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Numerical calculations are made of theoretical strength and range of
stability of a perfect uniaxially stressed crystal lattice of bcc vanadium, nio-
bium and tantalum in the framework of extended generalised exponential
potential by applying Born stability criteria. Two ranges of stability, a bec
phase and a body centered tetragonal phase are found to exist. The com-
puted values of theoretical strength and strain of bcc V, Nb and Ta agree
reasonably well with the experimental limits.

PACS numbers: 62.20.Dc

1. Introduction

The theoretical or ideal strength of a perfect crystal is defined as the strength
at which a perfect lattice becomes mechanically unstable [1]. Since a perfect crys-
tal is homogeneous throughout, it cannot become mechanically unstable till the
system lowers its total energy by spontaneously undergoing uniform deformations.
These deformations called twinning or nucleation [2] leading to structural tran-
sition from tetragonal to orthorhombic phase have direct bearing on the process
of hot superconductors. The present study, however, deals with the problem of
theoretical strength and stability of bec V, Nb and Ta under nucleation from
cubic to tetragonal phase. In fact, the theoretical strength represents an upper
bound or limit to the actual strength of the crystalline solids, therefore its cal-
culation is a problem of central importance and assumes interesting dimensions
because it is thought that the strength of some metallic whiskers or fine filaments
approach the theoretical limit. Before the development of the high-strength crys-
talline whiskers, this problem was of prime importance since the calculated values
of tensile strength [3-6] were typically greater than the experimental ones by a
factor of 100 or more.
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Currently, this problem is still of theoretical as well as practical interest
because there now exists means for obtaining high-strength crystalline whiskers
which are evidently relatively free from microscopic defects (i.e. devoid of im-
purities and lattice imperfections). In addition, the problem of calculating the
theoretical strength of perfect crystals is relevant to our understanding of many
phenomena occurring in solid state physics such as:

(1) the nature of a material whether brittle or ductile [4,7];

(ii) the definition of dislocation core radii [8, 9];

(iii) the loss of coherency occurring at particle matrix interfaces [10,11]
are the problems which involve the ideal strength of solids. Many workers [12-16]
have studied this problem of theoretical strength both for undeformed and de-
formed crystal lattices with various modes of deformations and with various forms
of interactions between the atoms. Recently, Singh [17] has computed theoretical
strength of noble metals in [100] direction by using a pseudopotential approach and
has made a rigorous estimation of binding energy. Probably, the present knowledge
of interatomic interactions in solids is still insufficient and an accurate quantitative
calculation of the theoretical strength for most of the solids is hardly tractable.

The purpose of present communication is to apply Born stability criteria [1]
using the extended generalised exponential potential (EGEP) to the problem in-
volving any kind of lattice deformation, that is, either homogeneous expansion or
contraction and interpret the results of detailed numerical computations carried

* out for bee vanadium, niobium and tantalum. The present potential [18] has earlier
explained not only the elastic and dynamical behaviour of bec V and Nb but also
of fcc Al recently. The computed values of theoretical strength and strain for bee
V, Nb and Ta agree reasonably well with the experimental limits.

2. Theory
2.1. Extended generalised exponential poteniial

The attractive as well as the repulsive components of the generalised expo-
nential potential [19] have been extended for representing their true and realistic
nature. Extended generalised form of exponential potential coupling the ¢-th and
J-th atoms separated by a distance r;; assumes the form

@n(rij) = [D/(m — 1)] [e~mo(45779)(aryy)" — m(arg)e=o(rs LW

The average interaction. (cohesive energy) energy per atom within the frame-
work of EGEP is

B (r) = [D/2(m - 1)] 3 [7mC3 779 (ar;)" — m(ary)re=a(rs=r)] | (2)
J

where m and n are the parameters which take care of electronic exchange and
correlation effects and the three-body forces such as volume forces in an alternative
and simpler form respectively, D is the dissociation energy, @« — the hardness
parameter, ro — the equilibrium separation parameter and r; is the distance of
the j-th atom from the origin given by

r; = (If + I% + l§)1/2a0 = Ljao, . (3)
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where Iy, I3, and I3 (either all even or all odd for a bec lattice) are the integers of
the position coordinates and the value of j varies from 1 to 306 atoms.

