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The Eliashberg equations are generalised to describe amorphous binary
alloys. Equations for the electron-phonon coupling constant A are obtained.
An additional term caused by topological disorder appears in the expres-
sion for A-constant. The features of amorphous state and their influence on
A-constant and superconducting transition temperature are emphasised and
analysed. Theoretical results are illustrated by numerical calculations per-
formed for some binary amorphous alloys of simple metals.
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1. Introduction

Numerous experiments indicate the influence of disorder on the supercon-
ducting transition temperature T, in crystalline and amorphous metals and their
compounds [1-11]. The presence of nonmagnetic impurities in simple metals or
transition from the crystalline state to the amorphous one causes usually an en-
hancement of T [1-11]. It is a rather small effect, typically of the order of 10-20%.
However, several examples of a more drastic increase in 7. with inserting disorder
can be presented [12, 13).

One can distinguish two trends in the first theoretical attempts to explain
disorder-induced changes of T.. Some authors concentrated their efforts on inves-
tigations of the electron—phonon interaction in dirty superconductors while others
dealt with the Coulomb pseudopotential only. In their pioneering work [14] Keck
and Schmid have shown that nonmagnetic impurities change the electron—phonon
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interaction in a metal. They derived the Eliashberg equations for impure simple
metals which had the same formal structure as in the clean metal case. An addi-
tional coupling of low-frequency transverse phonons to the electrons appears owing
to the impurities. Therefore, the effective phonon density of state is considerably
enlarged in the low-frequency region, which can lead to an increased transition
temperature T, [14].

Anderson et al. [15] considered the disorder effect on the Coulomb pseudopo-
tential ¢*. Assuming that the phonon parts of the self-energies do not change, they
have found a small correction to u* because of the crystal defect [15]. A strong
enhancement of u* takes place just in the regime of the Anderson transition [15].

The results of Refs. [14, 15] as well as [16, 17] were generalized by Belitz [18].
One of the main conclusions [18] is the following: an increase in T¢ with disorder
occurs for a weak coupling and a decrease in T is observed for a strong coupling.
This is in accord with the experimental facts.

The problem of mutual interplay of the Anderson localization and supercon-
ductivity in strongly disordered systems is analyzed in a review [19]. Superconduc-
tivity can occur close to the metal-insulator transition in some systems. A number
of experiments demonstrating superconductivity close to the Anderson transition
both in “traditional” and high-T, superconductors is discussed in Ref. [19].

The problem of the superconducting transition in amorphous metals has
some specific features [20-22]. A model of frozen liquid was exploited in Refs. [21, 22]
in solving this problem. In comparison with the case of a crystalline ideal metal
an additional term Ap, taking into account interaction of electrons with the trans-
verse phonons, appears in the expression for the electron-phonon coupling constant
A [20-22]. Thus, the situation in a clean amorphous metal is very much similar to
the case of a crystalline impure metal [14]. One should emphasize that the expres-
sion for the Ay term given in Refs. [20-22] can be derived from the appropriate
equations obtained in Ref. {14], if the Ziman [23] formula for the time relaxation
was used.

The authors of Refs. [20-22] draw also attention to another mechanism of
the increase in the electron—phonon coupling constant which is specific for the
amorphous metals only. The presence of the roton-like minimum on the disper-
sion phonon curves in the short-wave region may cause an enhancement of ) in
amorphous metals [21].

The extension of the previous results [20-22] to the case of amorphous binary
alloys is the aim of the present paper which is organized as follows. Equations for
the electron—phonon coupling constant A are derived in Sec. 2. Numerical illustra-
tions of the theory and their discussion are given in Sec. 3. Calculations performed
for some amorphous binary alloys of simple metals indicate that the supercon-
ducting transition temperature Ty, as a function of alloy concentration can have
a maximum 7. In some cases 7" may exceed the T. values of pure amorphous
metals forming this alloy.
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2. Basic equations

As follows from Refs. [14, 18, 24], the presence of disorder in a system does
not change the formal structure of the Eliashberg equations except modification of
the Eliashberg function «?(w)g(w) form. The a?(w)g(w) function is related to the
electron-phonon coupling constant A by the following equation [14, 18, 20-22]:

A=2 /0 L a2 (w)g(w) (1)

That is why one can use the well-known McMillan formula determining the tem-
perature of the superconducting transition [25, 26]

_ 6p 1.04(1+ X)

Te= g5 [_)\—u*(1+0.62/\) ’ @)
where @p is the Debye function, y* — the effective Coulomb pseudopotential (for
simple metals p* = 0.13).

