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CONSISTENCY AND SYMMETRY CONDITIONS
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We present some relations between experimental spectra representing
line projections of electronic densities in the momentum space. All spectra:
which are the projections of the same density, must be interdependent. It
can be derived from the consistency condition and symmetry of the line
projections. The knowledge of these dependences, found in the paper, can
be utilised for an improvement of experimental data as e.g. two-dimensional
angular correlation of positron annihilation spectra.

PACS numbers: 71.20.-b, 78.70.Bj

1. Introduction

The consistency condition (CC) has been considered in different manner by
many authors [1- 3] for reconstructing densities p(p) from their line projections.
Mathematically it is stated by the CC of Helgason—Ludwig [4, 5], shortly de-
scribed in the next section. This condition is satisfied if each of the projections is
complete, i.e. if it is measured up to such a momentum pmax above which p(p) is
isotropic and all projections have the same values. On the contrary to some med-
ical investigations, this restriction is usually satisfied in the case of measurements
of two-dimensional angular correlation of positron radiation (2D ACAR) spectra.
Of course, for a proper reconstruction of p(p), the densities above pmax should
have negligible values (e.g. [6]).

The CC, automatically imposed on the data via reconstruction, can also
be utilised for an improvement of those experimental data for which p(p) is not
reconstructed, as well as for checking (before the reconstructlon) if they were mea-
sured (and next corrected in order to remove various experimental imperfections)
properly. For that reason it is necessary to expand the data into some orthogo-
nal polynomials series. We propose the Chebyshev polynomials which are unique
because they are the only polynomials with zeros known analytically. It allows to
apply (in calculating of the expansion coefficients ¢m) the Gaussian quadrature
formulae in a very simple way (last expression in Sec. 2.2).

In this paper we present some relations between ¢, derived from both the
CC and a symmetry of p(p). A fulfilment of these relations is illustrated on an
example of some model projections. A way of choosing pax is discussed in the last
section.
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"~ 2. Theory

In the case of reconstructing p(p) from the line projections N(pz,py) (on a
chosen plane p, = const), both functions are described in the polar system where
N(ps,py) = N(t,¢) and p(ps,p;) = p(p,0). Here t = |pz|/pmax and ¢ denote
a distance of the integration line from the origin of the coordinate system and
its angle with respect to a chosen axis of an investigated object, respectively. In
this way all projections measured in the Cartesian coordinates connected to the
apparatus are described in the same coordinate system (in our case in such a-
reciprocal lattice system where a symmetry of p(p) is described).

2.1. Consistency condition of Helgason-Ludwig

For two-variable function N(¢,¢), defined over the complete domain I' =
{(t,),—1 <t £1,0 < ¢ < 2} and being a projection of p(p, ) supported on
the unit disk, the following three conditions are necessary and sufficient:

1°. Picard condition: the norm of p(p, f) must be finite.

2°. Projection-moment theory condition: az, = 0 for |I| > k.

3°. Symmetry condition: agn, = 0 for |I| + k& odd.
axn denotes a coefficient of the expansion into the Fourier series of ag(yp), where
ax (i) is the k-th moment of the projection N(t, ) with respect to the variable ¢

ax(p) = /_ V(g | (1)

where k is a nonnegative integer. After expanding ag(y) into the Fourier series

o0
ar(p) = Z agn exp(ing), (2)
— 00
the Fourier coefficients ay, are as follows:

1 2 ) ’ :
Qpn = -2—/ ar () exp(—ingp)de. » (3)
T Jo ‘
The fact that the projections are periodic with respect to ¢, i.e. N(¢,¢) and
N (¢, o+) represent integrals of p(p) over the same line, leads to the condition 3°.
2.2. Cormack’s method with symmetry conditions

In the Cormack method [1] both functions p(p, #) and N(t, ) are expanded
into the polar Fourier series. According to [7], the most suitable way of reconstruct-
ing p(p) is to perform reconstruction on the planes p, = const, perpendicular to
the main axis of the crystal rotation where the number of equivalent directions is
maximal. Then all series reduce to the cosine series :

p(p) = Y, pn(p) cos(n®), (4)
n=0 . .

N(t, ) = i Nn(t) cos(ne), (5)
=0

with n = 0 mod |G| where |G| denotes the order of the main rotation axis (n =0, '
4,8,...etc.orn =0,6,12,...etc. for cubic and tetragonal or hexagonal structures,
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respectively). If N, is expanded into a series of the Chebyshev polynomials of the
second kind (Uy):

Na(t) =2 i a™ /T 12U 4 2m (), (6)

then pn(p) is descrlbed by a series of Zernike polynomials where a7* can be derived
from the orthogonality relation for Ug(t):

= % /0 Ny (8)Unp2m (£)dt. (7)

The last equation is given in the unit system where pmax = 1 (above pmax the
density is equal to zero). Choosing t = cos ¢, Eq. (6) becomes

o
Np(t) =2 Z a sin[(n + 2m + 1)¢}, (8)

m=0 ) .
which is equivalént to the expansion of N, (t) into a series

Na(t) = 2 Z am sin[(2m + 1), %)

where the first n/ 2 coefﬁc1ents @™ are equal to zero. It is the CC being equivalent to
the requirements 2° and 3° (here only even polynomials are used) — see Sec. 2.1.
In the unit system ¢ = cos ¢, Eq. (7), written below for @}, becomes

1 M-1

m= = | D NalcosliAy])sin((2m + 1]iAy) + 5 Leyrmao
j=1

where 9 is equidistant with some step Ay = 27/M. M denotes a number of points
used in evaluating of a (in this way the Gaussian quadrature formulae are applied).

