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We examine the problem of transmission of electromagnetic waves in
a multiparameter reflectionless dielectric. It is shown that it is possible to
obtain an analytic form for the phase of the exact transmission amplitude.
In the high frequency limit the exact result is found to lead to the eikonal
approximation. Interestingly, the high frequency limit and long-range ap-
proximation required for the validity of the eikonal approximation are not
independent here.

PACS numbers: 41.20.Jb, 42.25.Fx

1. Introduction

A very old and interesting problem in optics had been the specification of
the refractive index profile of a dielectric slab which is perfectly transparent to
propagation of electromagnetic waves. Here it is known for a long time that the
idealized situation of an infinite dielectric, where the refractive index varies contin-
uously, admits an infinite number of profiles with zero reflection [1]. This result is
related to the more general problem of constructing the potential from the phase
shift and/or bound state energies in one or three dimensions, a problem which is
of continuing interest [2-6].

In the present work we obtain the exact transmission amplitude for the class
of multiparameter reflectionless index profiles discussed by Kay and Moses [1]. The
exact result available in standard literature [2] are particular cases of the general
index profiles described here. In this communication we extend the scope of this
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result to include the general case involving a set of 2NV real positive parameters. It
is found that the exact phase is still expressible in terms of simple trigonometric
functions and that it still exhibits a sort of additivity.

The eikonal approximation (EA) [7,8], sometimes also referred to as the
high energy approximation, is known to be a good approximation for the elastic
scattering of a plane wave of wave number k by a potential V(z) of range a, if
|V(z)|/k?* < 1 and ke >> 1. By drawing an analogy between a potential and a
refractive index n(z) this approximation has been successfully adapted to suit a
wide variety of optical scattering problems [8]. Since the reflection is ignored in
the EA, the transmission probability is exact in this approximation. The difference
with the exact result appears only in the phase. We find that this phase can be
evaluated in the EA as well. Each term in the EA phase is noted to correspond to
a term in the exact phase. It is observed that in the limit ka — oo, the EA phase
tends to the exact phase term by term.

This paper is organized as follows. In Sec. 2 we begin by defining our no-
tation and recapitulating some results of Kay and Moses [1]. In Sec. 3 we obtain
the prescription for writing down the exact phase of the transmission amplitude.
Comparison of the exact phase with the EA phase is discussed in Sec. 4. Finally,
in Sec. 5 we conclude by summarizing our results.

2. Preliminaries

We will be considering a medium with refractive index n(z) (—o0 < z < 00),
varying only in z-direction and a plane wave of wave number k incident on it from
the left. The problem then is effectively one-dimensional. Formal resemblance of
the Helmholtz equation

‘-1%(2_‘”2 + E2n2(2)i(z) = 0 1)
and the Schrodinger equation '
& ‘b(’”) + [ = V()] ¥(z) = 0 @)

leads to the relation V(z) = k2 [1 — n?(z)]. In the following we shall use the terms
potential and index profile interchangeably.

Let us now summarize the results obtained in Ref. [1]. It was shown there
that the Schrodinger equation (2) has an exact solution

N .
u(z, k) = (1 + Z W) exp (ikz), (3)

provided that the functions fa(z) satisfy

A, exp(knz) Z exp(k ) Jo(2) + fa(z) + An exp(kaz) =0,

kn + k
n=1,...,N. 4)
The quantities A, and k, (n = 1, 2,...,N) are arbitrary positive constants.
Considering the differential operators
d?

L= Tzt (k% - V(z)] (5a)
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and
d? 2
one can see by substitution from (3) that Lu = 0 provided
My fa(z) =0, | (62)
V(z) = 2 Zf,. (z) exp(knz). : ~ (6b)

Applying M, to the left hand side of Eq. (4) one gets a homogeneous system of
linear algebraic equations for the quantities M, f,(z) whose coefficient matrix has
an inverse. The solution is therefore M, f,(z) = 0, which means that if the f,(z)
are determined by Eq. (4), it will automatically guarantee that they are the bound
state eigenfunctions with energies —k2. Furthermore, it was shown that V(z) is
negative for finite  and approaches zero exponentially as ¢ approaches 00. The
asymptotic form of u(z, k) is now easily seen to be

. ligloo u(z, k) = exp (ikz), (7a)
il g
z}lrfw u(z, k) = (1 + nz_;l Ic,,-{-ik) exp (ikz), (7b)

where we have written the asymptotic form of f,(z) as g, exp(—knz) for positive z.
The reflection amplitude is thus seen to be zero and the transmission amplitude

(k) =1+ Z » +1k (8)

is therefore of unit modulus. We will see that t(k) is independent of the constants
Anp, i.e., it is a function of k, alone. The construction given by Egs. (3) and (4)
stems out of an earlier paper of Kay and Moses [9] where the search for a suitable
function V(z) was carried out through an integral equation technique and the
demand that the complex reflection coefficient is zero.