Let us consider an amorphous binary alloy containing simple metals. Then,
the electron—ion interaction is described within the pseudopotential concept [27].
Topological disorder is present in an amorphous alloy which means that ion quasi-
equilibrium positions are irregular and ions vibrate near these positions. The
Eliashberg function has the following form within the second order of the per-
turbation theory in pseudopotential {20-22, 26]
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Here W, (k) is a form factor of screened electron—ion pseudopotential, subscript
a (o = 1, 2) indicates a kind of atoms; N,, Cy = No/N are a number of a-kind
atoms and their concentration, respectively, N = N; + N» — a total number of
atoms in an alloy, 2 = £2/N — volume per one atom and Vi is an electron
velocity. Integration in (3) is performed over the Fermi-surface Sg. The function
Gap(gq,w) entering Eq. (3) is the Fourier-transform of the retarded phonon Green
function

Gap(a,1)= ihO(t)([pa(a1) : pf (4,0)]) | (4)
with ©(t) the step-function and

Na
palast) = 5= 3 (166, (6) exp (i0Bo,, (1) 5)

Va=1
where £, _(t) is a displacement of the vq-ion in time ¢ from the equilibrium position
Ry, (t). Angular brackets in (4) stand for the Gibbs averaging over the vibrational
degrees of freedom while the line over the expression means the configurational
averaging. One must know the atomic distribution functions to perform the con-
figurational averaging over the quasiequilibrium ion positions in (4). A model of
a frozen liquid [20, 21, 28, 29] is exploited to describe a structure of amorphous
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system in the present paper. According to this model the structure of the amor-
phous state is determined within the formalism of the correlation functions. The
last are defined likewise in the theory of liquids [30, 31]. For example, the binary
partial correlation functions are determined by equations [30, 31]

N 3

Jap(ry —r2) = J6(Rj, — 1), (6)
Ja—lm 1

where jo # Jjg, &, B = 1, 2. The gqp(r1 — 72) functions are parameters of the

amorphous state theory [28]. A model of hard spheres is generally utilized in

numerical illustrations of this theory [28, 30, 31]. To perform calculations we also

use the partial correlation functions of a binary system of hard spheres [31] as

gap(r1 — T2).

A detailed investigation of the phonon Green function for amorphous pure
metal was carried out in Ref. [28], where the dispersion equation was obtained and
it was shown that for ga < 1, the attenuation of the phonon spectrum was weak
and tended to zero as (ga)*, where a is a mean distance between atoms.

Generalization of this technique to the case of amorphous alloy does not face
any difficulties. Then, the phonon Green function Gap(g,t) takes the following
form if one neglects the attenuation mentioned above'

[gea(k, 7)]lgep (R, 7)]
G =1ih / dw exp (itw)
04,3(% P ( Z QNMLU k, )
1 1

— — —— | (7
—w(k,y) 16 wtwlk,y) —16
Here M = Cy My +C2M> is the average ion mass, the vector e, (k,v) and frequency
w(k,y) determine the polarization states of vibrational excitations and their spec-
trum, respectively, ¥y = 1,2,. ..,
Sap(q), o, B = 1, 2 are the partial structure factors of amorphous binary alloy
defined as follows:

No. Ng

X[NA(k+ q) + Sap(k + q)] [w

N .
NoNg > > explia(Roj, — Rojn)l = NA(q) + Sap(a), (8)
P ja=1jp=1
where
A(k) = 1 for k=0,
Tl 0 for k#£0.

The line over expression in the left-hand side of Eq. (8) means configurational
averaging. The partial structure factors Sop(g) are connected with the partial
binary correlation functions by equations

Sap(q) — bap = ég /dsr exp(—igr)gas(r). 9)

Here 6qp is the Kronecker symbol.
The Fourier transform of the phonon Green function G op(q,w) is substituted

in Eq. (3) after transition to the thermodynamic limit N, 2 — oo, £y = 2/N =
const.
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The electron-phonon coupling constant A takes the final form after utilizing

Egs. (1) and (3)
A= Ao+ A ' (10)
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Y

Functions w(k,y) and e(k,v) entering in Egs. (11) and (12) obey the following
system of equations, which can be obtained after diagonalization of the phonon
part of the system Hamiltonian [21, 29}:

ZZJC,;M Fim(k)ey (k) = w(k,7)\/CaMac, (13)

m

Here [, m = z,y, z are Cartesian coordinates, M, — the mass of an o-kind ion and

1§
Flm

o

By KR {@aﬁ(kl)cacﬂsaﬁ(k + k1)
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_6a,@ Z@aﬂ I"] Saa(kl)} (14)

are the elements of the dynamic matrix with @,p(k) the Fourier transform of
lon—ion effective interaction.

One can find the spectrum of phonon excitations solving the eigenvalues
problem (13). There are the acoustic and optical branches in the phonon excitation
spectrum of amorphous alloy [21, 29, 32].

