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Ideas concernin g the use of magneto opti c materials to control spatial
solitons are intro duced. I t is show n that control of spatial solitons can b e
achieved through the use of T M mo des T E{T M interactions. Potential func -
tions can b e deÙned through a Lagrangian analysi s and optimisati on is pos-
sible to facilitate energy transf er b etw een T E and T M w aves.

PACS numb ers: 42.65.T g

1. I n t rod uct io n

Polar isati on-coupled s p a t ia l s ol ito ns [1{ 3] in opti cal planar wa veguides have
been investi gated f or som e ti m e now using W hi tha m 's average vari ati onal pri n-
ci ple [4]. It is encoura ging tha t analyti cal form s can be found thi s way and tha t
num erical work usually conÙrms tha t the true sol ito ns agree wi th the m athem at-
ical analysis. It is safe to say, then, tha t signiÙcant m athem atica l pro gress has
been made in m any cases and have been veri Ùed by accurate (exact) num erical
sim ulati on. The vari ati onal pri nci ple gives the averaged equations for al l the slowl y
varyi ng functi ons. A deta i led justi Ùcati on of it has been given by W hi tha m [4]. He
points out tha t the vari ati onal appro ach is not a separate metho d, but incl udes the
usual expansion appro ach and, in so doing, permi ts the generati on of qui te general
resul ts. It is qui te capabl e of deal ing wi th stabi l i ty questions but, natura l ly, the
accuracy of any descripti on of spati al sol i to n beam dyna mics must depend upon
the choice of tri al functi on. There is pl enty of evi dence to suggest, however, tha t
a good and general choice leads to credi bl e concl usions in whi ch great conÙdence
can be pl aced.

Thi n garnet Ùlm shave beenof interest for decades now. In fact, a whole range
of micro wave signal processing devi ces [5{ 8] such as Ùlters, correlato rs, spectrum
analysers, swi tches, m odul ato rs, frequency shif ters, and tuna ble Ùlters are either
in use or appear to be on the hori zon. Such devi ces wi l l be even more useful i f
power can be added in as another degree of Ûexibi li t y. In other wo rds, the study
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of nonl inear m agneto opti cal intera cti ons is of pri m e im porta nce. Thi s is a real is-
ti c pro spect because m odern Ùlm producti on technology is so m uch better tha n
i t used to be, tha t wha t is possibl e to day, l i tera l ly, bears no compari son wi th
wha t was possibl e in previ ous decades. It is now easy to m ake the fundam ental
integ rated opti cal bui lding bl ock, whi ch is the channel wa vegui de. It is also pos-
sible to im agine future integ rati on of m agneto opti c devi ces wi th semiconducti ng
substra tes conta ini ng acti ve devi ces, like lasers, detecto rs, and am pl iÙers.

The tw o ori enta ti ons of the m agneti sati on M , to the propagati on di recti on
of a wa ve in a slab of m agneto opti c materi al to be discussedhere are l on g it u d inal

or t r ans v er se , in the tensor form

l ong itu d inal " =

0

@
n 2

À iQ n 2 0

iQ n 2 n 2 0

0 0 n 2

1

A ; (1)

tr ansv er se " =

0

@
n 2 0 0

0 n 2
À iQ n 2

0 iQ n 2 n 2

1

A ; (2)

n i s the refracti ve index, Q i s cal led the m agneto opti cal param eter and, for pra cti cal
reasons, n is = assu med to be the same in each diagonal term . Thi s is a real istic
pro spect because i t woul d appear tha t there has never been a better ti m eto pursue
the combi natio n of nonl ineari ty and m agneto opti cs.

2. B asic t h eor y

For g u id ed wa ve propagati on along the z -axi s, the electri c Ùeld vecto r is
E = [ E x ; E y ; E z ] ; E z

¿= 0 , so the longi tudi nal conÙgurati on coupl e E x and E y as
opp osed to coupl ing E y to E z (tra nsverse). Ma xwel l ' s equati ons, f or an angular
frequency ! , reduce to

r Â ( " Â E ) = 0 ; (3)

r
2 E À r ( r Â E ) +

! 2

c 2
" Â E = 0 ; (4)

where c i s the veloci ty of l ight in a vacuum . Consideri ng only the m agneto opti cs,
for the ti m e being, the longi tudi na l case gives
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Cl early the term involvi ng Q i s a perturba ti on and, furtherm ore, x , y , and z are
best measured, in uni ts of c= ! . Hence,

r
2 E j + ( n 2 + Â n 2

j
) E j = 0 ; j = x ; y ; (7)
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are the m agneto opti c perturba ti ons, referred to earl ier.
The soluti on techni que is to referred to earl ier. Fi rst of al l imagine tha t

pro pagati on, along z , in a planar wa vegui de, ta kes place, wi th the y -axi s being set
perpendicul ar to the plane of the guide, and then to facto r out the tra nsverse (y )
dependence by wri ti ng [3]

