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The thermodynamic response functions were studied in thin falms in
the frame of the Blume-Emery-GrifÏiths model. The method is based on the
analysis of the Gibbs free energy and involves calculations of the magnetiza-
tion and qiuadrupolar moment distributions. The temperature dependencies
of the susceptibility and specific heat are obtained for various biquadratic
interaction parameter and non-zero single-ion anisotropy. The behaviour of
these functions in different phases: ferromagnetic, paramagnetic and stag-
gered quadrupolar are illustrated in figures and discussed.

PACS numbers: 64.60.-i, 75.10.-b, 75.70.-i

1. Introduction

In the last years, many papers have been devoted to Blume-Emery-Griffiths
(BEG) model for spin S = 1 [1-25]. The BEG model contains, besides the usual
exchange interaction, the terms describing biquadratic interactions of spins and
single-ion anisotropy. When these terms are competing with the exchange interac-
tions they can lead to very interesting and rich phase diagrams. 'or instance, one
can predict the existence of tricritical points (TCP), separating the continuous and
discontinuous phase transitions [2-4, 6-10, 13-17, 20, 21, 24, 25], the occurrence
of staggered quadrupolar phase [2-4, 6, 9, 12, 14, 16, 20, 24, 25] and the re-entrant
magnetism phenomenon [6, 8, 9-11, 15, 16, 24, 25].

Ιn the literature the following techniques have been applied to studies of
BEG model: the molecular field approximation (MFA) [1, 2, 9, 15, 20, 24, 25]
and other effective field methods [4, 6-8, 17, 23], renormalization group (RG)
approach [13], cluster variational method (CVM) [5, 10-12, 16, 20, 21], coherent
anomaly method (CAM) [18], variational cumulant expansion (VCE) [19] and
Monte Carlo simulations [2, 3, 14, 22].

The BEG model has been applied to the description of bulk materials
[3, 5, 7, 13, 16-18, 20], planar ferromagnets [2, 4, 6-8, 12-14, 20], semi-infinite
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systems [11, 21], as well as the linear chains [22, 23]. Recently, an attempt was
made to apply tlis model to the thin film [20, 24, 25]. However, these papers are
still not numerous, and the authors have only studied the phase diagrams and the
order parameters in different phases.

The aim of the present paper is to calculate the isothermal susceptibility
and magnetic contribution to the specific heat for thin film in the frame of BEG
model. As far as we know from literature such studies have not been done yet,
therefore, to begin with, we choose the simplest molecular field approach.

The present paper is essentially the continuation of the work [24], where in
the frame of MFA the phase diagrams, magnetization distribution, as well as the
quadrupolar moments in the thin films have been calculated. It is worth noticing
here that all the thermodynamic quantities (both calculated in [24] and in the
present work as well) have been obtained from one basic expression for the Gibbs
free energy of the film remaining in equilibrium. Such approach ensures the in-
ternal self-consistency of the theory, i.e., it gives the proper relationships between
different thermodynamic quantities, and yields the criterion for the correct deci-
sion which of various possible solutions are physical. The decisive factor is then
the value of the Gibbs free energy, which for the physical solution should be in a
minimum.

In the theoretical part of this paper we will derive the formula for the isother-
mal susceptibility and the magnetic specific heat in BEG model for the thin film
with an arbitrary thickness. We will assume that the film has simple cubic (sc)
structure, consisting of two mutually interpenetrating sublattices. Such a model
enables the discussion of staggered quadrupolar phase, in which the magnetic sus-
ceptibility and the specific heat are of particular interest.

Thin film equations are next solved numerically in the third section, and
the results are shown in the figures. We will illustrate particularly those situations
which correspond to some characteristic features of the phase diagram obtained
in our previous paper [24].

The numerical results of temperature dependencies of the susceptibility and
specific heat are discussed for an exemplary film with n = 5 atomic planes and
different biquadratic interaction strength parameter. The confirmation for the im-
portant role of biquadratic interactions (wlen they are competitive to the bilinear
exchange coupling) and especially their remarkable influence on thermodynamic
response functions in thin film was found.

