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D-wave paired isotropic Fermi system in the limiting cases T' — T and
T — 0 is considered. Values of the energy gap, the thermodynamic potential,
and the specific heat as a function of temperature are given for admissible
solutions and compared with values for S-wave paired system. It is shown
that the linear term of low temperature specific heat vanishes likewise in
case of S-wave pairing. The obtained results make prospects to define the
geometry of the energy gap in virtue of the behavior of the specific heat in
the limiting temperature cases for heavy-fermion superconductors.

PACS numbers: 74.20.—z

1. Introduction

The Fermi-liquid theory of superconductivity can be applied to the broad
range of systems of the new generation superconductors, i.e. heavy-fermion,
cuprates, and organic superconductors which reveal the existence of the unconven-
tional Cooper pairs [1, 2]. Taking into account the energy gap equation obtained
applying self-consistent Green function in the framework of the weak coupling
approximation, one can easy introduce to the formalism the anisotropic pairing
interaction [3], particle-hole asymmetry on the Fermi level [4], as well as addi-
tional corrections of the Fermi-liquid interaction arising from the Hubbard type
approaches [5].

In this paper we study the thermodynamic properties of isotropic, D-wave
paired Fermi system in the limiting temperature cases, which are proved to be quite
different than typical properties of S-wave paired system [6]. For that purpose we
expand the value of energy gap in power series of temperature for admissible
energy gap shapes and then use relation between the functions of energy gap and
thermodynamic potential.
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2. General relations

The BCS gap equation can be written as follows [7]:
Ag = —(1/2)2ka;Ak,E;,1 tanh(Ey /2ksT), (1)
kl

where Ei =& + A;c*'Ak is the quasiparticle excitation energy, £k is the single-
-particle energy relative to the Fermi energy and Ay is the momentum-dependent
energy gap. The formalism of BCS weak-coupling theory require to the interaction
potential Vi has significant impact only on particles in the vicinity of the Fermi
surface so one can take into account only this region. If the system is rotationally
symmetric Vi may be expanded in terms of the Legendre polynomials Pr (k- k')
or spherical harmonics Yz (k)

Verr =D ViPr(k-¥) = [Vi/QL + D] Yia (k) Yiu(K), (2)
3 774

where k, k' are the versors denoting the direction of the quasiparticles momentum
on the Fermi surface, V, are coefficients of expansion of the pairing potential in
series of the Legendre polynomials and —L < M < L.

Replacing the summation over momentum space by integration over spher-
ical angle £2x/, Eq. (1) reduces to the form

Av =) g1 Yem(k)(Yiy (K)Apdp), 3)
LM

where gr = =V N(0)/(2L + 1) are dimensionless coupling parameters, N(0) de-
notes the density of states per spin and unit volume on the Fermi level,

hw
Oy = / E; ' tanh(Ey /2ksT)d¢, (4)
0
hw is the cut-off energy and the following notation is used:

(...):/dgkl/47l'-... (5)

It is useful to split A into two parts, first A characterizing the average modulus
of energy gap, second Dy defining the spherical angles dependence, which can be
additionally expanded in terms of the spherical harmonics
Av=A-Dp=A-Y AYiu(k), (6)
LM

where Apps are coefficients of expansion of Dg in series of spherical harmonics and
the following relation is fulfilled:

(14]%) = A%(IDe?) = A% ) | ALy |* = A% (7)
LM
Now Eq. (3) can be separated into the system of equations
Arm = gr(DeYyp (k)Pe). (8)

NoFe that if gr» = 0 all Ap/ar must be equal to zero; on the other hand, Aryr =0
satisfy Eq. (8) for arbitrary value of coupling parameter and temperature.
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After integrating @5 by parts
hw/2kgT -1
O = / ( /w2 + 7'2|Dk|2> tanh \/u2 + 72| D¢ |2du
0

2w S
= In 5212 ~In (7|D4]) tanh (7 |Dk[)_/0 (u+ v+ P

><———tanh\/u2+1'2|Dk|2dU—-1n 2k T = W (r|Del), (9)

where 7 = A/2kpT, u = £/2kgT. The upper limit in the integral is extended up
to infinity because of quick convergence of integrals. W(z) is an analytic function,
which for small arguments may be approximated by polynomial

W(a:)Nl — 74(3) 22+ .. (10)

with v ~ 0.5772 as the Euler constant and ¢(3) & 1.202 as the zeta Riemann func-
tion; whereas for enough large arguments (i.e. z > 5) it increases logarithmically

