature
on time-dependent nonequilibrium transport treated together with the Coulomb
interactions is much more restricted in comparison with the stationary case. In
Refs. [8, 10] the transport through a QD in the presence of time-dependent mi-
crowaves was studied. The QD was characterized by two single electronic levels
and the intra-dot Coulomb interaction. The QD retarded Green function for finite
values of the Coulomb interactions was calculated using the equation of motion
method and the time-dependent and average current was obtained. On the other
hand, the nonlinear tunneling current through the QD in the Kondo regime as-
suming the infinite U value was calculated in Ref. [10].

The Coulomb interaction in many small quantum structures is small com-
pared with the energy difference between non-interacting eigenstates of the QD
structure. For this reason, a mean-field model should give, for many purposes, a
relatively good description of the system. Sun and Lin [7] used the Hartree—Fock
approximation in description of the electron tunneling through the QD and cal-
culated the time-dependent current and the average current as a function of gate
voltage. The corresponding equations needed to be solved are very complicated and
the authors make the additional approximations (described later) in their numer-
ical approach. It seems, however, that such kind of approximations can influence
the results, especially, if one considers the time-dependent characteristics. In this
paper we calculate the time-dependent current flowing through the QD, the charge
accumulated on the dot, the average current vs. the gate voltage or source—drain
voltage and the conductance for the model in which the Coulomb interaction is
taken in a mean-field manner without any additional approximations as it was
made in Ref. [7]. We present a simple method according to which we are able to
solve the self-consistent time-dependent equations for the charge accumulated on
the QD without doing any approximations.

The outline of this paper is as follows. In Sec. 2 the model i1s given and
the basic ideas underlying the method are presented. In Sec. 3 we give the nu-
merical results for currents, QD charge, and conductances obtained for different
electronic characteristics of the system and different time-dependent microwave
fields. Section 3 contains also conclusions and a brief summary.
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2. Hamiltonian and formalism

Our mesoscopic system is composed of three parts: the left metal lead, the
central quantum dot, and the right lead. The three separate parts are coupled
together through the tunneling barriers. The chemical potentials p, (o« = L, R)
of the two metal leads may be not equal, and their difference is not necessarily
small. The Hamiltonian of the system can be written as follows:

H= Z Ekoz(t)a;lg—agakoza + Z (Vkaa;agada + hC)

ko, ko,

U
—1-5 ZU: Ng—oNdo + ZU: ca(t)at ads, (1)

where o denotes the left (L) or right (R) lead. The operators akaa(a;'g'aa), Ao (ajl'a)
are the annihilation (creation) operators of the electron in the leads (right and left)
and in the dot, respectively. For simplicity the dot is characterized only by a single
level ¢4 and the intra-dot Coulomb electron—electron interaction U and g, denotes
the single-electron energies of the left or right lead. The transfer—matrix elements
between the leads and the dot are denoted by Vi,.

We consider the case in which there exist microwave fields applied to the
leads and to the quantum dot. We have taken the adiabatic approximation in
our time-dependent driven system so that the fields can be reflected in the single-
-electron energies as follows:

£ha(l) = €po + Agcoswt, £4(1) = g4+ Agcoswt, (2)

i.e. the energy levels of the leads and QD are driven by the ac field with frequency
w and amplitudes A, and Ay, respectively. However, the time-dependent external
field causes only a rigid shift of the energy levels and does not change the distri-
bution of occupation of electrons [5, 7]. The amplitudes, phases, and frequencies
of the external fields can be taken arbitrarily in different regions of our system.
The general formulas for the time-dependent current flowing through the QD
and for the charge accumulated on the QD can be obtained using the non-equilib-
rium Green function technique [5, 7, 12]. These general formulas contain, among
others, the retarded, two-time Green function of the dot connected with left and
right leads. The exact results for it is not known even in the time-independent
case, then the approximations are needed. One can use, for example, the equa-
tion of motion method which with some decoupling procedures can lead to final
approximate results (e.g. [7]). If these decouplings are used on the early stage of
the equation of motion scheme then one recovers the mean field result, namely,
the Hartree-Fock approximation. On the other hand, one can use from the very
beginning the mean-field Hamiltonian, in which, in comparison with Eq. (1), the
last two terms are replaced with 3~ _[e4(t) + UNd_U(t)]ajl'UadU, where Ny, (¢) is the
time-dependent charge localized on the dot. Now, the calculations of the required
characteristics of the system under investigations can be obtained similarly as in
the non-interacting (without electron correlations) case. Without describing the
formalism, which has already been discussed in detail (see, e.g. [5-8, 12]), we recall
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that the current flowing from the left lead into the QD and the charge accumulated
on the QD, Ny, (), can be expressed as

