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1. Introduction

There are many possibilities of describing physical systems. Here we use
Hamilton’s formalism. This formalism is used in all the problems of celestial me--
chanics, in which the potential forces fulfill some general conditions. Here are some
examples of such problems:

— The motion near any libration point in any restricted prablem;

— The rotational motion of artificial and natural satellites with the condition
that they are rigid bodies;

— The m_btion of the planets and asteroids.

Let us consider a Hamiltonian system, which has n degrees of freedom. Let
4= (a1, @), P=(p1,---,pn), =" =(g,p),
H = H(z)

denote canonical variables, and a time independent Hamiltonian. Let us introduce
a matrix J, which consists of 2n rows and 2n columns.

0, E,
- En on

where 0, and E, are null and unit matrices, respectively. Hamilton’s equations of .
motion may be written in the following way:

de O0H
D = J 1
dt Jaz : o)

J=-JT =

(467)
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We assume that this system has an equilibrium position 2", i.e.
O0H

—(z") = 0.

Oz

One can assume that =" = 0. This can be achieved by using a canonical transfor-
mation — the linear translation

c=a" 4+
to move this point to zero. If one assumes the analyticity of the Hamiltonian func-

tion at this point one can get, by the expanding the Hamiltonian into MacLaurin’s
series about the canonical coordinates,

H=Hy+ Hs+ -+ Hut--, 2)
where H,, is a homogeneous polynomial of order m in the canonical variables.

Equations (1) are, apart from a few particular cases, nonintegrable. More-
over there is no information about qualitative and quantitative solutions of this
system. A very useful way to overcome these difficulties is a treatment called the
normalization procedure. It is based on simplification of the terms in the Hamilto-
nian (2), using canonical transformations. After some steps of this procedure one
can: :

— establish the stability of the equilibrium position,

— find the approximate, analytical solution of equation (1),

— find the periodic and quasiperiodic families of the solutions,

— establish the initial conditions of the asymptotical solutions, which tend to
the equilibrium position.

The aim of this paper is to formulate a general algorithm for the first step of
the normalization procedure (called the linear normalization), which includes all
possible Hamiltonian functions in the case of two and three degrees of freedom.

2. Normal forms

The whole normalization procedure depends very strongly on the Hy term,-
so it is very important to simplify it as much as possible. It is the first step of
“this procedure. In order to do that let us take the Hamiltonian system with the
function H = Hj [1]. The Hs term is of the second order in z, so one can write it
in the following way:
1

Hy=aThe, | - (3)
where .
8%H
h= e

is a symmetric 2n x 2n matrix. Hamilton’s equations of motion for this system are
linear

z = Jhz. ‘ (4)
. Let us now find the linear transformation ‘ _
z = Ny, : (5)
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which is the canonical one

N'IN=1J, ' (6)
and transforms (3) into the normal form
» 1 .
Hj = '2"yTh*?/- ()
Using the equations given-above one gets the condition for the N matrix
NJh* = JhN. : (8)

This means that the matrices Jh and Jh* are similar to each other. Let us notice
that the normal form (7) and N depend on the structure of the matrix Jh. The
greater the simplification of Jh the more simple will be the resulted form of Hs.
The most effective way to do that is to find the transformation, which transforms
this matrix into Jordan’s form (more general theory about Jordan’s forms [2]).
Generally this transformation does not have to be the canonical one, so we look
for the matrix IV in the following form:

N = AB,

where the matrix A transforms the matrix Jh into Jordan’s form, and B completes
A in order to fulfill the condition (6). Let us consider now the practical using of
the process given, ahead of looking for the normal forms. We look for the matrices,
which transform Jh into their simplest form. It is convenient to divide our problem
into two parts. In the first part we consider all the Hamiltonian functions Hs, for
which Jh can be diagonalized, and in the second part the other ones. This division
is very important, because the process of looking for the normal forms in these
two cases is different. :

2.1. Case of simple elementary divisors. -
In this part we consider all those Hamiltonians, for which the matrix Jh can
be transformed into a diagonal form.
2.1.1. Way of constructing the matriz.
If e; and eg4n are eigenvectors of the matrix Jh:
Jher = Apeg,

Jhek+n = —)\kek+n, k= 1, N (N
then the matrix A is constructed in the following way:

A=[e1,...,€n,€nt1,---,€2n)]. (9)

