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We investigate a frustrated Lieb~Mattis-like spin-1/2 model that is a
reference model for the corresponding square-lattice Heisenberg model de-
scribing the unusual magnetic properties of BaaCusO4Cls. Due to frustration
we obtain a rich magnetic phase diagram. We find two critical temperatures
in accordance with recent experiments on Ba;CuzO;Cl,.

PACS numbers: 75.10.Jm

1. Introduction

In contrast to LayCuQ4 the layered BayCuz04Cly cuprate is built by cop-
per oxide planes which contain two kinds of copper sites, Cu(A4) and Cu(B). The
Cu(A) atoms form a square lattice corresponding to the CuOy4 plane in LayCuQs.
The additional Cu(B) atoms are centered in every second Cu(4) plaquette. To-
gether they form two interpenetrating subsystems of spins 1/2. As in La;CuO4
the 180° superexchange J44 between neighbouring Cu(A) spins is strongly an-
tiferromagnetic. On the other hand, the Cu(B) spins interact much weaker with .
each other, i.e. Jgp < Ja4 [1]. The tight binding analysis of the band structure of
BayCuz04Cl; yields a frustrating ferromagnetic coupling J4p between the subsys-
tems comparable with Jgp [1]. Though we have a finite coupling J45 between the
subsystems in recent experiments, two critical transition temperatures have been
observed which differ in one order of magnitude, T4 =~ 330 K and Tp = 40 K [2]
and can be related to the subsystems A and B, respectively. Additionally, there is a
weak ferromagnetic moment found for temperatures Tp < T < T4 which might be
attributed to an additional pseudodipolar coupling between the two subsystems [3].
In our paper we study a simplified version of the square-lattice Heisenberg model
for BayCugO4Cl; studied in [4, 5] which allows us to calculate the phase diagram
exactly following [6].

2. Model

We consider a system of 3N spins 1/2 consisting of two antiferromagnetic
subsystems A and B. The number of spins in subsystem A is Ny = 2N and
the number of spins in B is Ng = N. Both subsystems A and B consist of two
sublattices A;, A2, and By and B; respectively. The number of spins in Ax(z) is
N and in By(3) is N/2. The corresponding three-parameter model is
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4744 8JpB 2JaB
H= >SS+ > sisi+ Yo ss. (1)
3N 1€A),jEA2 3N i€B,,j€EB2 3N i€EA,jEB

This kind of long-range coupling was introduced by Lieb and Mattis [7] and makes
the model in the thermodynamic limit molecular field like, however, with the
full rotational invariance. In correspondence to the situation in BayCuzO4Cl; we
choose antiferromagnetic Jaa > Jpp > 0 and ferromagnetic J4p < 0. Intro-
ducing the total spin operators 51241(2),5%1(2),51(3) = (Sam), + Sa(B),)? and
S* = (Sa+Sp)’ with 54, = icays 5o SBisy = LieBy,y 5i e find after
some algebra the eigenvalues of H
E=2J44[S4(Sa+1)—Sa, (Sa, +1)— Sa,(Sa, +1)] /3N

+4Jp5 (S8 (S8 + 1) — SB, (SB, + 1) — SB, (SB, + 1)] /3N

—|JaB|[S(S+1)—S54(Sa+1)-Sp(Sp+1)] /3N, (2)
where the competition between the terms proportional to J44, Jpp and the term
proportional to |J4p| becomes obvious. The first two terms tend to minimize
Sa(B), the last one tends to maximize these quantum numbers. To consider the
thermodynamic limit N — oo we introduce normalized quantum numbers € [0, 1]
which may serve as order parameters

QSA 4SB ( SA
01(2) = 1\;(2) , bl(z) —_ ]V‘- 2) , a = .-]—V—’ b = —]\T- (3)

3. Ground state

Minimizing (2) we set SAl(z) = N/2, SBys) = N/4 (ie. ayz) = byay = 1)
and S = S, + Sg. For dominating inter-subsystem coupling |J4p| we obtain a
state with fully polarized subsystems, i.e. @ = b = 1. More interesting is the limit
of small |J4p| which corresponds to the situation in BagCuzO4Cls. Then we have
antiferromagnetic singlet states in the subsystems, i.e. @ = b = 0. For intermediate
|JaB| we have a state where the subsystem A is partially polarized (canted spin
structure) and the subsystem B is fully polarized, ¢ = |Jap|/4J44, b = 1. The
antiferromagnetic state and the state with the canted spin structure are separated
from each other by a first-order transition line given by 8J44J88 — |/4 B,z =0.
On the other hand, the canted state is separated from the fully polarized state by
a second-order transition.