1= X [-rvn o - & [aepemagen] )

g

Nan(t) = [ 20 AT G OF, (@
where .
A7 (1) = —iexpli( Aq — Ag) sinwt /w] /_ dty exp [i(e —eq)(t — 1)
LI —11)/2 — i(Ag — Ag)sinwty fuw — i/t dt”UNd_U(t“)] , (5)

I'= TR 4+ T'Y) fu(e) denotes the Fermi distribution function of the a-th lead and
I'“(e) = I'* =275 4 [Vkal?8(c — €ka)-

The formulas (3)—(5) were obtained within, so-called, wide-band approxima-
tion consisting of neglecting the level shift A(¢) and assuming the energy indepen-
dent line width I'(e) = I', where A(g) —iI'(2) = >_x o Vi l?/(eT — €ka)-

For calculations we take e = A = 1 units, the ‘time is measured in units of
h/I', the current and conductance in units of eI'/h and e?I'/h respectively, the
modulation frequency w in units of I'/h, the QD charge in units of e, and all the
energies in units of I'. In the following we assume I'" = I'R = ['/2 (symmetrical
barriers).

Note that in order to obtain the current Ir(f) or charge accumulated on
the dot one has to solve in a self-consistent manner Eqgs. (4) and (5). If we ne-
glect the Coulomb electron—electron interaction, then the function A{(e,t) can be
transformed to the simple expression consisting of the sum of the Bessel functions
multiplied by some energy and time dependent factors [5]. As a result, the cur-
rent I,(t) and QD charge can be obtained by simple (numerical) integration as
indicated in Eqgs. (3), (4).

However, for non-vanishing Coulomb interaction, one has to solve the set of
self-consistent Eqgs. (4), (5). Note that the number of these nonlinear equations is
quite large and depends on the numerical integration method used in computation
of Nis(t). Therefore, in the literature this problem was solved in an approximate
manner, namely, the function Ngq_,(¢) in the right-hand side of Eq. (5) was re-
placed with a some constant mean value (N4_,(?)) [7]. Note, however, that for
time-dependent external perturbations the dot charge has to be obtained in a dy-
namical manner as its value at some time, say t;, should depend on its values
at the time earlier than ¢;. Then, the approximation consisting of replacement
of the full time-dependent dot charge in Eq. (5) by its mean value can change
the time-dependent characteristics of the electron tunneling processes through the
QD. Our results presented in the next section support these assumptions.

To solve the set of Eqs. (4), (5) without any additional approximations we
propose the following procedure: Eq. (5) should be replaced with the differential
equation

JA(g,1)

L = A7 (2, )l(Aa — Ag) coswt + £ — g +il'/2 = UNa_g (1] —i. (6)
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Equation (6) is equivalent to Eq. (5) as one can check writing its formal solution.
Inserting Ny, (1), Eq. (4), to Eq. (6) one obtains the set of differential equations
which can be solved by numerical integration. The number of Eqgs. (6) we have
to solve simultaneously depends on the numerical integration method used for
calculations of the dot charge, Eq. (4), and is of order 1000-2000. Note that in
order to calculate the dot charge at time ¢ we need the information about the dot
charge for all time points earlier than ¢.

From numerical point of view, the set of differential Eqs. (6) is very simple
to solve in comparison with the troublesome set of Eqs. (4), (5). As our method
of calculations is relatively simple (and fast, from numerical calculations point
of view) then we are able to consider the tunneling current, the dot charge (the
time-dependent values and average values), as well as other characteristics, e.g.
the differential conductance vs. source—drain voltage, for broad class of parameters
of the considered system. The results of such calculations are presented in the next
section.

3. Results and discussion

We present the results for the current flowing between the left lead and the
QD and the charge accumulated on the QD vs. time for various values of the
correlation strength U, the modulation frequencies w, and amplitudes Ar g, Aqg
of the energy levels modulation. We present also results for the current, averaged
current, and for differential conductance vs. source—drain voltage and gate voltage.

We assume the temperature 7" = 0 K and the amplitude of oscillations Ay
to be one half of Ay, and Ag = 0. The time-average of a time-dependent current
is defined by

() = lim — /_ " (7)

2T—00 AT T

and because I(t) is aperiodic function of time, we average it over the period 27 /w.

Without loss of generality we take the chemical potential of the right lead pg
as the energy measurement reference point, ug = 0. The potential drop between
the left and right leads is given by pr, — ugr = eV and V is the measured voltage
between source and drain. Our calculations are performed with parameters in the
range of the experiments already available, e.g. [15-17].