2. Theory

2.1. The free energy and magnetization

The anisotropic BEG Hamiltonian for the thin films is of the form

where Sv i = ±1, 0. We denote by J the exchange integral, whereas Α and D
parameters correspond to the biquadratic interactions and single-ion anisotropy,
respectively. In Eq. (1), h stands for the external magnetic field. The indices
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v, μ = 1, 2, ... , n denote the layer numbers, whereas i, j = 1, 2, ... , N number
the lattice site within a particular layer.

The Gibbs free energy can be calculated with the help of the Bogolyubov
inequality

where H0 stands for a trial H amiltonian, which in MFA is given by the formula

The averaging symbol in Eq. (2), (...) 0 denotes the statistical averaging with the
trial Hamiltonian. The parameters Αvi and Ki in H 0 represent the molecular
fields of exchange and biquadratic interactions, respectively.

By minimization of the functional G ({A), {Kvi}) with respect to Лvi and
Kvi parameters one can obtain the expressions for the equilibrium magnetizations
mv and the quadrupolar moments qlv given by the definitions

In Eqs. (4) 1 = α, b denotes one of two interpenetrating sublattices. The
assumption concerning two sublattices structure is necessary for the discussion of
staggered quadrupolar phase in S = 1 system.

As it has been shown in the papers [24, 25], the magnetization distribution
and the quadrupolar moments in thin film are given by the set of mutually coupled
eauations. They can be written as follows:

where β = 1/k Τ.
The Gibbs free energy of the thin film in equilibrium, per one lattice site

and expressed in J constant units, is then of the form

denotes a dimensionless temperature and the molecular fields Μ and Q^, are then

given by
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According to definitions contained in Eqs. (9) and (10), Μ, and Q, are
the variational parameters taken in equilibrium, for which the G-functional has
its minimum. By zvv we denote here the number of nearest neighbours of the
spin Svi from the same ?i-th plane, whereas z±1 is the number of its nearest
neighbours from (ii ± 1)-th plane. For instance, for simple cubic lattice zv,v = 4
for v = 1, 2, ... , n whereas zv,v±1 = 1 inside the film (v = 2, 3, ... , n - 1) and
z1,0 = zn,n+1 = 0 at the surfaces.

From the analysis of the Gibbs free energy (7) one can derive all thermody-
namic properties of the system, in particular, the isothermal susceptibility XT and
the magnetic specific heat Ch at h = const.

2.2. The isothermal susceptibilty

The magnetic isothermal susceptibility of the system is defined as the second
derivative of the Gibbs free energy, when Τ = const.

In Eq. (11) Μ denotes the total magnetization of the thin film, being a sum
of two sublattice magnetizations from all n atomic planes.

where m and m are given by the formulae (5) and (6).
Now then, in order to -calculate the susceptibility one has to determine

the derivatives (∂mlv/∂h) T . They can be obtained after differentiating the set
of Eqs. (5) and (6). Performing differentiation with respect to h we get the set of
linear equations for the derivatives in the following form:

As it is seen, from (13) anal (14), also derivatives (∂qlv/∂h) T can be obtained
simultaneously with the derivatives ( ∂mlv/∂h) T . The m f, and qlv in Eqs. (13) and
(14) are treated as the parameters, which for a given temperature are known from
Eqs. (5) and (6). It is worth noticing here that in some cases the set of Eqs. (5) and
(6) may have more than one solution for the same temperature. These solutions can
correspond to the paramagnetic, ferromagnetic or staggered quadrupolar phases.
However, among these solutions the physical one is that corresponding to the
lowest Gibbs energy. As pointed out in the papers [24] and [25], this is the only
criterion for choosing the proper solution of the set (5) and (6).
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In order to perform the numerical calculations we must express the suscep-
tibility in dimensionless units and therefore instead of the derivatives ( ∂mlv/∂h) τ
and (∂qlv/∂h)T , rather the following quantities should be used:

Then, the set of Εqs. (13) and (14) takes the form

where i = a, b; j = a + b - i, and y = k BΤ/J is the dimensionless temperature.
After solving Eqs. (17) and (18) the dimensionless isothermal susceptibility χT per
one lattice site can be found from the formula

where χ ; , for 1 = a, b, is the sublattice susceptibility in the v-th layer, n is the
number of layers and N stands for the number of atoms within each atomic plane.

