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Distribution of the topological point defects observed microscopically by
Nagaya, Hotta, Orihira and Ishibashi in Sch lieren texture of Ν-(4-n-methoxy
benzylidene) 4'-n'-butylaniline has been analyzed. The same fractal dimen-
sionality Df = 1.4 has been estimated for several sets of defects obtained
in subsequent stages of evolution of the nematic sample after the transition
from the isotropic liquid phase.

PACS numbers: 61.30.Jf, 61.43.Ην, 64.70.Md

1. Introduction

Apart from the case of monocrystals in condensed matter physics one deals
with systems characterized by a larger or smaller degree of disorder. It turns out
that in many materials the lack of translational symmetry, typical of ideal crys-
tal8, does not mean the total lack of symmetry. In spite of seemingly complete
disorder a new kind of symmetry called the self-similarity can be found there [1].
Perfect self-similarity, i.e., the scale invariance, is the main geometrical feature
of the deterministic fractals. Due to the hierarchical form of structure composed
of various sized elements, the fractals have no characteristic length scale. For real
fractal-like disordered systems the feature of scale invariance can be identified only
in the statistical sense and the range of scale changes is rather limited. Neverthe-
less, the self-similarity of such real systems can also be quantitatively expressed
by the power-law dependence between the mass N (or the number of structural
elements) and the linear size L of the object

N(L) ~ LD '.

The Df exponent called fractal dimensionality (or Hausdorff-Besicovitch dimen-
sionality) [1] is a non-integer quantity usually and replaces the integer dimension-
ality d of the Auclidean space. The fractal distribution of structural elements in

(41)
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d dimensional space can be also found by checking the dependence of density of
structural elements on scale L : p(L) = N/(Ld) L detected if Df differs
from d.

Liquid crystalline phases possessing features of the isotropic liquid (
macroscopic fluidity) as well as of the regular crystal (anisotropy of structural and phys-

ical properties) are the special examples of disordered materials. During cooling
the complete rotational symmetry of an isotropic phase of elongated molecules is
broken, leading to a cylindrical symmetry of uniaxial nematic phase. The tran-
sition is accompanied by the appearance of topological defects in those places of
the sample where the alignment of the molecules, i.e., a versor called director re-
veals discontinuity [2]. In the nematic phase defects form lines called disclinations
(strings or vortices), points called monopoles and textures being special arrange-
ments of linear defects but there are techniques allowing to have only one type of
defects in experiment: Due to birefringence of liquid crystalline phases the topolog-
ical defects can be directly observed by the polarizing microscope. The defects in
form of disclination lines running perpendicular to the plane of image are unstable.
Thus, they transform into real point defects through the mechanism of "escape to
the third dimension" [3]. In Schlieren texture the defects of ±1 type are identified
as points from which four dark "brushes" emanate which is presented schemati-
cally in Fig. 1. In the areas of the sample which are seen as dark, the elongated
molecules are oriented perpendicular to polarizer or analyzer. This means the di-

rector performs 2π angle during its full turn around the disclination. Recently the
coarsening dynamics of the ensemble of disclinations in nematic phases [4, 5] and
the behavior of single defect [6] has been thoroughly studied. The aim of this pa-
per is to check if the arrangement of the topological defects in the nematic phase
reveals any fractal-like features.

2. Results and discussion

Nagaya, Hotta, Orihira and Ishibashi [7] have studied the time evolution of
ensemble of topological defects of ±1 type (obtained by the technique described in
Ref. [8]) appearing in the form of Schlieren texture in transition from an isotropic
to a nematic phase' of N-(4-n-methoxy benzylidene) 4'-n'-butylaniline (ΜΒΒΑ).
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Each dot in images of Fig. 2 represents a single .point defect observed
microscopically in the plane of the sample. The images have been taken in different stages

of new nematic phase, i.e., in 40 s, 100 s, and 200 s after the phase transition
from an isotropic to anisotropic liquid phase. Each of the images illustrates the
same approximately (1 x 1) mm2 area of the sample. As the defects of the opposite
sign annihilate, the number N of the defects in the subsequent images is smaller
and smaller. The observed relation N(t) ~ t -1 proceeds from the fact that the
magnitudes of the elastic force and the viscous force between two defects of the
opposite sign are equal [4, 5, 7].

The fact that the topological defects observed by Nagaya et al. [7] form an
ensemble of points in the plane of the sample allows one to formulate the problem of
quantitative description of 2-d distribution of topological defects in various stages
of their time evolution after the phase transition. It seems interesting to check
whether the distribution of the defects, which looks very much like random, has
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any invisible regularities. Thus, the distribution of the strength ±1 topological
defects presented in Fig. 2 in the form of dots has been analyzed in order to
check if it could be quantitatively characterized by the fractal dimensionality. For
that purpose the images have been magnified to the area of (10 x 10) cm 2 . Next,
several squares of side L ranging from 1 cm to 10 cm have been prepared. The
maximum number N of points found in the square of side L has been counted
for all squares. Such procedure has been repeated for subsequent images taken in
subsequent moments of evolution of the defect pattern. In Fig. 3 the dependence of
N(L) for several stages of evolution of the nematic phase of MBBA is presented in
the double logarithmic coordinates. Additionally, the density logN/(L x L) vs. logL
is shown for the ensemble of defects in two extremal stages analyzed, i.e., at 40 s
and at 200 s after the phase transition.