The transverse waves have the form

win(k) = wi(k, 1) = w?(k,2) = ‘;‘ [F11(k) + Faa(k)]
1 ; —
—\/3 [Fee(k) — Fag (b)) + [P (k)] (15)

for the acoustic modes and
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’ . 1. . ;
() = 0 (8,3) = wH(k4) = 3 [FF(R) + FE5 ()]

/SRS - P + (e (b (16

for the optical ones.
The longitudinal waves have the following form:

1 -4 Z22(

wh(k) = w?(k,5) = 3 [FEf (k) + F35 (k)]

1 ar /112 .
51z - P + s (1)
for the acoustic mode and

(k) = w?(k,6) = £ [F5 (k) + F (4]

1 gs
—\/ 7 [Fit (B) = Fg5 (B + [Fiz (B)° (18)
for the optical one.
The frequencies w(k, v) and the corresponding vectors of polarization e (k, )

are the known quantities after solving the eigenvalues problem (13). Then, it is
easy to calculate the following sums:

[gea(k, )] [gep(k, v o\ v i
s beeelb Moo D) _ g2+ g5y 0z500 + 225 H), (19)
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Substituting the obtained expressions (19)-(22) into (11) and (12) and in-
tegrating over the angles we get the final formulae for Ag and A; convenient for
numerical calculations

mZy ! 23dz
Ap =12 ___0/ T E C'&Wa(2/cpz)Délz@(2kpz)CpWﬁ(Qsz), (23)
A/.[ 0 h ‘QO 0’,6

mZy [ 23dy [(F)T 1
/\1 = 7270— A hT_(_Z—(Z)_ /0 yzdy/ dz ZCQWQ,(2k'FZ)CpVV/3(2]CFZ)
/ 4 . J—1 «p

X Sap (ZLF Vet 4y 2131/»?) [2? Di5(2kpy) + (1 — &) DZ5(2kpy)] . (24)

Here m is the electron mass, Zy = Cyz; + Cazg — the average valency with zg
(¢ = 1, 2) the valency of pure metals ions and kg is the Fermi vector.

One should emphasize that in the limit C — 0 or C — 1 the obtained
formulae (23) and (24) take the form of appropriate equations for Ay and ),
derived in Refs. [20-22] for the case of a pure amorphous metal.

3. Numerical calculations and discussion

The structure factor of an ideal crystal is defined by the following equation:

S(k) = (2”0)3 S 6k — k), (25)
kn

2

where k,, is reciprocal lattice vectors. Substituting Eq. (25) into (10) it is easy to
prove that the term Ay (24) is equal to zero in an ideal crystal case and Ag (23)
has a standard form like in Ref. [26]. In amorphous alloys the structure factor S(k)
is substantially different from (25) because of the topological disorder. Therefore,
the Ay term does not equal zero and the constant of the electron—phonon coupling
A (10) is larger in an amorphous alloy than in a crystalline one. Besides, it follows
from the analysis of Egs. (10)—(12), that the A constant of amorphous alloy can
be larger than the A of pure amorphous metals which form this alloy because
of additional contributions arising from interactions between electrons and optical
phonons. Direct numerical calculations confirm this statement. Let us detail them.

The structure factor of a binary system of hard spheres, obtained within
the Perkus—Yewick approximation [30, 31] is used in calculations. The effective
ion—ion potentials and the electron—phonon interactions are considered with uti-
lizing the Ashcroft model pseudopotential [33]. It has been shown in Ref. [22] for
a pure amorphous metal case that the calculated value of the superconducting
transition temperature 7. depends essentially on the Ashcroft pseudopotential pa-
rameter R.. Therefore, in order to investigate 7. dependence on alloy concentration
the following method is used for determining parameters Req (@ = 1, 2) of the al-
loy components Ashcroft pseudopotential. The R (o = 1, 2) parameter is found
from the condition that the calculated and experimental values of T, must coincide
for a pure amorphous metal. Then 7. as a function of alloy concentration is eval-
uated. The results of calculations are presented for some amorphous binary alloys
in Figs. 1-6. Figures 1 and 2 are especially interested, because some experimental
data on T = f(c) are available for BeCu and AlCu amorphous alloys [34, 35].
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Fig. 1. Dependence of T¢ on the concentration C of the first metal for BeCu alloy.
Fig. 2. The same as in Fig. 1 for AlCu amorphous alloy.

Fig. 3. Dependence of Tc on the concentration C of the first metal in AlZn (dashed
line) and AlMg (solid line) alloys.

These data are indicated with the thombus-symbols in the figures. It is seen that
agreement between theory and experiment is very good. This fact allows us to
extend the developed approach to amorphous binary systems for which the exper-
imental data on T, dependence on concentration are absent. The results of such
numerical investigations are shown in Figs. 3 to 6. It is seen from Figs. 3 to 6 that
T: as a function of alloy concentration has a maximum in almost all investigated
systems. There is an interval of concentration in AlMg, AlZn, LiAl, LiGa, and
MgZn alloys in which the values of the superconducting transition temperature
exceed 7% in pure metals forming these alloys, see Figs. 3-6.
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Fig. 4. The same as in Fig. 3 for GaZn (dashed line) and GaMg (solid line) alloys.
Fig. 5. The same as in Fig. 1 for LiGa (dashed line) and LiAl (solid line) alloys.
Fig. 6. The same as in Fig. 1 for MgZn (dashed line) and AlGa (solid line) alloys.
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