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We study the phase diagrams and thermodynamic properties of a system
of coexisting wide-band current carriers (c-particles) and narrow-band elec-
trons (d-electrons) which can form local pairs. There are two distinct mech-
anisms of superconductivity in the model considered: (i) the intersubsystem
charge exchange, which leads to the superconducting state involving both
types of electrons and (ii) the pair hopping interaction of d-electrons, lead-
ing to the superconducting state of d-particles only. In contrast to previous
works on the subject, we assume an arbitrary value of on-site density inter-
action of d-electrons U, which allows us to study the effects of reduced d-pair
binding energy. Within the approach in which the U term is exactly treated
we determine the evolution of superconducting properties as a function of
interactions and relative position of the bands. In a definite range of param-
eters the system shows features which are intermediate between those of a
local pair superconductor and those of a classical BCS model. The increas-
ing on-site Coulomb repulsion U competing with the intersubsystem charge
exchange and the pair hopping interaction reduces the superconducting crit-
ical temperature. Moreover, it can induce a change of the superconducting
transition into the first order one. Above a critical value of U, dependent on
concentration of electrons and other interactions, the superconducting state
cannot be stable at any temperature.

PACS numbers: 74.20.-z, 71.28.+d, 74.25.Ηa

1. Introduction

The coexistence of real-space bound pairs and itinerant electrons as well
as the effects resulting from interactions between these two species constitute a

. crucial problem for real materials. A model of a mixture of local pairs and wide
band electrons was introduced several years ago [1, 2] for a unified description of
nonconventional superconductors, chalcogenide glasses, nonsimple metals and the
systems with alternating valency.
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Its various versions have been extensively analysed in numerous papers [3-10]
and several attempts checking its applicability to high-temperature superconduc-
tors have been made. It has been shown that the model is capable of explaining
several anomalous properties of these materials which are in conflict with BCS
theory or its strong coupling extensions [3, 6-10].

In all the above mentioned works the binding energy of local pairs was as-
sumed to be very high which allowed the pairs to be treated as (hard-core) bosons
with a charge 2e, and the model could be called the boson-fermion model.

Obviously, such an assumption simplifies analyses but also restricts the range
of applicability of the obtained results.

For this reason we will discuss a generalization of the above model, i.e.
we shall consider the model for an assumed arbitrary value of on-site interaction
of localised electrons U, which makes it possible to study the effects of reduced
pair-binding energy.

The considered effective Hamiltonian of coexisting localized d-electrons and
itinerant c-electrons can be written as:

where Ε0 measures the relative position of d-level with respect to the bottom of
the c-electron band εk in the absence of interactions, μ is the chemical potential
which ensures that a total number of particles in the system is constant, i.e.

U is the effective on-site density interaction between d-electrons, Jij is the intersite
charge exchange interaction of d-electrons (pair hopping). The term proportional
to ι0 represents the transverse component of the charge exchange between the two
subsystems (which is crucial for the superconducting mechanism in the system
considered). To simplify our analysis we do not include in Eq. (1) the single electron
hopping term for d electrons as well as other intersite interaction terms.

The interactions U, Ι0 and J 2 will be treated as effective ones and will
be assumed to include all the possible contributions and renormalizations like
those coming from the strong electron--phonon (exciton) coupling or from the
coupling between the electrons considered and other electronic subsystems in solid
or chemical complexes [2, 3].
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In the absence of "c" subsystem the problem reduces to the one of the on-site
pairs with finite binding energy analysed in Ref. [11]. In the limit of U -^ -∞ we re-
cover the extensively studied model of coexisting itinerant electrons and hard-core
charged bosons on a lattice (Refs. [1-3, 6-9]). Preliminary results concerning the
case Jij = Ο have been already presented in Ref. [12].

2. Free energy and self-consistent equations

In analysis of model (1) we use the variational approach which treats the
on-site interaction term U exactly (as in Ref. [11]) and the intersite and intersub-
system interactions within the broken symmetry Hartree-Fock approximation (as
in Ref. [2]). 	.