=l

3. Consistency conditions for symmetry objects

Let us write Eq. (5) for such cases when three and four projections are
measured (on the plane py = const, perpendicular to the rotation axis of the order
|G|) with ¢ changed (at equal steps) from zero up to ¢ = 7/|G|. Then, the radial
functions N, (¢t) are described by the following sets of the equations:

No(t) = (1/4)[N(2,0) + 2N (t, pc/2) + N(t, pc)],
Nig|(t) = (1/2)[N(t,0) — N (2, pg)],

Najg)(t) = (1/4)[N(t,0) = 2N (¢, 06 /2) + N(¢, pc)]
for K = 3 while for K = 4 we have

No(t) = (1/6)[N(2,0) + 2N (¢, 0161/3) + 2N (¢, 2)61/3) + N (t, p16))],
Ng|(t) = (1/3)[N(¢,0) + N(t, 9161/3) — N(t, 20161/3) — N (t, 61)],
Nojg|(t) = (1/3)[N(2,0) — N(t,9161/3) — N(t,2¢i6)/3) + N(t, ¢)6))],
Nyjg)(t) = (1/6)[N(2,0) — 2N (t, 0161/3) + 2N (¢, 2¢0(61/3) — N(t, pja))]-
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Now we expand the measured projections into the Chebyshev polynomial series
o0
N(t,¢) =2 cm(p)sin([2m + 1]). - (10)
0

Introducing Egs. (9) and (10) into the above sets of the equations for N, (t), we
get the same two sets of the equations but for @ and ¢n,(p). For example, for
K =3 and n =0 we have

a5 = [em(0) + 2em(06/2) + em(p6)]/4.

Knowing that the first n/2 coefficients a7* are equal to zero for each n, the following
dependence between ¢, () is obtained:

1. |G]/2 first coefficients ¢m () (co, c1, ¢2 or co, c1 for cubic or hexagonal
structure, respectively) are the same for all projections, i.e. em(p) = cm =
ap. | .

2. |G| first coefficients cp(p) satisfy a dependence: 2em(p/2) = cm(p) +
cm(pe — ).

| N(po)

04wy ®

0.2} . \u-n‘n-n'n»n.;rnn'n“'“'gn 0800y,
'\ ¥y, wgvv&tg-v‘"m.
VryyVY o 'Y:;‘o..
o v e,

.,. Au,u.n.u.n,an;«.

o p 2
/ T
0.0 . : : : M
0.0 0.3 0.6 09 p

Fig. 1. Line projections of p(p) having hexagonal symmetry for ¢ = 0 (circle), ¢ =
¢G/2 = =/12 (triangle) and ¢ = v = 7/6 (square) with ¢ changed on the plane
perpendicular to the hexagonal axis.

All these conditions have been proved for various models of p(p). In Fig. 1 three
projections of a strongly anisotropic model density, having symmetry |G| = 6
(pe = 7/6), are displayed. In spite of their quite different shape, three first ¢p, ()
are the same for all N(t, @) being independent of ¢ and the next c;,(y) satisfy the
relation 2.

4. Conclusions

All spectra received from experiment are contaminated by statistical noise
and because of that they are not consistent. Depending on a number of measured
projections, some part of the inconsistent noise is eliminated via the consistency,
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conditions during the reconstruction of p(p). However, we propose to check (before
the reconstruction) if the inconsistent part of the data is not too large [8]. In this
way we learn if the spectra were measured and next. corrected properly. For this
purpose we can use some interdependences, derived by combining the consistency
and the symmetry conditions, obtained here for the line projections. Of course,
they can also be utilised for an improvement of such data for which the density is
not reconstructed.

All relations derived in the paper are valid for any pmax 50 long as pmax > Pa,
where p, denotes the momentum above which p(p) is isotropic. In the case of 2D
ACAR spectra above p, we should have only the isotropic core contribution. Of
course, the value of p, depends on an investigated material — see the book [8]
where the electron densities p(p) are presented for almost all elemental solids.
For example, for iridium p, = 3 [a.u.] (atomic unit) while for strontium p, =
1.5 [a.u.]. Taking into account the effect of the positron wave function and the
electron—positron (e-p) correlation effects, in the case of the e—p densities one can
expect the value of p, lower than 3 a.u.

In the case of reconstructing p(p), in the above definition of pmax, pa should
be replaced by py. Here py denotes the momentum above which the core contribu- .
tion (in comparison with values of the total densities p(p) for lower momenta) is
negligible. In order to choose py properly, we recommend results of the paper [9]
where p®*¢(p) for the e-p momentum densities was calculated within the local
density approach. According to our experience (being in agreement with the re-
sults of the paper [9]) a choice of pmax of the order 3 [a.u.] (usually 2D ACAR
spectra are measured up to 3 [a.u.] with number of counts about 1000 times lower
than at peak) is quite sufficient.
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