W(z) =~ In(z). (11)
For T' = T all coefficients A s approach zero and Egs. (8) reduce to one equation
independent of Dy:

1 1 2hw 1o T
Jmax = 2kBTC - nﬁ’
where gnax is the highest coupling parameter and y & 0.5772 is the Euler constant.
This means that all the admissible solutions will have the same critical temperature
T. dependent only on highest coupling parameter.
Substituting (9) into Eqgs. (8) and using (12) to eliminate fiw, one gets para-
metric equations for value of reduced average energy gap and reduced temperature

T 11 DiYiy (R) >
- -2 — —( = LMAT D 1
z Qewexp(gmax gL)epo By (710, (13)

A AT T

Shele  CokeTTo Ty (14)
For T = 0 the parameter 7 approaches infinity, so substituting (11) into (13) one
can get formula for Ag/kpTe, where Ag = A(T = 0).

In the case of D-wave pairing the only coupling parameter that does not
vanish is gs. The possible ground state in D-wave paired isotropic Fermi system
has been theoretically examined by Anderson and Morel [8]. They have found five
particular solutions, which fulfilled Eqgs. (8) for the zero temperature and to which
can be brought the other solutions by the rotation of coordinate system, with

Yoo (),

Yox1(k),

Yoia(k), ' (15)
(1/v2)Yao(k) + (1/2)[Y22(k) = Yo-2(k)] = day:(),
(1/3/2)[Yaa(k) + Ya—2(k)] = duy(),

(12)

Dy,
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and Ao/kpTe ratio equal to: 1.381, 1.543, 1.543, 1.578, 1.323, respectively (for
S-wave pairing Dy = Yoo(k) = 1 and A¢/kpTc = 1.764). Fortunately, in these
cases, Dy is preserved for arbitrary temperature, and only the value of A changes.
If the admissible energy gap shape is known and there exist only one non-zero
coupling parameter, Egs. (8) can be reduced to one equation multiplying their
sides by A% ,, and summing them up

1/gz = (| Di|*®%) . (16)
Analogously Eqs. (13) reduce to the form

T

= 2 — exp [~ (|Del?W (7| De]))] - (17)

Solving numerically Eq. (17) and using (14), with 7 running from zero to infinity,
the plot of A/kpT: as a function of T/T. may be obtained (see Fig. 2a).

3. Energy gap in limiting cases T'— 1; and T"— 0

For T. — T €« T. and T' <« T¢ the function of the energy gap can be ex-
panded in power series of the parameter (1 — T'/T¢) or T'/T, respectively. For a
temperature close to Tt, the parameter 7 approaches zero so 7|Dg| is small for
each k. Substituting (10) into (17) one gets

A

1/2
o = (87 (1K) (16 (1 - 9 | -

where only terms up to (1 — T/T¢) were taken into account. The value of {|Di|*)
is equal to 2.143 for Yy, dyy solutions, 1.429 for Y41, Yot2, dyy. ones, and 1 for
S-wave pairing case, respectively.

The calculation of (|Dg|*W (7|Dg|)) in the low temperature limit is more
difficult because in this case 7| Dg|, for different k, takes values from a wide interval.
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Fig. 1. The normalized to one density of states on Fermi surface as a function of
reduced energy gap |D|, for different shapes of D-wave energy gap. For small |D| in
the case of Y20, Y21, Y22 harmonics, the reduced density of states (1/47)342/3|D| is
roughly constant, whereas for dsy. (the most symmetrical D-wave solution) the linear
dependence dominates, and for dzy a logarithmic function is observed. In S-wave pairing
case, the energy gap is constant over all Fermi surface, so (1/47)8§2/9|D| = §(|D| - 1),
where 8(z) is the Dirac delta function.
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It is very useful to replace integration over angle 24 by integration over the value

of |Dk|:

o= 4 [ ko
T 4 T 47 9|D|
 r1Dlmax
- /0 aDIf (D))-.., (19)

where |D|max is the maximum value of |Dg|. In Fig. 1 functions f(|D]|) =
(1/47)082/8|D| for all shapes are depicted. Note that f(|D|) is identical for so-
lutions with Dy = Yai1(k) and Dg = Yaio(k). This causes that in isotropic
system all properties for these solutions will be the same. Based on the behavior
of W(z) (see (11)), one may separate a part of integral in which W(r|D]) increases
non-logarithmically i.e. with |D| < 5/7:

|Dlmax
(|DePW (r|Ds])) = /0 \D*W (<|D)) £ (1D]) d|D|

5/T
z/0 |DI* [W (r|DI) — In (| D])] £ (I1DI) 4] D

}Dlmax
+/ |D|*In (7| D) £ (D) d|D|. (20)
0

Because 7 is large (7 = A/2ksT, and temperature tends to zero) the upper limit
in the first integral in Eq. (20) is small and one can approximate f(|D|) by using
polynomial