E j ( x ; y ; z ) = À A j ( y ) B j (x ; z ) exp
±

i
!

c
Ùz

²
; (9)

where À i s a norm al isati on constant, the tr ansv er se guided wa ve proÙles, A j ( y ) ,
are assumed to be una˜ected by the perturba ti on, B j (x ; z ) are slowl y varyi ng
am pl i tudes, ( ! =c) Ù i s a comm on propagati on wa ve num ber and, Ùnally, Ù i s an
average of the unpert urbed wa ve numb ers Ùx and Ùy . The substi tuti on requi res the
intro ducti on of common separati on constants Ù x

and Ù y
, so tha t the equati ons for

A j and B j , after the tra nsform ati on z =2 Ù ! z , are

@2 A j

@y 2
+

±
n 2 + Â n 2

j À Ù
2

j

²
A j = 0 ; (10a)

i
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+ ( Ù

2

j
À Ù 2 ) B j = 0 ; (10b)

where Ù 2 ¿= Ù 2
x

À Ù( Ù x À Ù y ) and Ù
2

j
À Ù 2

j
are shifts in the propagati on consta nts,

created by the perturba ti on. Al so Ù x
¿= Ùy so tha t Ù 2 ¿= Ù 2

x
.

Since m ost of the term s, in the equati ons for B x and B y , can be neglected,
because the system is weakl y guidi ng, the coupled equati ons tha t describe m agne-
to opti c intera cti on reduce to

i
@B x

@z
+

@2 B x

@x 2
À iQ 1 B y = 0 ; (11a)

i
@B y

@z
+

@2 B y

@x 2
+ iQ 1 B x = 0 ; (11b)

where Q 1 = 2
R

n 2 Q A x A y dy =
ÀR

A 2
x
dy +

R
A 2

y
dy

Â
.

3. D yn am ics of sol i t ons

The nonl ineari ty wi l l now be intro duced by assuming tha t they are thi rd- order
nonl inear [ ¿ ( 3 ) ] m ateri als, whi ch have nonl inear refracti ve index changes

Â n 2
j = ˜

ç
À

j E j j
2 + j E k j

2
Â

+ f

˚
E Ê

j

E j

E 2
k À j E k j

2

ÇÑ

;

where k ; j = x ; y ; j 6= k and f = 3 â
(3 )
y x y x =4 ˜ , and â

(3 )
y x y x i s a component of a

fourth- rank tensor â
(3 )

i j k l
tha t characteri ses thi rd- order nonl inear opti cal suscepti -

bi l ity [9, 10].
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The combi ned e˜ects of opti cal nonl ineari ty and m agneto opti c inÛuence are
presented by the fol lowing coupled equati ons:
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2
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where
q

˜ 0

2
B j ! ê j ; ˜ 0 = ˜

R
j A y j

4 dy =
ÀR

j A y j
2 dy

Â2
and Q 1 i s redeÙned to be Q ,

once again, f or conv enience.

4. Co un t er -r o tat in g polar isati on s

These are deÙned as ê + = 1
p

2
( ê x + iê y ) and ê

À
= 1

p

2
(ê x À iê y ) so tha t,

to gether wi th the deÙniti ons ñ = (1 + f ) = (1 À f ) ;
p

1 À f ê + = ê 1 and
p

1 À f ê À = ê 2 the fol lowing coupl ed equati ons must emerge:
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The La grangian is
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and good tri al functi on selections, based upon the unco upl ed sol i tons, are

ê j = ² j sech [ ² j ( x À x j )] exp

ç

i
¿j

2
( x À x j ) + i¢ j

Ñ

(15)

and the av er ag e Lag r ang ian [4], is obta ined by integrati ng over all x . The out-
come, when used in Eul er' s equati ons yi elds the evoluti on dyna m ics equati ons
usi ng Q = Q (x )

d ² j

dz
= 0 ;

dx j

dx
= ¿; (16)

² 1

2
¿2

1 +
² 2

2
¿2

2 À 2 ñ² 2
1 ² 2

2

Z

sech2 [ ² 1 ( x À x 1 )] sech2 [ ² 2 ( x À x 2 )] dx

+

Z
Q ( n ) ² 2

1
sech2 [ ² 1 ( x À x 1 )] dx À

Z
Q ( n ) ² 2

2
sech2 [ ² 2 ( x À x 2 )] dx = 2 H ; (17)

where 2 H i s just a constant.
No w supp osetha t the evoluti on equati ons seekto quanti fy the slow vari atio ns

of the tri a l functi on param eters, when a parti cular questi on is posed. For exampl e,
supp ose tha t two intera cti ng sol i to ns ha ve the properti es