3. Exact phase shift

Our purpose here will be to write ¢(k) in a form suitable for the extraction
of the phase. In some special situations, using the factorization method one can
obtain explicit expressions for the exact solution and therefore t(k) For example,
for the potential [2] V(z) = N(N + 1(sech?®z, t(k) is given by ny_, ik+m  Here,
of course, the potential and the exact solution are given only implicitly in terms
of the bound state wave functions which in turn are determined by the set of
Egs. (4). When only a few parameters (k;) are involved one can solve Egs. (4) by
matrix inversion and determine f;(z). For example, in the simplest case of one set
of parameters (k1, A1), Eq. (4) yields

(o)
fl(z) - 1+ [Al exp(?klz‘)/le]
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and consequently ¢(k) is given by
_ fi(z)exp(krz)]| _ k+ik;
t(k) = Jim [1 S vore ) Bl
Therefore, the phase ¢ is simply 2 tan—!(k1/k). In a similar manner, it is not very

difficult to see that in the cases involving two or three parameter sets (k) assumes
forms

t(k) = [(k + iky)(k + ik2)] / [(k — ik1)(k — ik2)]

and

t(k) = [(k + ik1)(k +ik2)(k + 1k3)]/[(k — ik )(k — k) (k — iks)]
respectively, so that the corresponding phases turn out to be additive in terms
involving the parameters viz. ¢(k) = 2Z?=1 tan~1(k;/k) and ¢(k) =
252 | tan~1(k;/k). We will now show that in the general N-parameter case
(k1...kn), t(k) is given by

k + 1k
i(k) = = . 9)
The right hand Slde of Eq. (9) is a meromorphic function with precisely N simple
poles at k = ik, and N simple zeros at k = —ik, (n =1,..., N). We can therefore
use a theorem [10] which enables one to expand a meromorphic function into a
sum of the principal parts of its Laurent expansions at all finite poles and an entire
function. Thus,

N )
k+ 1k,
11 ik, E L +h(k'), (10)

where h(n)’s are the re51dues at the poles and h(k) is an entire function whose
value at infinity is seen to be one. Hence, by Liouville theorem, h(k) is constant
with value 1 everywhere. We now compare the series

N .
k + 1k, n
—— =14 - 11
n=1k_1kn n=1k“‘1kn ( )

with the series given by (8) for ¢(k) and note that the two series are identical if we
can prove that g, =ih,. Since Eq. (11) has zeros at k= —ik,, we find

hy
1+1Z:,c T F =0, m=1,...,N, - (12a)

whose solution is uniquely given by
hn=—=i (M Yam (12b)
"

= +k . On the other hand, the
gn are determined by Eq. (4). Multiplying the n-th equation in (4) by exp(—kyz)
and allowing £ — oo we find

gn _
1+;k”+kn_o, n=1,..,N. (13)

with the real symmetric matrix M defined by M;; =
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We see that g, and ih, are unique solutions of the same equation and therefore
they are equal. It remains to show that the matrix M has non-zero determinant
and therefore has an inverse. We introduce a matrix

— e(km+kn)z

mn='—'_km+kns

so that My, = ~mn|,~,=o. Let y, (n =1,...,N) be a set of real numbers. Then
T

> om3vn = [ 3 ym exp[(bm + bn)elndz
m,n -

® m,n

r
=/ |Zymek"‘”|2d:c >0

—00 m

for all z. The equality sign holds only if all the y, are zero. The matrix M and
therefore M also has no eigenvector with zero eigenvalue and hence M~1 exists.
Equation (9) holds in general.

From (9) one immediately finds the exact phase to be

N
$=2) tan~'(kn/k). (14)
n=1

A sort of additivity may be observed here, i.e., gny1 = ¢n + tan~ (kn41/k), N
being the exact phase for the profile with N parameters k.. At present the signif-
icance of this additivity is not clear to us. ’

4. The eikonal approximation

In the EA the phase shift is a linear functional of the potential. It is given
by the formula {7, 8]

o0
dea = —(1/2k) / V(z)de, (15)
—-C0
which with the help of Eq. (6b) can be expressed as

N . N
bua = —(1/k) Y Fa(@) exp(kn)lemco = —(1/) D 0n-

n=1 n=1

To find 3, gn, we use the formula

N k+ik, =1+§: gn
oot k flkn oyt kn+ik

Multiplying both sides by Hﬁ;l(k — iky) and equating the coefficient of kN=1 we

get
zgn = —2an.
n n

Thus ¢ra becomes

N .
$Ea =2 (kn/k). (16)
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This phase may now be contrasted with the exact phase (14). Clearly the EA can
be viewed as a k1/k — 0 approximation for such dielectrics. Here it is assumed
that k1_ >ko>ks...kn >0.

To understand the meaning of the limit k;/k — 0 more clearly, let us turn
our attention to the nature of the index profile. The index profile for N = 1 is
given by [1],

n2(z) = 1 + 2(k3/k?)sech® k1 (2 — o), (17)
where k; is related to the range a; of the potential via the relation a; = 1/k;.
Defining oy = ka, as the size parameter, the refractive index at z = x¢ is given
by

[n*(20) — 1] = 2(k3/k?) = 2/0i. (18)
Clearly the EA can be viewed here either as a; — oo approximation- or
|n(zo) — 1| — 0 approximation. It may be noted that the index profile (17) is
a special case of the general index profile [11],

' A\ = 1)k} '
n?(z) =1+ ——(—?—)—Lsechzkl(:c — z0), (19)
which becomes reflectionless for integer values of A. The validity of the EA for
the profile (19) requires two independent conditions because of the presence of
strength variable A.

As the phase in the EA is a linear functional of the potential, the result (16)
suggests that in the N-parameter case the potential may be looked upon as a

superposition of N one-parameter potentials. But clearly this is true within the
EA only. '

5. Conclusions

For a multiparameter dielectric of the class considered here, we find that:

(1) the exact phase is expressible in terms of simple trigonometric functions.
This phase is found to exhibit a sort of additivity. Each extra parameter k,, in the
potential introduces only one additional term, 2 tan~(k, /k), in the phase. In this
paper parameters of the index profile are not restricted to natural numbers.

(if) A comparison of the EA phase with the exact phase shows that the
EA may be interpreted either as high frequency or, what amounts to the same
thing, a long-range approximation, (k/k1,...,k/k,) — oo approximation, or as
[n(z) — 1] — 0 approximation. '

(iii) In this validity domain of the EA, the N-parameter reflectionless poten-
tial may obviously be viewed as a superposition of N one-parameter reflectionless
potentials.
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