2/v/15 + (1/V/15)|D|*>  for Yz,

> AnDI" =< /2/15+(1/15)|D]  for Y or Yz, (21)
" (4/5)ID)+|D? for dgy.z,
or logarithmic function
Eln(|D|) + F = —0.16451In(|D|) + 0.4504 for dgy. (22)

In the first case of approximation

/T
| " \DR W (#(D]) - I (r|D] T 4n|DI"ID]

=y Tfja /0 W () — In(z)lde = 3 %Ci;‘;, (23)

and in the second one respectively
/T
/05 |DI? [W (7|D]) = In (7| D])] [E'In(|D]) + F]d| D|
5 5
- F;;E;L(T_) /0 22[W(z) — In(z))dz + f_3 /0 22 In(2)[W(z) — In(2))de

_ = El(n)]Co _’J;?G (24)

3
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where C,, = f05 z™+2[W(z) — In(z)]de, hence Cp = 0.3535, C; = 0.4706, C2 =
0.8428, C3 =1.879; G = f05 z2In(z)[W(z) — In(z)]dz = 0.0321. Moreover, calcu-
lating the last integral in (20) using (7) and (17) with (11) one gets

[ D) max
/0 D2 1n(7|D])£(|D])d|D] = In(r) {| De[2) + (|Di [ In(|Dx]))

=In(r) +In [(w/_?e'f) (2kpT./A0)] . (25)

Substituting above results into Eq. (20) and using formula (17), exp(—z) ~ 1 —z,
and T & Ag/2kpT, one has

Al do

1-— 14605(’CBT/A0)3 - 69634(kBT/A0)5 or Yzo,
1—1.0327(kpT/ Ao)® — 1.004(ksT/Ag)*  for Yai, Yao,

=h

=4 1-6.024(kpT/Ao)* — 60.13(ksT/A0)®  for days, (26)
1— 1.2315(ksT/Ao)® -
+0.3225 ln(kBT/Ao)(kBT/Ao)s for dwy .

The temperature dependence of A/Ag for all above cases is presented in Fig. 2b.
For S-wave pairing f(|D]) = é(|D| — 1) so f(]D]) = 0 for |[D| < 1. When all
detailed calculations are carried out it turns out that A/Ag = 1. In order to
get well known formula for energy gap in the low temperature limit: A/Ay =
1—/27kpT/Agexp(—Ao/ksT), more accurate approximation of W(z) = In(z)—
2./ /2z exp(—2z) for large = should be taken into account. For D-wave pairing
this correction is negligible.
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Fig. 2. The reduced average energy gap as a function of reduced temperature for
S-wave and different D-wave pairing solutions obtained: (a) from numerical calculation
for Yoo, dzyz, Y21 (or Y22), Y20, doy from the top, respectively; and (b) analytically in
limiting case T' — T for Yoo, Y21 (or Y22), dazyz, Yoo, dzy from the top, respectively. The
average energy gap for D-wave pairing in low temperature limit is changing according
to power function (not exponentially like in S-wave pairing case). Note that there are
no linear and square terms.



Thermodynamic Properties . .. 699

4. Thermodynamic potential and specific heat

The thermodynamic potential difference between the paired and normal
state, {2 — 2, = A2, is the function of temperature as well as pairing inter-
action. For purpose of calculating Af2 one can use a method of “switching on” the
interaction, which consists in calculating the variation of A§2 during increasing in-

teraction parameters from zero up to given values. According to [6] the differential
dAf2/dgy is equal to

T = CLEONO (o) 858), B,
=N(0) Z (Y0 (k) A = N(O)_A_Zz_ Z | Az a]?. (1)
M 91 7

It is very useful changing the highest parameter gm.x keeping all values of
1/9r — 1/gmax constant. In this case

A2

dAR dAQ dgr A2
= = N(0 Arpl? = N(0 , 28
dgmax ; dgL dymax ( ) yznax LZA; | LM! ( )grzna_x ' ( )

where the formula (7) was used. Therefore the thermodynamic potential difference
is equal to