² 1 = ² 2 = 1 ; ¿2 = À ¿1 = ¿; x 2 = À x 1 = Â



Appl ied Magnet ooptic Soli t on Dynami cs: . . . 11

and tha t the m agneti sati on distri buti on is [3]

Q ( x ) =

(
À Q 0 x < 0 ;

Q 0 x > 0 ;

then

H =
¿2

2
À 4 ñ

ç
1

tanh 2 (2 Â )
À 1

Ñç
2 Â

ta nh (2 Â )
À 1

Ñ

À 2 Q 0 ta nh ( Â ) ; (18)

where H can now be vi ewed as the Ham i lto ni an energy. Thi s equati on im pl ies tha t
a potenti al energy U ( Â ) exi sts between the intera cti ng polari sed sol i to ns, whi ch is

U ( Â ) = À 4 ñ

ç
1

ta nh 2 (2 Â )
À 1

Ñç
2 Â

ta nh (2 Â )
À 1

Ñ

À 2 Q 0 ta nh ( Â ): (19)

In fact, more general ly, [3]

U ( Â ) = À 4 ñ

ç
1

ta nh 2 (2 Â )
À 1

Ñç
2 Â

ta nh (2 Â )
À 1

Ñ

+
1

2

Z
Q ( x ) sech2 ( x + Â ) dx

À

1

2

Z

Q ( x ) sech2
( x À Â ) dx : (20)

Fi gure 1 shows a possibl e m agneto opti c wa veguide, whi ch consists of a non-
l inear wa veguide and an interesti ng m agneto opti c claddi ng. In thi s claddi ng, the
satura ti on magneti c Ùelds H are in opposite di recti ons, givi ng ri se to the distri -
buti on Q ( x ) shown in the Ùgure. The plot of U (Â ) against Â i s shown in Fi g. 2
for various values of Q 0 . For Q 0 = 0 the potenti al wel l is sym m etri c, as expected.
For Q 0 = Ï 0 : 2 sym m etri c wells result, whi ch gives the possibi l i ty of novel contro l
of the sol i to n dyna m ics by the m agneti c Ùeld. In the absence of a m agneti c Ùeld,
Fi g. 3 shows tha t the col lapse [3] of the sol i tons is inevi ta bl e, pro vi ded tha t they
pro pagate far enough.

Fig. 1. A longitud in al magneto optic conÙguratio n and a p ossible Q ( x ) distributi on,

Q ( tanh cosh .
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Fig. 2. Potential functions for Q 0 = À 0: 2 ; 0; 0: .

Fig. 3. Propagation, to collisi on , of two solitary beams, in the absence of an applie d

magnetic Ùeld.

TM or m ixed TE{ TM wa ves can be launched in a structure whi ch has a
current stri p deposited up on i t tha t provi des a su£ cientl y stro ng m agneti c Ùeld
to satura te the m agneto opti c m ateri al .

The magneti c Ùeld is created [11, 12] by a current Ûowi ng in a stri pl ine
along the surface of the devi ce. There is a component of perpendi cular to the
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pro pagati on di recti on z and the magneti c m ateri al, whi ch could be Bi -doped YI G,
or a m ateri al l ike luteti um . I is ¿ 6 0 m A, produci ng H ¿ 4 0 0 Oe, whi ch is enough
to satura te the m agneti sati on.

For the arbi tra ry m agneti c Ùeld di recti on, shown in Fi g. 4, there are general
m agneto opti c contri buti ons to the dielectri c tensor "

" = n 2

0

@
1 À iQ cos ˚ iQ sin ˚ sin ¢

iQ cos˚ 1 À iQ sin ˚ cos¢

À iQ sin ˚ sin ¢ iQ sin ˚ cos ¢ 1

1

A :

Fig. 4. The coordinate system.

The simpl est thi rd- order Kerr nonl ineari ty coupl es equati ons for the am pl i -
tudes A 1 ; A 2 , respectively, of the TE and TM wav es. Af ter wri ti ng the electri c
Ùeld com ponents as

TE : A 1 ¿x exp
±

À i
!

c
ÙT E z

²
;

TM : A 2 ¿y exp
±

À i
!

c
ÙT M z

²
; A 2 ¿z exp

±
À i

!

c
ÙT M z

²
;

whi ch al l have a com mon factor exp( i ! t ) ; ! being the angul ar frequency, parabol ic
equati ons for A 2 can be found. For exam pl e,

2 i
c

!

@A 2

@z
=

c2

! 2 Ù2

@2 A 2

@x 2
À i (" x y À i" x z ) exp

±
i

!

c
Ûz

²
A 1 + 2 " y z A 2 À i ˜ A 2

+ â
À

A 1 j A 1 j
2 + A 2 j A 2 j

2
Â

: (21)

There is a sim i lar equati on for A 1 : " i j are now the elements of the m agne-
to opti c tensor, ˜ i s an average absorpti on coe£ cient and â i s an avera ge nonl in-
ear susceptibi li ty . Indeed, al l these quanti ti es are now avera ged over the selected
wa veguide.