To find the solutions of Eqgs. (4) and (6) we must first consider the follow-
ing problem. Solving Eqs. (4), (6) as they stand, we obtain only paramagnetic
solutions, Ngs(t) = Ng—,(¢) and the ferromagnetic solutions (if any) are missing.
The similar problem is known in the theory of the charge transfer in atom—surface
collisions [18]. The solutions N4, of the time-dependent Anderson model never go
to the spin-polarized ones, even for parameters which correspond, in a static case,
to a strong magnetic case. As the spin-polarized solutions of the Anderson model
(if only exist) are energetically more stable (e.g. the chemisorption case [18]) than
for correct description of the QD one should take into consideration the ferro-
magnetic occupation numbers Ny(¢) and N|(¢), rather than paramagnetic ones.
Therefore, 1n order to obtain the spin-polarized solutions we introduce an asymme-



298 T. Kwapunisk: et al

try in spin space assuming that the quantum dot’s energy level is spin-dependent
€4 — €4 — oh, where h is a small constant value and ¢ = £1 (cf. [19, 20]). As a
result, the spin-polarized solutions can be obtained. In Fig. 1 we show the time
dependence of the dot charge for three parameters h equal to 0.0001, 0.005, and
0.05 in units of I, respectively. The results clearly indicate that for sufficiently
long time the spin-polarized solutions are independent of . As we are interested
only in asymptotic behavior of the system and it is assumed that the external
perturbation was adiabatically added at ¢ = —oo, then the expounded procedure
of the artificial spin symmetry breaking works sufficiently good. In addition, the
positions of peaks of the average current curve vs. gate voltage nearly do not
depend on the spin symmetry breaking parameter 2 (not shown here).

1.0 |
QE)) ---------- h=0.05
%O'S — h=0005 |
Q h=0.0001 _|
S 0.6

04 _

0.2 _

0.0 '

20 . 30
lime

Fig. 1. The time dependence of the quantum dot charge for different values of the
spin symmetry breaking parameter h. The thick, thin, and broken lines correspond to
h = 0.0001, 0.005, and 0.05, respectively. The unit for the time axis is /[, and all other
energies are in units of I': p, =2, A, =2, Ag =1, eq=—4, U =10, and w = 1.

In Fig. 2 we show the time dependence of the current for electron correlations
U = 5,10, and 15 for different frequencies w = 0.3,0.5, and 1.0 (parts from up to
down). The current and also the electric charge accumulated on the QD (Fig. 3)
are periodic functions of time with the period 27/w. For increasing correlation
strength U (with other parameters being constant) we observe that the amplitude
of the current oscillations are smaller and smaller independently of the frequency
w. The filling of the effective QD energy levels is different for different correlation
strengths U (Fig. 3). For large U the solutions for N, (t) are strongly ferromagnetic
but as U decreases the difference between spin-up and spin-down QD charge is
smaller and smaller and tends to a paramagnetic case.

In Fig. 4 we present results for the QD charge, the average current, and
the differential conductance vs. the source—drain voltage, u1, — pur, for two values
of the correlation strength U = 8 (thin lines) and U = 12 (thick lines). The left
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Fig. 2. The time-dependent current for U = 5, 10, and 15 (see inset in part (a)) for
different modulation frequencies w = 0.3, 0.5, and w = 1 — parts (a), (b), and (c),
respectively. A, =5, Aqg = 2.5, pr, = 5, and €4 = 3.

parts correspond to the stationary case (w = 0) and the right parts correspond
to the case in which the left lead is characterized by the oscillating energy levels
with amplitude A1, = 2 and frequency w = 0.5. The QD energy level ¢4 = 2 also
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Fig. 3. The quantum dot charge for the parameters used in Fig. 2a for U = 5 (thin
lines) and U = 10 (thick lines).

oscillates with amplitude Ay = 1. We observe the spin-polarized solutions only for
one region of the source-drain voltage values for the stationary case (w = 0), as
well as for time-dependent case (w # 0). The ferromagnetic solutions exist for the
case in which one of the effective QD levels, ¢4 + U{Ny) or eq + U{N|} is localized
between pup, and pg. In all other situations there are only paramagnetic solutions.

The region of ferromagnetic solutions increases with increasing U and is lim-
ited by the values of the voltage for which both effective QD levels are localized
below min(ur, pr) or above max(pur, pr). The average current vs. source—drain
voltage possesses two steps which appear when the effective QD levels enter into the
energy region between yp, and pr. Note, however, that in the time-dependent case
these steps are less clear and are characterized by the additional small structures.
From comparison of the average charge with the average current we can observe
that the positions (on the voltage axis) of the abrupt changing of the current coin-
cides with the corresponding points on the charge curves. The spin-polarized QD
charge results in conductance showing two peaks instead one peak as it would be
for a paramagnetic case. The peaks of the conductance appear in the points where
the current is changed. The structure of the conductance curve contains more
details in the time-dependent case and corresponds to much more complicated
structure of the current curve.