AR /gmx A? /°° 1 ©  _d1/g .1
— = —dg' =~ Azd—=—/ A? d—
NO) < Sy 2 Vome @ Jyn.” AT TE

*® - A? 1
= — —d— 29
o 0T 29
where the order of integration was changed and used Eq. (12). Additionally, in
this case, the relation between A/kpT, and T'/T;, which depends just on values of
1/9r, —1/gmax (see (13)), can be applied. Introducing the parameters Y = A/kpTe
and X = T/T. Eq. (29) can be put in the form
AR LY3(X)

— =X —LdX’. 30
O (30)
The upper limit in the integral is limited to one because Y(X > 1) = 0. In turn,

substituting (18) into (30) and using well-known relation

AC = —T0*AR/6T?, (31)

where AC = Cs— C, is the specific heat difference between the paired and normal
state, one gets thermodynamic potential and specific heat in the limit 7' — Tt

AR 472 s X AC

N(OKTZ — 7¢(3) (IDel*) 2 N(O)kET.

According to [6] Cn = (2/3)m2N(0)k%T so the reduced specific heat jump AC/Cy

for T = T, is equal to 0.6655 for Yaq, dgy solutions, 0.998 for Yoi1, Yai2, duy.
ones, and 1.426 in S-wave pairing case, respectively.

Because the function Y2(X) is known only in the limiting cases one cannot

use Eq. (30) for calculation of thermodynamic potential for T — 0. But when the

(32)
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term Y2(0)/X? is taken out of the integral in (30), the integrated function will
not have the singularity for 7' = 0 anymore. Then the limit of integration can be
changed

A2 Y0 XTYAQ) . /1 YUX) - Y*(0) , o
NoREZ- "2 T3 Y, xs X

2 X vyt _v?2
= _Y_2(0_)_ + XZ/ K(L;(-EX(—O)dX' + X2 const. (33)
A .

It can be proved (see Appendix) that X2const = (1/3)m2X? = —2,(X), so
substituting (26) into (33) and then using (31) one obtains
2s/N(0)kET + 2

—0.2901 — 0.6427(T/Tc)? — 0.5352(T/T.)*  for Yao,
_} —0.3622 — 0.4067(T/T.)? — 0.1281(T/T.) for Yo, Yoz, (g 9
T ) —0.3791— 0.7341(T/T.)® — 1.469(T/T)" for dgys,

—0.2665 — 0.755(T/T)? + 0.148(T/T)* In(T/T.) for dyy,
Cs/N(0)k3T2 |

12.69(T/Tc)? + 35.28(T/Tc)* for Yso,
_} 8.032(T/T.)? + 5.061(T/Tc)® + 7.151(T/T.)*  for Ya1, Yoo, (35)
29.01(T/T.)® + 145.3(T/T.)° for dgy .,
10.13(T/Tc)? — 4.215(T/T.)* In(T/T¢.) for dgy.
The thermodynamic potential and specific heat for S-wave paired system are given
by the expressions (see [6]): :

02/ N(0)kRT?
= —(Ao/kBTe)? [1/2+ 2V3n(80/kaT) ™/ exp(—Ao/ksT)|,  (36)

Cs/N(0VEET: = 2V21(Ao/ksTe)(Ao/kT)>? exp(—Ao/kpT).  (37)
The temperature dependence of thermodynamic potential and specific heat are
shown in Fig. 3 and Fig. 4, respectively. To present the differences between the
solutions more clearly, in Fig. 4 [C/Cn(T¢)]/(T/1:)? as the function of T/T is
plotted. In these convenient units, in zero temperature limit, one gets constant
dependencies for Yz0, Y21, and Ya3, linear dependence for dy., logarithmic one
for dsy, and exponential one for S-wave pairing (Ypo) solution.
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Fig. 3. The reduced thermodynamic potential difference between superconducting and
normal state Af2/§2,(T:) as a function of reduced temperature for S-wave and different
D-wave solutions obtained analytically in the limit T — T¢ for day, Ya0, Ya1 (or Y22),
dazyz, Yoo (thick lines from the top respectively); and from numerical calculations (thin
lines).
Fig. 4. The reduced specific heat [C/Cw(T¢)])/(T/T:)? as a function of reduced tem-
perature for S-wave and different D-wave solutions obtained analytically in the limit
T — T¢ for dzy, Y20, Ya1 (or Y22), dayz, Yoo (thick lines from the top respectively);
and from numerical calculations (thin lines). In zero temperature limit constant depen-
dence for Y20, Y21, and Y22 harmonics, linear one for dsy., logarithmic one for d.y, and
exponential one for Yoo (S-wave pairing solution) are obtained.