The resulting expression for the free energy of the superconducting phase
(SS) is

are the superconducting order parameters for d and c subsystems, respectively,
and Eg (T) = min2A k is the energy gap in the c-electron spectrum.

Upon minimizing this free energy with respect to the variables pó , x 0 and μ
we obtain the following self-consistent equations:

and n is the total number of particles (c and d) per site.
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From F0 one can obtain the local magnetic moment of d-electrons γd. This
quantity is defined by

and it is directly related to the concentration of paired d-electrons ndp:

Nγd and Nndp determine the number of sites singly and doubly occupied by
d-electrons, respectively.

We have performed a quite extended analytical and numerical analysis of
Eqs. (3)-(5), both at T = 0 and for T > 0, and examined the phase diagrams
and thermodynamic properties of the system as a function of E 0 , n and various
coupling constants. In the calculations we have made use of the rectangular density
of states (DOS) for c-electrons:

with D denoting an effective half-bandwidth, and assumed the bottom of the wide
band to have zero energy, i.e. min (εk + ε0) = 0.

Several analytical results concerning the ground state characteristics and the
critical temperatures, which can be derived in particular limits, are collected in
Appendix for comparison with numerical solutions.

In order to appreciate the difference in the superconducting properties due
to the two distinct mechanisms involved here (J0 and Ι0 ), we shall discuss the two
cases: J0 ≠ 0, Ι0 = 0 and J0 = 0, Ι0 ≠ 0 separately.

3. The case of Ikk' = 0, Jij ψ 0
For Ι0 = 0, J0 ≠ 0 the SS state can develop only in the d-electron sub-

system, and its properties are similar to those of the one band model studied in
Ref. [11]. A difference in comparison to [11] is that in the present case the number
of superconducting d-electrons is no longer a constant, but will vary as a function
of temperature, so that both d and c electrons are in thermal equilibrium and their
total number n is constant.

For I0 = 0 self-consistent equations (5) for Δ and n take the form
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and the explicit expressions determining the concentration of paired d-electrons in
SS and nonordered (NO) phases (Eq. (7)) are

The transition from the superconducting phase (pó 0) to the normal state
(px0 = 0) can be continuous (2nd order) or discontinuous (1st order), depending
on the values of U and nd.

The second-order transition temperature Τc is determined by the equation

and Eqs. (10), (11) taken in the limit px0 → Ii .
It can be shown that the phase transition remains continuous for arbitrary

U < 0. This is due to the fact that U and J0 (Ι0) are cooperating interactions for
attractive U.

For U < 0 the ground state phase diagrams as a function of n vs. Δ 0 /D are
shown in Fig. 1.

The regions of superconducting state for n < 2 ale determined by

For any U < 0 the transition at Ε0 + U/2 = J0/2 + nD between the SS state with
nd ≠ 0 and the nonordered state with nc = n is always of second order. The same
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is true for n = 2 at Δ 0 = —J0/2 between the SS phase and the nonordered one
with nd = 2. On the other hand, the transition for n < 2 at Δ0 = —(n — 1)(J0/2)
between the SS phase with nd = n and the SS phase with nd < n, nc > 0 is always
of higher order.

In Fig. 2 we plot the finite temperature phase diagrams as a function of Δ 0 /D
for fixed values of n and J 0 /2D (U → —οο and U = 0). Only for n = 2 the SS region
is well confined between the two limiting values of Δ0/D: J0/2 < Δ 0 < J0/2+2D.
For an arbitrary n < 2, on the contrary, the SS phase extends over the entire region
of Δ0 < J0/2 + nD for sufficiently low temperatures.

A general structure of the phase diagrams remains qualitatively the same for
any U < 0. For any fixed 7a the transition temperatures increase with increasing
| U| (U < 0) and Τ (U → —οο) 2ΤC (U = 0), if J0/2D « 1.