2.3. The magnetic contribution to the specific heat

Ιn the next step we will calculate the magnetic specific heat Ch at the con-
stant field h = const. The specific heat, which is the thermal response function of
a system, is defined as follows:

where by S we denote the entropy

According to the definition (21) and the formula (7) for the Gibbs energy, entropy
of the thin film can be found in the following form:
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If we substitute Eq. (22) into (20) then the magnetic specific heat per one lattice
site expressed in the Boltzmann constant units can be written as

The quantities Μ, and Qlv are given by the formulae (9) and (10), respectively.
The temperature derivatives of magnetization (∂mlv/∂y) h and the quadrupo-

lar moment (∂qlv/∂y) can be obtained after differentiating the respective set of
equations in the form (5) and (6). Then we get the linear set of equations for the
derivatives

where i = α, b; j = α + b-i  and v = 1, 2, ... , n. In order to solve the above equa-
tions one has to calculate the magnetization distribution m;, and the quadrupolar
moments q;, flrst and then to choose the physical solutions. These solutions for
m;, and q, are next treated as the input parameters in Eqs. (24) and (25). Once
Eqs. (24) and (25) have been solved and the derivatives are determined, then from
'Eq. (23) we can calculate the magnetic specific heat in the thin film with arbitrary
thickness.

3. The numerical results and discussion

The formulae derived in the previous section enable us the calculations of
the susceptibility and specific heat vs. temperature, for the film with arbitrary
thickness n (and for arbitrary parameters of single-ion anisotropy D/J and bi-
quadratic interaction strength A/J). Among many possibilities for choice of these
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parameters we will restrict ourselves to such situations which were discussed in
the paper [24], i.e., D/J = -0.7 and n = 5, as the continuation from the point of
view of magnetic response functions.

In Fig. 1, for our convenience, we recall the phase diagram obtained in our
previous paper [24] for the film with n = 5. The diagram is plotted in the co-
ordinates (Α/J, kBT/J) for fixed value of single-ion anisotropy D/J = —0.7. For
comparison, in the sane figure the diagrams for single atomic layer (n = 1) and
for bulk material (n = ∞) are also shown. We see that the thin film with n = 5
and free surfaces is an intermediate situation between n = 1 and n = οο, and the
phase diagram does not differ much from the bulk material. The lines in the dia-
gram separate the regions where the particular phases, namely: ferromagnetic (F),
paramagnetic (P) and staggered quadrupolar (SQ) are energetically favourable.
The solid lines denote the continuous (II-nd order) plase transitions, whereas the
dashed lines correspond to the discontinuous (I-st order) ones. As we can see, the
I-st order phase transitions occur between SQ and F phases as well as between
F and P. With the bold dots we marked the tricritical points, where the continu-
ous phase transitions lines meet the discontinuous boundary. The values of these
tricritical points for n = 1, 5 and οο are contained in Table.

As it was discussed in the paper [24] such a kind of the phase diagram
represents an intermediate situation between the pure BEG model (when D = 0)
and Blume—Capel (BC) model (when Α = 0). The characteristic feature is the
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occurrence of P phase at low temperatures. Sucl  P phase at higher temperatures
is replaced by more ordered one, i.e. SQ or F phase, depending on the value of Α
parameter.

The magnetization and quadrupolar moment dependencies vs. temperature
for such kind of the phase diagram were discussed in [24] in detail. Below, in
Figs. 2-5, we present the isothermal susceptibility χT vs. dimensionless temper-
ature y = kBT/J, for four values of Α parameter, representing the biquadratic
interactions. Namely, we chose A/J = 0; -0.9; -1.1 and —1.35 for Figs. 2-5, re-
spectively, whilst D/J = -0.7 = const for all figures. Such choice of parameters
gives the most interesting cross-sections for the phase diagram (Fig. 1) and illus-
trates the influence of biquadratic interactions on the susceptibility.