2.1.2. Structure of the matriz ATIA
Let us put the term N = AB into the condition (6)
BTATJAB=1.
" Let us consider the structure of the matrix AT JA, which is interesting because of
the way of construction of the matrix A. Let us denote

F=ATJA.
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J is a skew-symmetric matrix and due to this fact the matrix Fis also skew-symmetric.
Transforming both sides of the following equation:

el J’he; = e} hJ? ey,
- which is true for any e; (because J? = —E», and the matrix h is symmetric), one
gets o
el I’he; = JTh erJer, el JThe; = —JhepJe;.

e are eigenvectors of the matrix Jh, so one gets

e;fJ/\lez = -—/\k el Je;, /\ze%'Jej = =X e;‘:Jez
These equations may be written in the following way ‘

Qe+ M) fui =0, fu=etfJe. ' (10) -
From this equation fi; = 0 in the case when

. Ap # =

Knowing the structure of A and the conclusion given above one can write

F=| O I

~F 0,

where F}, is a diagonal matrix, with elements fir = e;fJ ex4n. None of these
elements is equal to zero, because

det F = det AT detJ det A = (detA)? # 0,
since the matrix A consists of 2n eigenvectors (linearly independent).
2.1.8. Normalization matriz

The construction of the matrix B is the next step in the above algorithm.
This matrix, multiplied by A, gives the symplectic transformation. Let us assume
that B = F»,. We have assumed nothing about the length of the vectors e; and
€k+n, 50 it will be true that o e and a4, €x4n are also eigenvectors of the matrix
Jh. Let us write A in the following way: ‘

= [o1€1,..., %€k, ..., Xk tn€hin, .-, ¥2n€2n] (11)

and let ax = ag4pn. Then the condition (6) transforms into the following equation:
a%e{JeHn =1, (12)
where k = 1,...,n (the left-hand side of this equation is not equal to zero, as

shown earlier). Solving Eq. (12) one can find the a3 values. Then multiplying the
k-th and the (k + n)-th vector by proper ay values one gets the matrix IV, which
defines (by the relation NThN = h* following from Eqs (6), (8)) the normal form
of the Hamlltoman

Z’\J-’/J%M . (13)

It is easy to notlce this is the complex normal form, because generally }; is com-
plex (and also z; is complex for j = 1,...,2n). This form is much 51mpler and
conveniént for the next step of the normahzatlon procedure than the real one.
However, the Hamiltonian is real and after normalization we would like to get the
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real normal form. Such a form may be obtained from Eq. (13) by a standard, linear
canonical transformation @' (Bruno [3]) This transformation is the reason for
another condition, which the matrix N has to fulfill. This condition will be fulfilled
if ef Jeg4n > 0 for real A or Im(ef Jex+n) < 0 (Im means here the imaginary
part of the product) for imaginary A;. One has to exchange A\x with Mgy, and the
k-th and (k + n)-th column of the matrix A, when any of the two products has
the opposite sign. By doing that the normal form (13) is the complex notation of
the real normal form [1, 4].

2.2. Multidimensional Jordan’s bozes

Let us consider now the second part of the problem. We look for the matrix N
in the following form: N = A B (as before). Also as before the matrix A transforms
Jh into Jordan’s form and B completes A, in this way the transformation defining
by N is the canonical one.

Let us introduce some notation. Let the symbol e denote the columns of the
matrix A and the eigenvectors or adjoint vectors of the matrix Jh. The subscript
of e indicates the position of the column of the matrix A. The superscript defines
the connection of the adjoint vectors to the eigenvector with the same subscript.
It is obvious that the eigenvectors of the Jh matrix have only one symbol — the
subscript. Let us denote e; as a vector connected to the eigenvalue A;, and e;y, to
the eigenvalue A;. In the case of the elementary divisor A2(H+s1) (there are 14 2s;
of adjoint vectors) we rewrite the last group of equations in another form. Let us
assume that e}, is the (s; + 1)-th adjoint vector, e, is the (s; + 2)-th one
and so on. Thus

Jheyyn = ef_l_sl,

! _
Jher ny1 = €psit1

Jhe§+n+,l = e§+2,l.
Finally A may be written as follows:
A= [el,...,ez,ef_H,...,e}_l_,x,...,e1+n,egizﬂ,...,_e;iz_l_“,...] . (14)
Let B = C~!, where C transforms the matrix Jh* into Jordan’s form. Thus we
can write
BJh* = GB
(G is Jordan’s form of the matrix Jh* and Jh). It is easy to find the general form
of the matrix B, because one knows all Jordan’s forms and the normal forms of
Jh. Then one can find the elements of the matrix B by using the condition (6)
and the fact that the matrix N has to be real. Let us consider now the problem
for three cases, when all the eigenvalues of Jh
1. are equal to zero,
2. are real and different than zero,

3. are imaginary.
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These three cases describe all the Hamiltonian functions, which are contained in
this section.