Equation (2) can be put in the form to represent the cohesive energy at
equilibrium semi-lattice constant (ao) as below

®(ao) = [D/2(m - 1)]

x |B™(aag)™ 3 Lymemmateli — mp(aae) Y LPe~%Li|,  (4)
Iilals hizls
where
B = exp(aro). (%)
The three defining parameters (@, ro, and D) of the potential require for
their evaluation the precisely determined input data of equilibrium semi-lattice

constant (ag) and bulk modulus (B) of the metals only (Table I). For evaluating
the three parameters a, r¢ and D of the potential function, the condition [19]

> [Bas(r)/dr?] =0 (6)
lilals
for the equilibrium of the crystal in the absence of external forces was employed
and executed (Table II).

TABLE1
Input data for bcc metals.

Metal | Semi-lattice constant | Bulk modulus
[x10~1° m] [x10'! N/m?]

v 1.515 1.619

Nb 1.650 1.702

Ta 1.650 2.000

TABLE II
Computed potential parameters for bcc metals.
Metal [n | m | aag o B D 70
[x101° m~1] [x10-26 J] | [x10~° m]

v 211.5]2.0989| 1.385413 |2186878 | 5.943871 1.053692
Nb 2 [1.5]2.0194| 1.223879 | 1594490 | 10.324240 1.166950
Ta 211521719 | 1.316303 | 2923407 | 7.549511 1.131066

2.2 Theoretical considerations

The present calculations are based on the theory and procedure proposed
by Milstein [13] in considerable detail for applying the Born stability criteria to
the determination of the mechanical stability of cubic crystals in the presence of
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applied forces and deformations. Therefore, only few essential aspects are men-
tioned here. For [100] uniaxial stress in cubic crystals with central interactions,
the necessary and sufficient conditions for a lattice to be in stable equilibrium are

B11 >0, Byx>0, Byj2>0, By >0, (7)
AA =By~ By >0, (8)
BB = Bll(BZZ + 323) — 2(312)2 > 0, (9)
where
6’E
Bl] - aaiaaj (10)

and E is the energy per unit cell given by

E=(1/2)n" ) ¢(r). (1)
liyls
i and j have their values ranging from 1 to 6 and n’ is the number of atoms per unit
cell. @1, az and a3 are the edges of the unit cell and a4, as and ag are the angles
between half the edges as and a3, as and a;, @) and aj respectively. The normal
stress acting on a face of the unit cell, when the cell edges are perpendicular to
each other is given by

o=t [aE]. (12)

azaz | 8ay

The force Fy acting on the crystal lattice in the direction a; is given by i.e.
uniaxial (100) expansion or contraction

OFE
ri= (5]
and the force Fy acting along a, is
8F
Fo=|—] =
2 [aaz] 0: (14)

where for a tetragonal crystal lattice

(13)

az =a3z and a4 =as=as=7/2. (15)

The moduli B;; embodied in Egs. (7) to (9) are given by (with n’ = 2 for
bee lattice)

Bu=a YLt cap) Y rls, (16)
i, (0r) niats "
d? 0
By=4da} ), zg(a—rj;; +(1/2) Y 1;51%, (17)
Nhlsls Iials
2
Biz = a1a9 E l'f’l%(;,—fsz, (18)

hials
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?¢
= 272
B23 = Qaqas IZ Izlam, (19)
1lala
where a; and @ stand for semi-lattice constants and for a tetragonal crystal lattice
2
= [Bad + (3 + B)a3] (20)

3. Computations and results

The behaviour of perfect bec crystals of V, Nb and Ta are studied for
(100) uniaxial tensile and compressive stresses. In order to compute the the-
oretical strength and stability, the condition of lattice equilibrium 8E/fa; =
8E/day; = OE[8az = 0 is satisfied at experimentally known equilibrium val-
ues of semi-lattice constants a; = a3 = a3 = a®. Under the action of force Fy
(Eq. (13)), the semi-lattice constant a; is given small increments and decrements
to make nucleation effective such that symmetrical changes in as and as satisfy
8E/Bay = OE/Baz = 0 at each stage of deformation in a;. The process of it-
eration was applied to carry out these computations and continued until one of
the stability conditions (Eq. (7) to Eq. (9)) is violated. The value of Fyf/(a})?
which the instability occurs is the theoretical strength (stress) of the crystal and
(a1" — a?)/a? is the theoretical mazimal strain, where f refers to the final stage at
which instability occurs.

For a tensile force, the edge a; will elongate and the edges az and asz will
contract such that as = as and a4 = a5 = ag = 7/2. Then, the deformed crystal
will possess “tetragonal symmetry” and bee crystal lattice transforms into body
centered tetragonal (bct) phase, as a result of nucleation of the crystal lattice.
Similarly, for a compressive force, the reverse will be the effect of nucleation. At
each stage of deformation, the numerical values of the moduli B;;, applied stress
and internal energy are calculated.