4, Thermodynamics

In the thermodynamic limit the saddle point approximation becomes exact.
Then the partition function is determined by its largest term. Due to symmetry
we have a; = ag and by = by € [0, 1]. Furthermore, the main contribution to the
partition function is given for S = S4 +Sg. The remaining quantum numbers have
to be chosen according a (b) € [0, a; (b1)]. Taking this into account the remaining
task is to find the minimum of the free energy given by
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2b% — b?) — &‘gﬂab. (4)
As a result, we get the minimizing quantum numbers as functions of the couplings
and the temperature. In Fig. 1 the phase diagram is presented. We focus our in-
terest on the parameter region where the 1ntra—subsystem couplings dominate the
inter-subsystem coupling, namely 844/ — |J. AB| > 0. In this region we have
a; = tanh (Jaa01/3ksT) and by = tanh (Jppb1/3ksT) with a = b = 0. Accord-
ing to the experimental findings we put Jaa = 10/pp. Then three phases occur.
For temperatures kg7 smaller than Jpg/3 both subsystems are antiferromagnet-
ically ordered. At kT = Jpp/3 a second-order transition takes place and the
weaker coupled subsystem B becomes paramagnetic while subsystem A remains
antiferromagnetic.

There is another second-order transition at kgTa = Ja4/3 where the mag-
netic ordering in A disappears and both subsystems are paramagnetic. Obvi-
ously, the spin system exhibits two critical temperatures corresponding to the

JBBN
= (

behaviour of BasCuz04Cls. Due to J44 = 10Jpp the corresponding critical
(@) (b)
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Fig. 1. (a) Phase diagram of two coupled antiferromagnets as a function of temper-
ature kpT and frustrating coupling. (b) Antiferromagnetic order parameters Wy py =
((Samy, —Sam)e)?)/ Nicsy (Jasa = 10Jpp = 1) compared with the ferromagnetic order
parameters @ 45) = ((Sacm), + SA(B)Z)z)/Nfl(B) of the corresponding ferromagnetic
model (Jaa = 10Jpp = —1) versus temperature kT and Jap = —0.2.
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temperatures differ in one order of magnitude. According to recent calculations
based on the LDA+U scheme [8] even a parameter relation Jaa > |JaB| > JBB
may be realized in BayCuzO4Cly. Within the considered model (1) for very small
Jp — 0 and low temperatures subsystem A is in the canted phase and B is
fully polarized. We emphasize that in this case still we have two critical tempera-
tures, however the first second-order transition is between (CANTEDy, Fg) and
AF, (see Fig. 1). The starting point of this second-order transition line between
(CANTEDg4, Fg) and AFj is shifted close to the origin. This line is given by
kT = |Jap|* /12744 — JBB/3.

Next we consider the order parameters. In addition to the model with antifer-
romagnetic Jg4 and Jgp we consider a corresponding model with ferromagnetic
couplings, i.e. we change the signs of J44 and Jpp. This ferromagnetic model
exhibits no frustration. Comparing the order parameters of the antiferromagnetic
model U4(p) and the ferromagnetic model ©4(p) it becomes evident that the ex-
istence of two critical temperatures is connected with frustration inherent in the
antiferromagnetic model but not in the ferromagnetic model.

5. Conclusions

Motivated by the real structure and the unusual magnetic behaviour of
Ba;Cu3z04Cly we have studied a Heisenberg spin system consisting of two inter-
penetrating antiferromagnets. Assuming Lieb—Mattis-like long-ranged interactions
the Hamiltonian is exactly solvable. The competition between the three couplings
and thermal fluctuations leads to an interesting phase diagram. In agreement with
experimental data we have found two critical temperatures indicating magnetic
phase transitions of second order. A necessary condition for that is the frustrating
nature of the couplings. Finally, we notice that the ferromagnetic moment is not
reproduced. As argued in [3] one needs pseudodipolar coupling for that.
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