The effect of repulsive U is much more drastic as it competes with J0 and
destabilizes superconductivity. As we shall see below, increasing U > 0 changes
first the nature of the phase transition from a continuous to a discontinuous type,
leading to the appearance of a tricritical point (TCP), then it suppresses super-
conductivity for high nd (kid —1| 0). Finally, for large U (U/J0 > 1), the system
remains in the normal state for all Τ and nd.

The TCP, where the transition changes into the first order one, is given by
the equation:

and Eqs. (13). .
The critical temperatures for the first-order phase transition, necessary to

construct a complete phase diagram have to be determined numerically by com-
paring the free energies of SS and NO phases.
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For simplicity the next two figures have been made for J0/2D <ς 1. In such
a case one can neglect the Τ dependence of nd for any n (if kBT/D « 1) and
make the plots of Τ  as a function of nd. Taking into account that

the obtained diagrams can be transformed directly into those plotted as a function
of Δ0/D for any n.

Figure 3 shows the nd dependence of the transition temperature for sev-
eral different values of U/J0. Between U —> —οο and U/J0 = (1/3)1n2 the Τ  is
maximum for U  —oo, nd = 1 and decreases monotonically with increasing U
and |nd - 1|. For U/J0 > (1/3)1n 2 the nd dependence of Τ, becomes nonmono-
tonic and with increasing U the Τc(n) maximum moves towards lower nd (higher
|nd-l|). For (1/3)1n2 < U/J0 < 0.5 the ground state is SS for 0 < nd < 2, whereas
for 0.5 < U/J0 < 1 the nd range of the SS phase is reduced with increasing U.

—+

The evolution of the concentration of paired d electrons ndpwith tempera-
ture strongly depends on the U/J0 value. This can be clearly seen from Fig. 4.
One can single out two limiting types of the n(Τ) behaviour. The first one
is realised in the case of large on-site attraction (large d-pair binding energy:
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Εb = -U + J0 » kBTC ), whereas the second one occurs if the binding energy
becomes comparable to (or smaller than) kBTC . In between, there is a smooth
crossover between the two regimes. In the first limit (local pair regime), ndP changes
slowly with temperature and the transition at Τc is to the state of dynamically
disordered local pairs. In the second limit (pair breaking regime) ndpexhibits a
sharp break at T^ and a substantial fraction of single d electrons exists above Τ.
As temperature is lowered, the condensate grows both from a condensation of
preexisting d pairs and from binding and condensation of single particles, and at

Τ=0wehavendp=nd.

4. The case of Jij = 0, Ikk, ψ 0
In the case of J0 = 0, Ι0 ≠ 0 superconductivity can only occur provided that

both subsystems (d and c) participate in its formation. Depending on the relative
concentration of "c" and "d" electrons we distinguish three essentially different
physical situations (0 <n < 2):

(i) d-regime, nd» n c > 0 (nd n):
Pairs of d-electrons move via virtual excitations into empty c-electrons states.
Such a mechanism gives rise to the long-range hopping of d-pairs, of a spatial
dependence similar to the RKKY interaction for s-d mechanism in the magnetic
equivalent (for U « 0 the explicit form of this long-range hopping can be derived
from Eq. (1) by a unitary transformation reducing Η -d to the first order [2, 3, 6]).

(ii) d + c (mixed valence) regime; n c , nd > 0:
SS comes about by a perpetual interchange between d and c pairs. In this process
"c" electrons become polarized into Cooper pairs and "d" pairs increase their
mobility by decaying into "c" pairs. For this intermediate case neither the standard
BCS picture nor the picture of local pairs strictly applies and superconductivity
has a "mixed" character.



Ground State and Thermodynamic Properties...	 691

(iii) c-regime n 	 nd » 0 (n^ n):
The situation is similar to the BCS case: pairs of "c" electrons with opposite
momenta and spins are exchanged via virtual transitions into empty d-levels.

4.1. Properties of the system for -cc < U < 0

Let us discuss the case U ≤ 0 first.
At T = 0 and U -< 0 numerical solution of Eqs. (4), (5) shows that the SS

state is always the ground state for all values of I0/D and (Ε0 + U/2)/D for any
value of n except n = 2. For n = 2 the ground state phase diagram is plotted in
Fig. 5. In this case both normal phases (dN and cN) are insulating and the phase
boundaries with the SS state are of second order.