4, Conclusions

A close survey of the literature reveals that even today, there exist not enough
experimental data on a wide variety of materials, involving different modes of fail-
ure, nor there has been a sufficient number of theoretical calculations of stability,
in different modes of applied stress, to make detailed quantitative comparison
between the theoretical and experimental behaviour in particular failure modes.
Nevertheless, it is still satisfying to note that a variety of metallic whiskers have
exhibited maximum stresses in the range of about 0.17 x 101® N/m? (for Ag) to
about 1.31 x 101 N/m? (for Fe) with a corresponding strains estimated to be
about 3% to 5% [20-22].

The effect of nucleation i.e. instability in tension for the bcc lattice resu]ts
from the violation of the condition defined by Eq. (9). Evidently this relation
(Eq. (9)) becomes violated when a further increase in semi-lattice constant a; leads
to a decrease in the equilibrium stress i.e. when the lattice cannot accommodate
a further increase in applied stress.

The effect of nucleation i.e. instability in compression for the bcc lattice
results from the violation of the condition defined by Eq. (8). The violation of this
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condition corresponds to the mode of failure by which the crystal can lower its
total energy by undergoing spontaneously the following lattice deformation.

The variation of internal energy defined by Eq. (11) with semi-lattice con-
stant a; for the bcec metals under study shows two distinct minima, one for bee
phase (where stress o; becomes negative) and the other for bet phase (where
stress oy = 0). It is to be noted that the internal energy minimum (IEM) of the
bct phase is considerably lower than that of the bee phase. The unstressed (o3 = 0)
bcet phase possesses the semi-lattice constant a; = b9 and a; = b3 corresponding
to the minimum of internal energy. The values of semi-lattice constants a3, a; and
the corresponding values of the energy minima for the bcc and bet phases of the
metals studied are given in Table III.

TABLE III
Internal energy minima (IEM) and stress.
(a) bee phase
Metal a1 [A] ay [A] Minima position Stress
[10~1° J /unit cell] | [10° N/m?]
v 1.59075 1.478295 -16.991 -0.0468
Nb 1.76550 1.594449 ~24.224 -0.6077
Ta 1.73250 1.609795 -25.920 - -0.3241
(b) bet phase
Metal | a; = b9 [A] | a2 = b3 [A] | Minima position Stress
[10-1° J/unit cell] | [10° N/m?]
Vv 1.931625 | 1.338190 -17.079 0.0
Nb 2.095500 | 1.459299 -24.319 0.0
Ta 2.163750 | 1.456480 -26.069 0.0

The bct lattice fails in tension due to increased nucleation by violating the
condition Bz > 0. When this condition is violated, the lattice can lower its energy
by undergoing a spontaneous deformation wherein the angle a4 (the angle between
ay and a3) deviates from 90°.

The bcet lattice fails in compression due to increased nucleation by violating
the condition defined by Eq. (9). The violation of this condition results when
the lattice cannot support an additional compressive load i.e. when a decrease in
semi-lattice constant a; results in an increase rather than a decrease in stress ;.

It is to be noted that the range of stability of the bct phase is considerably
greater than that of the bee phase.

We now discuss below our findings for bee metallic crystals in the framework
of extended generalised exponential potential, concerning the moduli B;;, applied
stress and internal energy.
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4.1. Vanadium

Figures 1 and 2 show the variation of B;; as a function of semi-lattice con-
stant a; for V. Figure 3 shows the variation of AA = By — By and BB =
Bi1(Baa + Ba3) — 2B, as a function of semi-lattice constant a; for V. Figure 4
shows the variation of applied stress and internal energy of V as a function of
semi-lattice constant a;. It follows from Fig. 3 and Fig. 4 that bcc lattice of V
becomes unstable at a theoretical tensile stress of 0.4698 x 10° N/m? and a cor-
responding strain of 1.75% when BB < 0 and in compression, the bcc lattice of
V becomes unstable at an applied stress of —0.7466 x 10° N/m? with a strain of
1.65% when AA < 0 for n = 2, m = 1.5 and aap = 2.0989. Thus the range of
stability of V is from a; = 1.541513 A, a3 = 1.502205 A to a; = 1.490003 A,
ap = 1.527006 A.
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It follows from Fig. 4 that the theoretical strength of bct phase of V is
2.065 x 101° N/m? in tension when Byz < 0 and —0.56 x 1010 N/m? in compression
when Eq. (9) is violated; the corresponding strains being 7.84% in tension and
-5.88% in compression. The bct phase of V is stable within the range of semi-lattice
constants a; = 1.818 A, ap = 1.37624 A to a; = 2.083125 &, a5 = 1.30338 A.