Next, in Figs. 6-9 we present the magnetic specific heat Ch (for h = 0)
vs. dimensionless temperature y. The calculations illustrated in Figs. 6-9 are per-
formed for the same parameters n., Α and D as for the susceptibility (Figs. 2-5,
respectively). In all ffgures (2-9) the solid curves represent the temperature de-
pendencies of either χT or Ch, whereas the dashed lines are drawn to denote the
phase transitions temperatures. Now, we will analyse Figs. 2-9 in detail.

In Fig. 2 the isothermal susceptibility XT is drawn for Α = 0 and D/J =
-0.7. The situation is then characteristic of a pure BC model (compare with Fig. 1
for A/J = 0). Ιn this case only one (continuous) phase transition is present. It takes
place between F and P phases for y = 3.564. As we expect, at the phase transition
temperature the susceptibility χT has the singularity and tends to zero far away
from this point, i.e., when Τ --> 0 or Τ —> cc.

In Fig. 3 we present the xτ dependence vs. temperature for A/J = —0.9 and
D/J = —0.7. As we noted from Fig. 1, for such parameters two continuous phase
transitions can be expected; namely, from P to F phase at y = 0.241, and from P
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to F phase at y = 2.089. At these two transition points the susceptibility diverges,
but it can be noted that the peak for lower temperature is narrower.

In the next figure (Fig. 4) we plot XT vs. y for A/J = —1.1 (D/J = —0.7).
From Fig. 1 we can see that for these parameters three different phase transitions
should appear. Figure 4 confirms this conclnsion. At first, the continuous phase
transition from P to SQ phase takes place at y = 0.253, which is accompanied by
the finite peak of the susceptibility. Then, the I-st order transition between SQ
and F phase appears at y = 0.477. however, in this case the susceptibility has
no maximum. Instead, the discontinuous behaviour is present. The last transition
(continuous) between F and P phases occurs at y = 1.749 and is of the same
character as that previously described in Figs. 2 and 3. In Fig. 4, as well as in
the next Fig. 5, we plotted two susceptibilities in SQ phase (the dashed lines),
which correspond to αn and L sublattices, respectively. As we know, the SQ phase
is characterized by the solutions m = mbv = 0 and q # q [24] and this fact gives
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rise to the appearance of two different susceptibilities. The solid curve in SQ phase
represents the mean value of these two solutions.

In Fig. 5, the susceptibility XT is plotted vs. y for A/J = -1.35 (D/J =
-0.7). For such values of parameters two phase transitions should appear (see
Fig. 1). Firstly, we have the phase transition between P and SQ phase at y = 0.223
and next, the transition from P to SQ phase at y = 1.418. Both these transitions
are continuous and are accompanied by the finite peaks of susceptibility. It can be
noted that the relative height of both peaks changes for different A/J. Namely,
when Α/J decreases, the high-temperature (right) peak decreases faster than the
low-temperature (left) peak, therefore it can become even lower than the left one.
Such situation is observed, for instance, when Α/J = —2.5. The susceptibility in
SQ phase is represented in Fig. 5 by two sublattice susceptibilities (the dashed
curves) and their mean value is shown, analogously to Fig. 4.
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Figures 2-5 illustrate the most characteristic situations from the phase d ia-
gram (Fig. 1) and show the isothermal susceptibility in three different phases, P,
F, and SQ. In the next figures we will illustrate the magnetic specific heat (for
h = 0) for the same situations as in the case of susceptibility.

Ιn Fig. 6 we show the specific heat Ch vs. j for A/J = 0 and D/J = -0.7,
i.e., the parameters are the same as for Fig. 2. The specific beat increases from
zero value at j = 0 and slightly before the phase transition temperature it reaches
a soft maximum. At T^ (p = 3.564) the jump of the specific heat is observed to
nearly zero value in the paramagnetic phase. The small specific heat remainder in
P phase can be attributed to the quadrupolar moment dependence vs. temperature
for spin S = 1. It is worth noticing here that for spin S = 1/2 (in MFA) the specific
heat in P phase is strictly equal to zero.