In Fig. 6 the finite temperature phase diagrams as a function Δ 0 /D are
shown for the limits U -^ —cc and U = 0.
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In general, as we go from the case of predominantly d-electrons to that
of predominantly wide band-electrons (i.e. with increasing E 0 ), we observe a
non-monotonic behaviour of Τc , which passes through a maximum of an order
of I 2 /D, when the two constituents have roughly equal concentrations and drops
to zero when we approach the regions (i) and (iii).

Figure 7 shows the variation of the ratio 2kBTc /Eg (0) as a function of
Δ0/D (Eg (0) is the gap in the c-electron excitation spectrum at Τ = 0). As we
see the inverse of the ratio varies around the BCS value 3.52 as the relative pro-
portion of d-electrons to wide band electrons is changed. Where Τ  is maximum

ES(0)/kBTchas a shallow minimum; it approaches the BCS value for predomi-
nantly wide band electrons and surpasses it as the concentration of d-electrons
increases above that of wide band electrons.

Decreasing |U| yields a moderate reduction of Τ  (up to a factor 2 at
max Τc if U → 0), in comparison to the U = -oo case (cf. Fig. 6), and an anal-
ogous reduction of the ratio k B Tc/Eg (0) in the (i) and (ii) regimes (cf. Fig. 7).
On the contrary, in the (iii) regime kBTc/Eg(0) remains almost unaffected by U
and it approaches the BCS value (0.57) for any U < 0 (comp. (A6) with (A8) and
(A9) with (A10) in Appendix).

The SS-NO transition is continuous (2nd order) for any U < 0. As in
the J0 Ο 0, I0 = 0 case except for U -> -oo, a nonzero fraction of nonpaired
d-electrons exists above Τc , but for substantial |UD the d pair density ndpexhibits
no sharp feature as Τ is lowered through Τ.

4.2. Properties of the system for U > 0
For U> 0 superconducting solutions (x0 ^ 0, px0 ψ 0) of Eqs. (5) exist only

below a definite value for U ((J0), dependent on the interaction parameters and
the temperature. Explicit expression .determining U0 at Τ = 0 is given by
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and the plots of this quantity as a function of n c /na are shown in Fig. 8.

Obviously U < U0 is only a necessary condition for the existence of supercon-
ductivity. The phase boundary between the SS and the normal state as a function
of U has to be found by a comparison of the free energies of both phases. One
finds that at T = Ο the transition to the normal phase occurring with increasing
U is always discontinuous (of the first order) and takes place at U< < U0. The plot
of the ground state phase boundary as a function of U/2D and I0/2D for n = 2
and Δ0/D = 1is shown in Fig. 9.
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Increasing repulsive U reduces both the critical temperature and the ratio
kBTc/Eg (0). In contrast to the attractive U case, the d-pair density exhibits a
sharp break at Τ. For small d-pair binding energy (i.e. for substantial values of
U > 0) the critical temperature is determined by the d-pair breaking excitations
and there are essentially no preformed pairs above Τ.

For weak repulsion the SS transition at finite temperatures is continuous,
as for U < 0. However, increasing U induces a change of the transition into the
first order one. Finally, for U > Uc the system remains in the normal state at any
temperature. In Fig. 10 we show the finite temperature phase diagrams plotted as
a function of U/D for a few fixed values of I0 /D (n = 2, Δ0 /D = 1, J0 = 0).

5. Summary and concluding remarks

In this paper we report results of the study of the phase diagrams and super-
conducting properties of the system made of coexisting itinerant (c) electrons and
localized (d) electrons forming real space pairs. In contrast to previous works on
the subject, which take as a starting point the fermion- (hard-core) boson models
[1-10], the model considered by us assumes arbitrary value of the on-site density
interaction between localized electrons U, which allows investigation of the effects
of reduced d-pair binding energy.