4.2. Niobium

Figures 5 and 6 show the variation of B;; as a function of semi-lattice con-
stant a; for Nb. Figure 7 shows the variation of AA = Bss — B3 and
BB = By;1(Ba2 + Bas) — 2B?, as a function of semi-lattice constant a; for Nb.
Figure 8 shows the variation of applied stress and internal energy of Nb as a
function of semi-lattice constant a;. Figures 7 and 8 show that bec lattice of
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Nb becomes unstable at a theoretical tensile stress of 0.6875 x 10° N/m? and a
corresponding strain of 2.1% when BB < 0 and in compression, the bce lattice of
Nb becomes unstable at an applied stress of —~1.1017 x 10° N/m? with a strain
of 1.95% when AA < 0 for n = 2, m = 1.5 and aag = 2.0194. Thus the range
of stability of Nb is from a; = 1. 68465 A, a; = 1.633385 A to a; = 1.617825 A,
ay = 1.665341 A.

Figure 8 shows that the theoretical strength of bct phase of Nb is
2.2 x10% N/m? in tension when Bz < 0 and —0.499 x 101° N/m? in compression
when Eq. (9) is violated; the corresponding strains 8.27% in tension and -5.51%
in compression. The bet phase of Nb is stable within the range of semi-lattice
constants a; = 1.98 A, ap = 1.499948 A to a; = 2.26875 A, ap = 1.420672 A.

4.8. Tantalum

Figures 9 and 10 exhibit the variation of B;; as a function of semi-lattice
constant ay for bee Ta. Figure 11 shows the variation of AA = By — Bjz and
BB = B11(Baa + Ba3) — 2B%, as a function of semi-lattice constant a; for bee Ta.
Figure 12 shows the variation of applied stress and internal energy of bce Ta as a
function of semi-lattice constant a;. It follows from Fig. 11 and Fig. 12 that bcc
lattice of Ta becomes unstable at a theoretical tensile stress of 0.4339 x 10° N/m?
and a corresponding strain of 1.47% when BB < 0 and in compression, the bce
lattice of Ta becomes unstable at an applied stress of —0.6599 x 10° N/m? with
a strain of 1.38% when AA < 0 for n = 2, m = 1.5 and aao = 2.1719. Thus
the range of stability of beec Ta is from a3 = 1.674255 A, a; = 1.638234 A to
a1 = 1.62723 A, a, = 1.661007 A.

It follows from Fig. 12 that the theoretical strength of bct phase of Ta is
2.35 % 101° N/m? in tension when B3 < 0 and —0.785 x 101° N/m? in compression
when Eq. (9) is violated; the corresponding strains 7.45% in tension and ~5.88%
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Fig. 9. Variation of B1; and B»s as a function of semi-lattice constant for Ta.
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TABLE 1V
Computed values of Cii and Ci2 for bcc phase in
10*' N/m?.
Metal Ci1 Cia Remark

A% 1.6974 | 1.5769 | At equilibrium

1.5221 { 1.5713 | At failure in tension

1.9157 | 1.5776 | At failure in compression

Expt. | 2.280 | 1.187 | [23]

1.96 |1.33 |[24]

Nb 1.7994 | 1.6508 | At equilibrium

1.5797 | 1.6419 | At failure in tension

2.0815 [ 1.6513 | At failure in compression
Expt. | 2.46 1.34 [24])

" Ta 2.0820 | 1.9553 | At equilibrium

'1.8994 | 1.9503 | At failure in tension

2.2997 | 1.9561 | At failure in compression

Expt. | 2.609 }|1.574 |[23]

in compression. The bet phase of Ta is stable within the range of semi-lattice
constants a; = 1.98 A, ag = 1.498008 A to a1 = 2.2605 A, ay = 1.419068 A.
Finally, the second-order elastic constants (Table IV) Cy; and Ci» are cal-
culated as per Milstein [13] at the stress-free equilibrium values of semi-lattice
constant and at failure in tension and compression values of semi-lattice constant.
It is observed that in general computed values of elastic constants (C1; and Cj5)
decreases in tension and increases in compression, due to the effect of nucleation.
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