Figure 7 slows the Ch curve for the parameters A/J = -0.9 (D/J = —0.7)
which correspond to Fig. 3. Two II-nd order phase transitions are then observed,
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which is typical of the re-entrant magnetism phenomenon [24]. For both these
transitions the specific heat shows a jump from the lower value in P phase to
a higher valne in the ordered F phase. Then, for the intermediate temperatures
in F phase the specific heat has a minimum. By comparison with Fig. 6 we can
conclude that the specific heat in high-temperature P phase is here much greater
than for Α = 0. This remarkable increase in the specific heat in P phase is due to
the role of biquadratic interactions.

Further, in Fig. 8 the specific heat is shown for A/J = -1.1 (D/J = -0.7)
and the choice of parameters corresponds to Fig. 4. Three phase transitions are
then observed, each of them is represented b y the discontinuous jump of the specific
heat. As a rule, at each transition point the specific heat of a more ordered phase
is higher than that for the less ordered phase (i.e., with higher symmetry). The
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specific heat in the SQ phase varies quite rapidly with temperature and it has
a relatively high value. However, the SQ phase in Fig. 8 exists only in a narrow
temperature range between P and F phases. Therefore it is interesting to see what
happens when this phase extends over a wide temperature range.

Figure 9 illustrates a situation when A/ J = -1.35 (D/J = -0.7). Such
choice of parameters corresponds to Fig. 5. The SQ phase is then surrounded by
two P phases and both phase transitions are continuous from the point of view  of
quadrupolar moment. As in the previous figures, the jumps of the specific heat at
phase transition temperatures occur, moreover, in SQ phase the specific heat has
a broad minimum. Qualitatively, Fig. 9is similar to Fig. 7. Although, instead of
the F phase in Fig. 7 we have here the staggered quadrupolar phase with m = 0
but with the analogous behaviour of the specific heat. In all figures 6-9 the specific
heat in high-temperature P phase has a remarkable value due to the presence of
biquadratic interactions.

4. Final remarks

The results obtained for the susceptibility and specific heat, presented in
Figs. 2-9, concern a thin film in BEG model. However, most of the properties
discussed here should appear not only in thin fflms but also in the bulk material,
since the phase diagrams are quite similar (see also [24]). For instance, two sub-
lattice susceptibilities in SQ phase should be a general property of BEG model.
As far as we know, this fact has never been discussed in literature.

The final result for the susceptibility in the thin film, is taken as a sum
from all atomic planes. We presume that the susceptibility of a particular v-th
plane is not a quantity measurable separately. However, one has to point out that
we naturally calculate the susceptibility profile across the film, similarly to the
profile of magnetization or quadrupolar moment [24]. As far as the specific heat
is concerned, in the numerical calculations we restricted ourselves to the case of
h = 0. Formally, from our formulae we can separate the specific heat for a and
b sublattice, however we think that only a summary heat can be measurable and
therefore only such a quantity is plotted on the graphs. For all kinds of phase
transitions considered here, both continuous and discontinuous, the specific heat
changes discontinuously. We would like to point out that the specific heat of disor-
dered P phase, calculated here in MFA for the spin S = 1 case, is not equal to zero
as it is for the case of spin S = 1/2. The reason is that the temperature derivatives
of the quadrupolar moment, ∂q/∂y, occurring in Eq. (23) are not equal to zero in
the presented model.

Both magnetic response functions, i.e., XT and Ch, tend to zero when Τ → 0.
The vanishing of Ch is in accordance with the third haw of thermodynamics. Both
these functions were obtained from the same root: the Gibbs free energy of the
thin film [24]. Therefore, we can conclude from this paper (and from [24]) that the
thermodynamic properties of the BEG film can be completely described within our
method. We would like to mention that we restricted ourselves in the numerical
calculations to the region D < 0 and Α < 0. This region is the most interesting
from the point of view of discontinuous phase transitions and tricritical point
trajectory [25].
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The authors are aware of the fact that the molecular field approximation can
be treated as nonsatisfactory, particularly when one takes into account some differ-
ences for the bulk phase diagrams obtained in MFA and compared with more accu-
rate methods like cluster variational method in pair approximation (CVMPA) [22]
or Monte Carle [2, 3]. However, as far as the thin films are concerned, the appli-
cation of the latter methods is still a matter of future. Therefore, the MFA results
obtained in the present paper could serve as a reference point when more advanced
methods for the films are available.
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