The main purpose of our work was to find the way the basic properties of
the system change if this binding energy is reduced and what qualitatively new
features can be introduced by the pair-breaking effects. Let us shortly summarize
our findings.

We have analysed two types of mechanisms which can lead to the SS state
in the system considered.

The first one is connected with the intersite charge exchange of d-electrons
(pair hopping J^^) and involVes the narrow-band subsystem exclusively. In the limit
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of strong attraction of d-electrons, i.e. for large d-pair binding energy Eb, it gives
rise to a superconductivity analogous to superfluidity of hard-core charged bosons
on a lattice [3] and the superconducting transition occurs from condensation of
preexisting d-pairs. In the opposite regime, which is realised for substantial values
of repulsive U, i.e. for small Eb, the SS transition is determined by pair-breaking
excitations and there are essentially no preformed pairs above  Τ. It turns out that
a crossover between the two regimes occurring with increasing U is smooth and
that above a critical value of U, dependent on concentration of d-particles, the SS
state cannot be stable at any temperature.

The second mechanism involves the charge exchange between d and c elec-
trons (Ι0 term) which leads to a superconducting state in both subsystems. For
Ι0 ≠ 0 the physical properties of the model strongly depend on the relative con-
centration of d and c particles. In particular, in the d + c (mixed valence) regime
the system shows features which are intermediate between those of pure local pair
superconductor and those of classical BCS systems, even in the strong attraction
case. This concerns, among others, the gap in the single-particle excitation spec-
trum for c-electrons, the ratio k B Tc/Εg (0), the electromagnetic coherence length,
the thermodynamic critical field as well as the properties of the normal state.

As we have stressed, in the U —> -οo limit the model considered reduces to
that of coexisting fermions and hard-core bosons [1-3, 6-9]. Our analysis shows
that several basic characteristics of the latter model, such as the general structure
of phase diagrams and the evolution of Τ, the order parameters and the ratio
2kB Τc/Ε5 (0) as a function of Δ0, are conserved for arbitrary U < 0. Obviously,
in contrast to the U →-oo case, for any finited-pairbinding energy a nonzero
fraction of nonpaired d-electrons exists above  Τ  and for low values of U| the
d-pair density can exhibit a break as Τ is lowered through Τ.

The effects of repulsive U are much more drastic as it competes with I0
and Jij . In both cases considered the repulsive U can strongly reduce Τ  and, for
Ι0 ≠ 0, the ratio kBTc/Eg (0). For a weak repulsion the superconducting transition
remains continuous as for U < 0, however the d-pair density exhibits a sharp break
at Τ. Increasing U changes the nature of the phase transitions from a continuous
to a discontinuous type, resulting in the tricritical point, and finally, for U > Uc

the system remains in the normal state at any temperature.
Within our approach the U term, which is the main factor determining

the d-pair binding energy in the model, and the on-site d-density fluctuations, is
treated exactly. Thus the major conclusions of the paper concerning the evolution
of the properties of the system with U are reliable for arbitrary U.

The mean-field (broken symmetry Hartree—Fock) approximations used for
the intersite and intersubsystem interaction terms are best justified if these inter-
actions are long-ranged. (Let us notice that for I0 = 0 our treatment yields exact
results in the thermodynamic limit for (i) Jib of infinite range: Jij = (1/N)J for
any (i, j) — regardless dimensionality of the system [13] as well as for (ii) infinite-
-dimensional hypercubic lattice and nearest-neighbour

In the case of short-range Jib and I0 interactions, however, this approach
should be treated only as a standard first step in the investigation. Nonetheless, it
is a useful guide for prediction of qualitative features of the phase diagrams even
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though the locations of critical points and shapes of the phase boundaries are not
given precisely.

A better treatment of the low temperature thermodynamics including the
collective excitation effects could be the self-consistent RPA-type approach, anal-
ogous to that used recently in the analysis of the pseudospin local-pair model [14].
For an improved description of the fluctuation effects in the critical region the
modified Ginzburg-Landau theory [15] may be employed, as it has been done in
Ref. [11] for the model Hamiltonian (2a). Both these investigations are left for
future studies.

