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DIFFUSIVE REGIME FOR CRITICAL SOUND
ATTENUATION AND DISPERSION IN MAGNETS
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We consider a new regime of sound propagation in magnetic systems
above the critical point. On the basis of a general statistical model including
a flow of energy between spin and lattice subsystems we found that there
is a region of parameters where the sound attenuation and dispersion can
be expressed in a similar way as for noncritical systems for which only the
heat conduction matters. Contrary to the case of the classical heat diffusion
in the critical magnetic system both the specific heat, entering the reduced
frequency, as well as the effective amplitude are frequency and temperature
dependent reflecting the critical singularities present in the system near its
critical point.

PACS numbers: 05.70.Jk, 62.65.+k

In magnetic ínsulators, contrary to the metals, critical behaviour of sound
attenuation and dispersion is only weakly singular or nonsingular [1]. The phe-
nomenological theory of Kawasaki [2] explained this weakly singular behaviour
by postulating that, in insulators, the dominant interaction between the phonon
and spin subsystems is of the form of linear coupling of the longitudinal sound
mode to the spín-energy density (in metals the coupling of the sound mode to
two spin fluctuations should dominate). Recently it was shown [3, 4] that it is not
the strength of the coupling constant but rather the ratio of relevant relaxation
times, which is responsible for the weak singularities. It was also shown that sev-
eral different regimes may appear in the same critical system, depending on the
sound frequency, reduced temperature and relevant relaxation rates. In this paper
we present a new regime, similar in some aspects to the classical heat diffusion
process, which has not been discussed yet.

The equilibrium probability distribution is determined by the Hamiltonian [4]
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where C44 = 2(C11 - C12), the order-parameter (here the local magnetization)
is denoted by S(x), e αβ(x) are components of the strain tensor, which can be
decomposed into normal mode (phonon) variables, and eS(x) and eL(x) are spin
and lattice energy densities, respectively. The symbols C11 and C12 stand for the
bare elastic constants of isotropic media. The constants g and w describe the
coupling of the longitudinal sound mode to two spin fluctuations and to the energy
densities of subsystems. CL and CS are the bare specific heats.

We define the dynamics of the model by the following Langevin equations:

where Qk is the longitudinal phonon coordinate and the Gaussian white noises

ξk, nk, <Pk and Ψk have zero means and variances related to the bare damping terms
through the Einstein relations. The last two equations describe the spin-lattice
relaxation as well as the heat conduction in both subsystems. In insulators we can
take L = γS = γ, i.e. the energy in the total spin and lattice system is assumed
to be conserved.

The equations of motion are equivalent, in the path-integral formalism, to a
Lagrangian [4], on which some decoupling transformations can be performed. We
can, for example, decouple the lattice energy field from the others. The parameters
in the Lagrangian get renormalised, and instead of the bare spin-energy response
function DS0(k, ω), we should use a renormalised one

ώ = ωCS/ΓS. For the ultrasound wave vectors m(k) (λ+ k 2 )/γ is much smaller
than unity, where λ + = λs + λL is the total thermal conductivity. The energy
response function DS0(k, ω) for high frequencies behaves as .

where

lattice and spin temperatures [4]. The function DS0 describes then the process of
spin-lattice relaxation with the bare spin-lattice relaxation time Τ0SL = C- /γ. For
low frequencies h^„ behaves as

is the heat capacity for the process of equilibration of the
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where C+ = CS+CL is the heat capacity for the processes in which spins and lattice
are at equilibrium. The response function DS0 describes then the process of heat
diffusion assuming that the equilibrium between the spin and lattice subsystems
has been reached. The bare thermal conduction rate is given by ω COnd = λ+k 2 /C+•

Applying a number of Gaussian transformations, among which is a trans-
formation decoupling the sound and energy from the order-parameter system, we
obtain finally the phonon self-energy

where Ψ = (ΓS 2 -k _ωS2k ω ) LΑ , with S2kω = (SS)kω, is a four-spin response func-
tion evaluated with an effective order-parameter Lagrangian LA. g(ω) and w(ω) are
effective frequency-dependent coupling constants. The function Ψ has a singularity
of the specific-heat type Ψ = t - "Φ(y), where Φ(y) is a scaling function, y = ω/ω c is
the frequency reduced with the characteristic order-parameter rate ω c = ΓtzV and
t = Τ- c is the reduced temperature. The finer characteristics of the energy fields
dynamics are contained in the non-universal frequency-dependent coefficient b(ω),
which for m(k) « 0, applied for not very large wave vectors of the sound wave
propagating in an insulator, can be approximated by iώb(ω) = Cs/CL - ú:i(1 +
m/0 2 ). Usually m/0 2 « 1 and this regime was investigated in detail elsewhere [4],
however in some favorable cases it may happen that for low frequencies m/0 2 » 1.
If, in addition, m/0 2 » y we obtain a new regime of the critical sound attenuation
and dispersion, for which these quantities can be very well approximated by

where c 2 = có - 2'C-(t) is the bare sound velocity, renormalised by the fast
process of equilibration of temperatures; CS (t) = CS[1 + υΨ(t, 0)], ΔCS(t) =
Cs(t) - CS, C+(t) = CS(t) + αCL, C+(t) = Cs(t) + CL and ĝ = g - w f CS (1- a).
In Eqs. (8) and (9) the frequency dependence of C+(t) has been neglected.

Let us recall now that for the process of classical heat conduction in noncrit-
ical system the sound attenuation and dispersion are given by

where W 2 is a coupling constant and D(ω) =   is a frequency depen-
dent specific heat associated with the process of heat conduction. In Eqs. (10) and
(11) the adiabatic sound propagation condition ωC/λk 2 » 1 was assumed. It is
interesting that our Eqs. (8) and (9) can also be rewritten in a similar form. In-
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troducing an effective temperature dependent coupling geff(t) = gΔCS(t)/C+(t) -
wfCsC+(t)/C+(t) and a frequency and temperature dependent specific heat rel-

where the adiabatic sound propagation condition is also used. It is seen that
the coupling constants g and w have different "weights": ΔCS(t)/C+ (t) and
C+(t)/C+ (t), respectively, in the effective coupling geff(t).

The critical singularities are contained in C+ (t) and geff(t). If CL « Cs(t)
then geff(t) const and we get

For g <ς αw f Cs we get non-singular behaviour of both attenuation and dispersion
in this case. Equations (14)—(17) show that only weakly singular behaviour of
sound attenuation and dispersion is possible in this "diffusive" regime as expected
for magnetic insulators [1]. However, more precise ultrasonic measurements are
necessary to distinguish between different kinds of these weak singularities.
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