2.2.1. Figenvalues equal to zero

Let us consider now only such Hamiltonian functions, for which the matrix
Jh has only vanishing eigenvalues. This problem has been solved by Sokolski [5].
Based upon that paper one has:
Two degrees of freedom A
There are the following normal forms, if all the Jh values are equal to zero.
These forms depend on the order of the matrix h: :
1. H3 =0 if dim(h) =0,
2. H} = %519{2 §==1 if dim(h) =1,
3. Hy = —;—511);2 + %521);2 61 =6, =1 if dim(h)=3,
4. Hy = 26p32 + gips 6=+1 if dim(h) =4.
The difference between Sokolski and our fourth relation follows from the fact that
the basic material on which this paper is based on is Briuno’s paper. In that paper
for the pair of elementary divisors A, where [ is an odd number, H3 is given in
the following form: '
-1
Hy =€) yiYjsrnt1.
’ j=1
For the elementary divisor A%
-1
1
Hy =€) 4i¥entr+ 50u1-
j=1 ,
One can assume that € = 1, because € is any complex number.

At the beginning let us consider the third and the fourth case.
Case 3

If
Jh61 = 0, Jhez = €y, Jh63 = 0, Jh64 = e€3,
then
[ 0 fiz 0 O
Fe —fiz 0 0 0

0 0 0 faa |’
0 0 —fsa O
where fia # 0, fas # 0, because fZ,f2, = det(F) = (‘iet(A)2 # 0, and
‘ [ 5, 0 b3 0
0 0 &b O
0 b 0 by
Lo o 0 6
From the condition (6) one gets
5163 f12 =1, 62blfaa=1.

B =
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Assuming, for simplicity, bg = by = 0 one gets

N[ bie1, bze3, b1bies, babred ] )

where
—-1/2 —-1/2 -

by = (el Jey) / , by = (ed Teq) 1/2, 81 = sgn(e] Jes), 6> =sgn(ed Jes).
Case 4

Let .

Jhey = 0, Jhes = ey, Jhez=es, Jhey = es,
then

0 0 0 fia
Fo 0 0 —fia O

0 fia 0 fa

L —fia 0 —f3a O

F is a non-singular matrix so fi4 # 0. The B matrix in this case can be written
in the following form:

[ b1 by b3 by

by 0 &by —bs

0 0 &by —6by |’

0 0 0 —6by

and the condition (6) is fulfilled if
—bbsbafra =1,

b1by fra — 26babs fra — babafza = 0.
Assuming that b; = 0, we have

B =

N[ boez, bier, bbres+ baey, —55264—5362]
and ‘ ! '

T
_ _ T _ -1/2 _ bregJey
b4 = 0, 6= —sgn(el J€4), b2 = (61J64) , b3 = m.

The first case is omitted, because it was described in the preceding section. It
is useful to notice that if dim(h) = 4 then Hj is already written in the simplest
form. So the process of simplification is not needed in this case. The second case
is omitted, because it is a combination of the first and the third one.

Three degrees of freedom
There are eight different normal forms for this number of degrees of freedom.

Hy =0 if dim(h) =0,

Hi = %61)’{2 if dim(h) =1, where § = =1,

. HY = %611){2 + %621}52 in dim(h) = 2, where §; = 63 = %1,
Hy = 16pt% + ¢tpt if dim(h) =3, where 6 =1, or

. Hy = 16:p}% + L62p3? + 163p3?, where 6) = 65 = b3 = %1,
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6. Hi = qips +qsps if dim(h) =4, or
7. Hy = 361957 + qaps + 502p3%, where 6, = 65 = £1,
8. Hj = qip} + q3p3 + $6p5*> if dim(h) =5, where 6 =%l
At first let us try to find the normalization matrices only for the 6-th and 8-th
cases.
Case 6
For this case we have the following equations:
Jhe; = 0, Jhes = ey, Jhes =e3, Jhes= 0, Jhes = e4, Jhes = es,
o)
0 0 0 0  fis |
0 fas 0 —fie fi
—fis 0 fie —f fas
0 —=fis O 0 0
0 fie  fie O 0 fe6
| —fie —fe —fas 0 —fs6 O
and fi6 # 0. Looking for the matrix B, according to the algorithm one gets

by by b3 bs b5 b
by b3 0 0 —bs —bs
bs 0 0 0 0 b4
bio bg by b7 by b1z
5% 0 0 0 0 b