The following conclusions can be formulated:
(1) The logN (logL) plot occurs to be linear. The slope of the straight line8

gives the fractal dimensionality varying from Df = 1.5±0.2 (40 s) to Df = 1.2±0.2
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(200 s), i.e., the values lower than d = 2 expected for the case of homogeneous
distribution of dots. The same results were obtained by presenting the log N/
(L x L) v8. logL (long dash lines in Fig. 3). Thus, the distribution of defects in 2-d
plane turns out to be fractally homogeneous and can be characterized by fractal
dimensionality Df [9]. The N(L) expected for random distribution of dots and
N(L)/(L x L) for their homogeneous density are presented in Fig. 3 for comparison.
The statistical self-similarity has been found for length scale changes from 0.1 mm
to 1 mm. For distances below 0.1 mm the distribution has not been checked due to
difficulties in counting the points but the statistical self-similarity seems to be in
force there. Due to the limitation of the sample area observed microscopically, the
influence of boundary condition on the data taken at the latter stages of evolution
is visible for log L = 1 (Fig. 3). This results in lowering the Df value.

(2) When the analysis is stopped at L = 6 cm (i.e., at log L	 0.8) then
for all analyzed stages of evolution of nematic phase the fractal dimensionality
describing the distribution of point defects turns out to be the same (Df = 1.4).
Thus, the self-similar symmetry in distribution of the defects seems to be preserved
rather long during the time evolution of the defect pattern, i.e., in time interval
from 40 s till 200 s after the isotropic-anisotropic phase transition.

(3) In the statistical sense the general feature of the pattern of defects does
not change with time. Only the characteristic length scale of the pattern increases.
The growth of the areas of well-aligned molecules has been observed. This means
that during evolution the nearest two defects of the opposite sign disappear first.
Figure 2 illustrates the analogy between coarsening of such defect pattern and
a sequence of the Sierpiński gasket constructions in different steps of iteration
arranged starting from the figure characterized by the small length scale towards
the larger and larger ones. Dots in the right side of Fig. 2 represent centres of
white various-sized triangles in the original Sierpiński gasket [1]. The estimated
value Df = 1.4 characterizing the 2-d defects distribution is not far from the
fractal dimensionality Df = 1.57 [1] of the Sierpińiski gasket with deterministic
self-similar distribution of the various-sized white triangles. That means a rather
large deviation from d = 2 characterizing the random distribution of structural
elements.

(4) The fact that distribution of defects created in the phase transition is
not random means the existence of the correlation in their appearance. Due to the
detection of the statistical self-similarity the degree of correlation can be estimated
quantitatively.

(5) The detailed analysis of defect pattern in MBBA performed by Nagaya
et al. [7] has concerned the dynamics mainly and their study of the distribution of
defects has been announced to be in progress. The present paper seems to confirm
their suggestion of the existence of correlation in the distribution of diselinations
which they based on the experimental fact that the average value of the distances
between the defects of the same sign is two times larger than between the defects of
the opposite sign. When presented for the properly scaled distance the correlation
function has the same form for a set of data of various images taken in different
times. That corresponds to our findings that 2-d distribution, of the defects is
characterized by the same Df in different moments of evolution.
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3. Final remark

There are earlier observations showing that evolution of 2-d string network
in nematic phase [4] respects self-similarity and a surface arrangement of defects
in smectic Α phase [10] can be characterized by Df = 1.5. The usefulness of scaling
hypothesis for description of coarsening of the domain wall defects was thoroughly
discussed in the papers of Bray [11]. The problem seems to be vivid in cosmology
where cosmic strings and other defects appearing in symmetry-breaking phase
transition are used to interpret the evolution of early Universe and the origin of
its large scale structure [12]. The present paper concerns the nematic phase of
MBBA where the distribution of the disclinations observed in two dimensions as
the ensemble of point defects is shown to be fractally homogeneous with Df = 1.4.

Using the polarizing microscopy technique has the advantage that defects
are observed directly. On the other hand only the situation in two dimensions
can be checked. Due to complexity of the nematic medium it might be not easy
to predict a three-dimensional behavior of the tangle of disclinations. To prove
mathematically that geometrical arrangement of topological defects is fractal in
character seems even to be a more difficult task. An explanation of the mechanism
that creates a fractal-like structure and helps it to respect self-similar symmetry
during evolution, is offered by a very general model of self-organized criticality
proposed recently by Bak, Tang and Wiesenfeld [13]. They postulated that various
large dissipative interacting systems of biology, economics, geophysics and physics
when disturbed tend towards the critical state characterized by the fractal-like
features. The criticality of nematic liquid crystals has ben stated by de Gennes [14].
Recently that fact has been conflrmed experimentally for the nematic phase of
para-azoksy-anizole (PAA) by Otnes, Riste and coworkers [15]. They analyzed the
intensity of neutrons scattered on the long wavelength fluctuations of the director
being influenced by di8tribution of disclinations in 3-d sample.
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