The phase m ismatch between the TE and TM waves is Û = Ù T E À ÙT M ,
where ÙT E and Ù are the e˜ecti ve indi ces of the TE or TM wa ves. For TE{ TM
coupl ing there is cl earl y a need to deal wi th the exp [i ( ! =c) Ûz ] facto r, to prevent i t
from averaging to zero as propagati on proceeds along z . Hence the structure needs
to be opti m ised, i f a magneto opti c inÛuence is to be apparent in thi s appl icati on.
If " x y = 0 ; " x z = 0 , leavi ng onl y " y z , no phase problem exists. In fact, i f " y z i s
also a constant i t intro duces only a sim ple phase shi ft. Here, however, " y z = " y z ( x )

and thi s creates a current- dri ven potenti al wel l tha t m ay capture a sol i to n. The
ideal case, in whi ch the current l ine is inÙnitel y thi n, is very instructi ve but the
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consequences of using a Ùnite wi dth stri pl ine can easily be f ound. For a sol i to n
beam wi dth D 0 , i t is a param eter ¡ = 2 Ù T M ( ! 2 =c 2 ) D 2

0 " y z tha t real ly determ ines
the well characteri stics and, again, a sim ple Lagrangian analysis reveals al l the
presence of the well . The analysis yi elds, thi s ti me, the sim ple well shape

U ( x 0 ) = ¡ 0

h
ta nh

±
p

2
À x 0

²
+ ta nh

±
p

2
+ x 0

² i
; (22)

where ¡ i s now (real isti cal ly) appro xi mated to ¡ = 0 ( x > p= 2 or < À p= 2 ) and
¡ = À ¡ 0 f or À p= 2 < x < p= 2 : p i s a m easure of the wel l wi dth determ ined
from a calculati on of the magneti c Ùeld distri buti on. x 0 is the ini ti al positi on
of the sol i to n on the x -axi s. The appl icati on is beauti ful ly simpl e but powerful .
The current I creates an x -dependent m agneti c Ùeld distri buti on and a potenti al
barri er, or well , is created depending upon the current Ûow di recti on or sol i to n
pro pagati on di recti on. Sol i to ns wi th large angles of inci dence to the barri er, and a
smal l ki neti c energy, are reÛected. The to ta l power is ( c= ! D 0 )2 (4 D 0 =Ù2 â ) so both
power and the m agneto opti c parameter change as D 0 changes: D 0 " ) ¡ # ; p # , and
D 0 # ) ¡ # ; p " . The e˜ects can be seen in Fi g. 5. Al so, the sketch in Fi g. 6 shows
tha t the sol i to n can now be routed to make a sol i ton circul ato r.

Fig. 5. TM solitons in current- created w ell.

For the longi tudi na l case, the basic parabol ic equati on tra nsform s to

Ûê 1 + 2i
c

!

@ê 1

@z
=

c2

! 2 Ù0

@2 ê 1

d z 2
+ i" x y ê 2 + â

È
ê 1 j ê 2 j

2 + ê 1 j ê 2 j
2
Ê

: (23)

Thi s is the general isati on to Û 6= 0 , where ê 1 ; 2 is related to A 1 ;2 in such a way as
to bri ng the phase factor, Û onto the l ine of the equati on.

If the phase m ismatch is Û ƒ " x y then m agneto opti c e˜ects wi l l be sup-
pressed, so i t is im porta nt to be able to opti m ise the structure. Thi s opti m isatio n,
can use a refracti ve index variatio n thro ugh Bi -doping of i ron garnet layers but i t
m ust also vary the quanti ti esaveraged over the guiding structure by changing the
gui de thi ckness.
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Fig. 6. Soliton circulator.

Fig. 7. Pre- optimisati on T E soliton (a), optimised structure showing T E{T M couplin g
of solitons in a nonlinea r layer sitting on a magneto opti c substrate (b).

These acti ons wi l l achi eve both a reducti on in Û and remark able enhance-
m ents of both the magneto opti cal and the nonl inear e˜ects. Fi gure 7 shows
a TE polari sed spati al sol i to n in a planar wa veguide structure (l ike Al GaAs)
before, and after, enhancement and it is clear tha t energy tra nsfer from TE
to the TM wave (and vi ce versa) is achieved. D 0 i s opti m ised to 1 : 3 ñ m and
Lu 3 À x Bi x Fe5 À y Gay O1 2 i s used at x = 1 : 4 ; y = 1 : 5 . The di ˜ra cti on length is of the
order of magnitude of m i l limeters, so absorpti on is not a pro blem. Pow er levels are
a functi on of the nonl inear m ateri al and in thi s appl icati on are ¿ 1 0 0 W .
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