O O O O

- The normalization conditions can be written as

bzbs fis — babo f16 = 1,

~2b2bo fig — 2b3bs fa6 + 2babs fis — b3f23 — bofss = 0,

baby fi + babafoz + b11b3 fie + brbs fas + babs fie — bsbofre — babefas
+b7bo f56 = 0,

2b5b7 f16 — 2bsbo fas — 2babiafis — b fas — b fse = 0,

brb1 f16 + brbafas + bab11 fis + babafos + bsbs f23 + bizbafis + bi1bafae
+b7b3fag — babiofie — babsfie + babsfas + bsbrfse — bebofre + bobafas

—babo f3s + b11be fs6 = 0.
Then by assuming (for algebraic simplicity) bg = by = bg = b12 = 0,
b1p = b11 = 0 one gets

by = 1, b7=i, by = —b3fos b = b3fo3 be = b7 fs6

fie 2= fis ® 7 2f6’ 5—2f16’




bro = bgbs f16 — bgbr fs6 — babr fos — bsbs fos — brbs fas
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Case 8

In this case
Jhe; = 0, Jhe; = €1, Jhez = e3, Jhes = e3, Jhes = eq, Jhes = es,

SO

o O O O

0

| —~fi6

bz f16

[ bie1 +baes + baes + bges |

bze; + bzey
bze;
b7e4

bse; — bres

bres — bsey

0 0 0
0 0 0
0 0 fis
0 -—fis O
Sis 0 fa
0 —fs O

0
—fie
0

—fas
0

—fs6

fie
0

f36
0

fse
0

The element fi¢ # 0, because the matrix F is non-singular. The matrix B for this
form is the following:

by
b2
b3
0
0
0

b2
b3
0
0
0

0

bs by bs
0 &b —by
0 &by —6by
0 6bs —dby
0 0 —6bs
0 0 0

The condition (6) is fulfilled when
6bgbsfie = 1

26b3by f16 + 6b3bs fas — dbabafie =0,

baba fas + 26b2bs fi6 + 26b3bs fi6 + baba fse — 2b1bafag — bib1 f16 = 0.
Assuming bs = 0 and by = 0 one gets

bie1 + baes
baez
b382
Sbreq + Sb3ey

bse]_ - 66183 - (5b3€5

| —bses + 6bieq + Sbzes, |

be |
—bs
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where
o _ -1/2 _ —Jaebs
6 =sign(fie), ba=(f16)""'", b1 = —7—,
2f16

bs = b1b1 f16 + 2b3b1 f36 + b3bs fss
, 26 f16b3
We do not consider other cases, because they may be reduced to combinations of
the previous cases.

2.2.2. Real eigenvalues .

For the pair of elementary divisors (A* — )" and (A* + ), where ) is the real
eigenvalue, the normal form given by Briuno [2] may be written in the following
way:

| -1
Hy =2 Zyjyj+n + Ezyjyj+n+1- ‘ (15)
i=1 j=1 -

Let us consider only two cases. In the first one

Jhe1=/\161, Jh€2=/\162+61, Jhe3=—/\1€3, Jhe4:—-/\1e4+e3,

and so
[0 0 0 fia
Fe 0 0 —fia  faa ’
0 fia 0 0
| —fia —faa 0O O
[ b1 b O 0
B= b 0 0 0
0 0 b3 b4
0 0 0 b
From the condition (6) it follows that
—f1absby = 1,

—b1b3f14 — babsfra — faababz = 0.
" Now let b = 0, then

by = (fi) ™%, S =sgn(fia), bs=—6(f1a)""2, by

The matrix IV may be written as

_ faabs
—fia’

N= [ bzez, bye;, bzes, bsez —bzey ] .
In the second case

Jhel=)\161, Jh82=)\1€2+61, Jh63=/\163+62,

Jhey = ~A1e4, Jhes = —Ajes+ e4, Jheg=—A1es+ es5,
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SO
[ 0 o0 0 0 0 fie |
0 0 0 0 —fisc fos
Fe 0 0 0 fie —f fas
0 O —fis 0 0 0
0 fie fas 0 0 0
| —fis —fee —fas 0 0 0

and fi6 # 0. The matrix B may be written in the following way:

(b by B3 0 0 0
by b5 0 0 0 0
Bt 0 0 0 0 0
0 0 0 by bs b
0 0 0 0 —bs —bs
[0 0 0 0 0 by |

The transformation matrix fulfills the condition (6) if
babaf16 =1,

baba fi6 + b3bs fig + babafas = 0,

babi fi6 -+ b2bs fie -+ baba fas + bebafie + bsbafas + babsfas = 0.
One can assume for algebraic simplicity b; = b5 = 0, then

1 _ ba(f3s/ fi6 — fae)

b3='—'—; b4=1; b2='—_b3'1f2—6) b6

fis fis fie

and
N=[b262+b363, boey + bses, bsey, bses, —bses, b4€6+b564]

2.2.3. Imaginary eigenvalues

In this section we consider the pair of elementary divisors (A* — A)' and
(X* 4 A)!, where ) is the imaginary eigenvalue (A = if). The normal form for this
case, given by Briuno [2], is the following:

!
L1
H; =58 D (Uivi41-j + YignYirnti-j)

i=1

=
+56 > (Wivi-j + YititnYitnti-i)s - (16)

Jj=1
where § = £1. Let us consider (like for the real eigenvalues) two cases: when [
is equal to two and three. The matrices F are the same like in the case of real
eigenvalues. It is worth noticing that for I = 2 the element fi4 is the real value,
and foq the imaginary one, but if I = 3 both fi6 and fzs are imaginary and fas
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is real. Let the power of elementary divisor be equal to two, and let the matrix 4
be constructed according to the recipe described at the beginning of this section.
Then
by by —ibby —ibby
ibg - 0 0 6b2
bs  bio 16byo  16bg
—ib1o 0 0 8byo .
The normalization conditions have the form
26bsbiofra =1,
26b1b10f1a + 26b2bg f14 +126b10ba f24 = 0.
So the matrix N is given by

bier +ibges + bgez —ibypeq

B =

NT = 17.261 + bu?ea ,
—idboes +1ides
—-i6b1 €1 + 6b2e2 + i6bg€3 + 6b1064
where
_ i
b= Sgn(f14), by =b1o = (26f14) 1/2, b1 =bg = L 2f24
- 2f1a

and
e3 =¢€1, €e4=¢3.

The straight line over e; means the coupling of the vector. For I = 3
[ b b bs —ifby —ibby —ibb; ]
by ibs 0 0 6bs 8by
—bs 0 -0 0 0 16b3
b1o bao  bar  16bay  ibbao  ibbi1g
—ibgg —ibgy 0 0 6ba1 6b20
| by 0 0 0 0 —ifby |

The condition (6) is fulfilled if v
—216bg1b3f16 =1,
—216b21b2 f16 — 210b20b3 f16 + 26b3b21 f26 = 0,
—2i6b21b1 f16 — 2i8b2obs f16 — 216b19b3 f16

v+25bzbz1fze + 26bggb3 fag + 216b3ba1 fae = 0.

Finally
[ biey — baes + ibses + brges — ibapes — bareg |
baey + ibges + boges — ibozes
NT = bses + bares
—16bse; + 16bg1e4
—18boey + Sbzey + 16bygey + bores
| —idby eq +18bzes + Sbyeg + 18by1geq + Sboges — 16baieg |
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and
6= sgn(Imfls), by = bgy = (2Im(f16))—1/2 ,
b=y = bs fa6 by = byo = ib3 fag + 1.5b2 f26

- 2if16 ’ - 2if16

e4=€], e5=ey €es=e€3.

Like for the real eigenvalues these two cases are sufficient to get the complete
solution of the Hamiltonian function, for which the Jh matrices have degenerate
eigenvalues.

3. Conclusion

None of the above ways of finding N matrices depend upon the number
of degrees of freedom. One can easily find, using the algorithms described in this
paper, the transformation matrices for any Hamiltonian (fulfilling the initial condi-
tions) with any degrees of freedom. It is enough to construct the B and F matrices
for such systems of the elementary divisor (according to the properties of the Jh
matrices), which we have not considered in the case of two and three degrees of
freedom.
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