In general, the current is a complicated function of many parameters, among
others, of the amplitude of energy levels oscillations Ay, and Ag. In order to give
some overall insight into this dependence we present in Fig. 5 the current as a
function of the amplitude of oscillations and time. The other parameters were
fixed, ie. U =8, w = 0.5, ¢4 = —4, pr, = 2. One can conclude that the amplitude
of the current oscillations increases with increasing Ay, and A4. For A, = Ay =0
(absence of the energy level oscillations) the current does not flow because the QD
levels are outside the energy range (pr, pr).
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Fig. 4. The average quantum dot charge, current, and conductance vs. source—drain
voltage (in I units) for the static case (parts (a), (b), (c)) and for harmonic modulation
case w = 0.5 (parts (d), (e), (f)), A = 2, Ag = 1. The thin (thick) curves correspond
to U =8 (U = 12).

In Fig. 6 we show the time- and U-dependence of the current I, for the
parameters: Ay, = 2, Ay = 1, ur, = 2, ¢4 = —4, and w = 0.5. The greatest
variations of the current are observed for 4 < U < 7 for which one of the effective
QD levels lies between the chemical potentials ur, and pg.

The interesting results are obtained for the so-called Coulomb blockade effect.
It is known that in the time-independent case for small source—drain voltages the
curve current vs. gate voltage curve possesses the characteristic peaks. Only for
some values of the gate voltage the current flows through the QD (see Fig. 7a).
When the external time-dependent fields are applied to the system the Coulomb
blockade effect is not so distinct (see Fig. 7b for w = 0.1 and Fig. 7¢ for w = 0.5).
The right panels of Fig. 7 show the average charge vs. gate voltage corresponding
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Fig. 5. The current as a function of time and Ap for harmonic modulation with
w=0.5, eq=—4, Aa= AL/2, p, =2, and U = 8.
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Fig. 6. The current as a function of time and correlation strength U for harmonic
modulation with w = 0.5, A, =2, Ag=1, pL =2, and eq = —4.

to the current curves given on left panels, respectively. In order to give some insight
into very complicated structure of the I1,(t) we show in Fig. 8, as an example, the
time-dependent current vs. gate voltage for U = 10, w = 0.5, Ap, = 2, and Az = 1.

As we mention in the introduction, our calculations of the current flowing
through the QD and the charge accumulated on 1t is based on the theory given by
Sun and Lin [7] but with one important exception. We were able to calculate in
a fully self-consistent manner the QD spin-dependent charge and current flowing
in the system. On the contrary, in Ref. [7], this self-consistency was missed and
AZ(e,t) was calculated replacing the time-dependent QD charge on the right-hand
side of Eq. (5) by a constant value. We repeated the calculations (for some pa-
rameters) along this way and replaced the QD charge by a constant value (ob-
tained exactly within our approach). The comparison of results of the averaged
current vs. gate voltage obtained within our fully self-consistent approach (solid
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Fig. 7. The average current (left parts) and the quantum dot charge (right parts) as
functions of the gate voltage (in [ units) for correlation strength U = 15 (thick lines)
and U = 7.5 (thin lines). Parts (a) and (d) correspond to a static case and parts (b), (&)
and (c), (f) correspond to harmonic modulation frequency w = 0.1 and 0.5, respectively.
AL =4, Ag=2, and p1, = 2.

curves) and according to Ref. [7] is given in Fig. 9. These results were obtained for
U =10, w = 0.5 and for two oscillation amplitudes Ay, = 2 and 4 (Ag = 1 and 2,
respectively), parts (a) and (b), respectively. The same discrepancies are observed
for other values of the parameters.

In summary, we have calculated the current flowing through the QD and the
charge accumulated on it in the presence of the time-dependent external fields.
The Coulomb intra-dot interaction was taken into account within a mean-field ap-
proach. By using the nonequilibrium Green function technique the time-dependent
and averaged current and QD charge was calculated in a fully self-consistent way.
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Fig. 8. The current as a function of time and gate voltage (in I units) for U = 10,
AL =2, Ag=1,w=0.5, and pL = 2.
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The average current vs. gate voltage (in I units) calculated according to Ref. [7]
— broken lines and in a fully self-consistent way — solid lines. Parts (a) and (b) corre-
spond to (Ar, Aqg) equal to (2, 1) and (4, 2), respectively. U = 10, w = 0.5, pr = 2.

Fig. 9.
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The main conclusions can be summarized as follows:

e With increasing correlation strength U the amplitude of the time current os-
cillations are damped irrespective of the frequency of external fields (Fig. 2).

o The filling of the spin-polarized QD effective levels is much more asymmetric

for greater U (Fig. 3).

e The existence of the spin-polarized solutions for the QD charge results in
conductance showing two peaks.

e The splitting of peaks of the differential conductance vs. source-drain voltage
curve is observed.

e The average current vs. gate voltage curve has a clear peaked structure
for non-oscillating case (Fig. 7a) but this picture is destroyed for nonzero
frequencies of the external fields especially for smaller U (Fig. 7c).
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