5. Conclusions

The obtained non-exponential temperature dependence of the energy gap
value, the thermodynamic potential and the specific heat of D-wave paired system
in low temperature limit arise from the nodes occurring on the Fermi surface i.e.
places where energy gap vanishes. Let us emphasize that this feature remarkably
distinguishes D-wave paired system from the S-wave paired one.

Moreover, according to the above results, the temperature dependence of the
specific heat for possible D-wave solutions, represented by various shapes of energy
gap, can be essentially different for particular cases. These qualitative discrepancies
are directly connected with the form of density states function on the Fermi surface
(1/47)042/8| D] for small energy gap values.

Nevertheless, in isotropic system only solution with di,, energy gap shape
should be stable because it minimizes the thermodynamic potential.

Finally, it is worthy mentioning that there is no linear term in the specific
heat in the limit 7' — 0 for both D-wave and S-wave paired system.

Appendix

For calculating the terms of the thermodynamic potential expansion into
series of T'/T. powers in zero temperature limit one can use the method presented
in [6] adapted for D-wave paired system. As formerly (see (27), (29)):

AR 9242 (U 4 ,d 1.,
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After integrating by parts and substituting (16) and then (4):

AR A2 /A
—_———= =2 A{|Dg|?Pp)d A’
N0 = g5 "2), AUDPR)
2 hw Ay !
— _A-___Q/ AIMM d¢, (39)
g2 0 0 E

where E’ = (|A'|2 + €2)!/2. The last integral can be simplified changing the order
of integration A’ — E':

2 huw E)
Al _ 4, / < / tanh(E’/2kBT)dE’>d£
0 0

NO) 9
A2 R/ cosh(Ew/2kpT)
= ke [ () €

2

hw
=47 + 4kgT / {ln [1+ exp(—¢/kpT))
g2 1}

-1 <E,:B;f> ~ (il + exp(—Ek/kBﬂn}de. (40)

Let us calculate the successive terms in the above formula separately. Ac-
cording to [6]

4kpT /0 " Infl + exp(~€/ksT)ME = 12 (kaT)” 5 —2a(T), (41)

Aw 1
-2 [ (B - a6~ — (F1a + 121 la2hof10)))
]

=———-———A21n——- (42)

where in the last equation the relation (7) and (16) with (9) and (11) is used. In
the third term the integration over an angle {2 can be replaced by the integration
over value of |Dg], so

4ksT </:° In[1 + exp.(——Ek/kBT)]dE>

IDlmax
= 4(kpT)? / FIDYU(r|D))d|D], (43)

where U(7|D[) = 2 f;°In [1 + exp(—2y/u? + 7'2|D|2)] du, 7 = A/2kpT and u =
&/2kpT. "

Note that the upper limit in the integrals in Egs. (41) and (43) were expanded
up to infinity because of their quick convergence. For the same reason only a part
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with small 7|D|, i.e. 7|D| < 10, is significant. For low temperatures 7 is large,

therefore |D| in significant region is always small and this allows to approximate
f(|D}) by polynomial

/lDlm“mD verohal [ n
0 )U(r|D])d|D| ~ / 5 4alDIU (DDAl

= Z Tn+1 / 2"U(z)de = Z 7-n,+1 (44)

or Iogarithmlc function
10/7

| Dl mex
/0 F(IDHU(7]D)d| Df N/D [En(|D]) + F]U (7| D])d| D|

= L Ehin) /010 U(@)de + 2 /Omln<w>U(w>dx

F—-FEl H EI
_[F= B, | BT )
T T .
where H, = [}° ”U(m)dw Hence Ho = 0.7081, H; = 0.4735, Hy = 0.5726,
H3z = 0.9855, and I= 0 %In(z)U(z)de = —0.6353. Finally collecting together the
obtained results

AQ A A AH, 1
A — A?In ° —4(ksT)? Y ~ gk T)? (46)

N(0) P N+l
or

T

AR A? Ag | [F — Eln(r)]Ho | EI
o) -2 A%In —4(kBT)2 {_—T-——+ —}

+%7r2(kBT)2. (47)

Substituting 7 = A/2kpT, and A from (26) as well as using approximation In(z) =
z — 1, one may see that the constant term is equal to Ao/2. There is no linear
term with respect to T, and the square term is equal to (1/3)72.
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