As in previous works, we assumed (for simplicity) the effective coupling
Ι0 to be (kk') independent, which yields the k-independent gap parameter for
c-subsystem. A study of the momentum-dependent intersubsystem charge ex-
change term, which could favour d-, p- or extended s-types of pairing in c-subsystem
would be of considerable interest [5], particularly in view of recent experimental
results for cuprate superconductors [7].

There are several groups of materials for which the coexistence of local-pair
states with itinerant electrons states have been either established or suggested and
which can be suitable candidates for the present model [2, 3, 7, 16-20]. Some of
these systems are nonstandard superconductors, other exhibit either a CDW state
or they remain in the normal phase. A preliminary classification of these materials
has been given in Ref. [2], whereas for a rather detailed analysis of the high Tc
cuprates in this respect we refer the reader to Refs. [6-10].

Let us point out that the experimental results show the existence of p-holes
in doped ΒaΒiO3 (Βa1- x Κx ΒiO3 and BaΡb1-xΒix O 3 ) [21], where the coexistence
of interacting itinerant carriers and small bipolarons has been also indicated by
the Raman spectroscopy data [20]. It suggests that realistic model for these mate-
rials should involve disproportionated (at least locally) Βi 3 +—Βi5+ background [22]
coupled with oxygen p-holes.
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Appendix
Below we present some analytical results concerning the critical tempera-

tures, the ground state characteristics and the ratio 2k ΒΤc/Εg(0), which can be
derived in particular limits for the case J0 ≠ 0, I0 ≠ 0, using the rectangular
density of states for c-electrons.

From Eqs. (5a, b, c) one obtains the following self-consistent equations for
the second-order transition temperature T and the chemical potential:
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The energy gap in the single-particle spectrum for c-electrons at any Τ < Τc
is given by

where μ and px0 have to be determined from Eqs. (5).
In general, Τ  and Eg. can only be found numerically and we have presented

those results in Sec. 3 and 4. It is worthwhile to study the limiting cases which
can be solved analytically.

The first two such cases corresponds to the limit of predominantly c-electrons
with d states either almost empty (nd 0) or almost completely occupied (nd 2)
and they are realised for (i) Δ0/D » n + J0/2D, if n < 2 (nd 0) and for
(ii) Δ 0 /D << n - 2- J0/2D, if n> 2 (nd 2).

In the (i) case the chemical potential μ nD. From Eq. (Al), using the
conditions (2D - μ)βc » 1 and μβc » 1, which are trivially satisfied, we obtain
after straightforward calculations

with γ= ec , C = 0.577. In this lin lit the energy gap at Τ = 0 has the form

and the ground state value of px0 calculated from Eqs. (5) for rectangular DOS is
given by

Equations (6) and (7) indicate an exponentially sharp dropoff of T. and Eg (0) as
Δ0/D exceeds the characteristic value of Δ0=nD +J0/2, where practically all

particles exist in c-band with only a small number of d-electrons present.
Analogous calculations performed for the (ii) case yield
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As we see in both above cases the gap ratio takes a "classical" BCS value
(cf. Fig. 7):

Tne next two cases correspond to the limit of predominantly d-electrons and
very few c-electrons (or c-hole) realised for (iii) Δ 0 /D » 0, if n < 2 (n 	 0), and
for (iv) Δ 0 /D «2D, if n > 2 (n 	 2).

In the (iii) case μ Δ0 and nd n — (Τ/D) exp(-Δ 0 /T). We now have
(2Δ — μ)βc » 1, and -μβc » 1, and from Eqs. (1) we obtain

As we see from Eqs. (14), (15) in the limit of predominantly d-electrons
2kΒΤ/Εg (0) is much lower than the' BCS value. With increasing 00 0 |, this ratio is
diminished, whereas T^ exhibits a slow dropoff towards a saturation value.
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