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The three-band Emery model, describing the holes in the CuO;- planes
of the high-temperature superconducting oxides, is considered. The model in-
cludes the direct oxygen—oxygen hopping integral ¢5,. The exact Bogolyubov
transformation is used to exclude one oxygen band and obtain a two-dimen-
sional Anderson model. Afterward, the effective Hamiltonian is obtained by
eliminating the second oxygen band with the use of two approximate canon-
ical transformations. The effective Hamiltonian describes the spins residing
on the copper sites and interacting through an indirect interaction Jsx(R),
where R is the distance between two copper ions. Jsx(R) depends on the
doping rate § and is a decaying function of R. Numerical results for Jsx (R)
are given for different doping rates § for the case of parabolic bands. The
obtained interaction Jsx (R), when added to the original antiferromagnetic
interaction (present in oxides at § = 0), might lead to a frustratlon of the
long-range antiferromagnetic ordering upon doping.
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1. Introduction

It is now generally accepted that due to a short coherence length along the
c-axis, the basic physics of the high-temperature copper oxides may be considered
as restricted to the CuQ, planes, at least in the first approximation. The very
beginning approaches for studying the electronic structure of the CuO, planes
were restricted to effective one-band Hamiltonians, i.e., the Hubbard [1] and the
t-J [2] models. After more decisive experimental results had become available, it
became clear that one-band models were not sufficient to capture the richness of
physical phenomena that were taking place in the cuprates. Emery [3] proposed to
use the so-called three-band Hubbard model for describing the electronic structure
of the CuQ, planes. A

In this paper we study the Emery model of the CuQ; planes with the direct
oxygen-oxygen hopping ¢y, # 0. Since there are two oxygen atoms in an elementary
cell, there are two oxygen bands. By performing the Bogolyubov transformation,
we decouple one oxygen band and end up with the one-conduction-band Anderson
model. To derive the effective Hamiltonian Heg, we apply two canonical transfor-
mations. First, the Schrieffer and Wolff (SW) [4] transformation is used to eliminate
the hybridization between copper and oxygen orbitals. A second transformation is
used to obtain the long range interaction between coppers. As a result, Hem [Eq.
(13)] may be written as a spin Hamiltonian containing only the localized copper
spins with the indirect RKKY-type interaction Jsx(R), where R is the separation
between two copper ions. We show that Jgx(R) strongly depends on a doping rate
of the CuO; plane, §. We argue that the derived interaction Jsx(R) should be
added to the original antiferromagnetic (AF) interaction already present in the
parent compounds, i.e., in those with 6§ = 0. Since Jsx(R) becomes stronger with
increasing doping rate &, then the disappearance of the long-range AF ordering
upon doping might be due to the increased strength of Jsx(R).

The paper is organized as follows. In Sec. 2 the three-band (Emery) model
is introduced, one oxygen band is decoupled from the problem, and the effective
Hamiltonian is derived with the use of two canonical transformations. Section 3
presents numerical values of Jsx(R) calculated for different doping rates é for the
case of parabolic bands. Section 4 discusses the obtained results and presents the
final conclusions. '

2. The physical system

The two-dimensional three-band Emery model {3] is believed to contain the
essential ingredients of the electronic structure of superconducting oxides, at least
in the first approximation. The model includes the dy2_y2 orbitals of the copper
ions located at sites R; of a two-dimensional quadratic lattice (with the lattice
constant equal to @), and the p, orbitals centered at R; + az/2 (p, = pr) and at
R; + ay/2(ps, = py). We assume the lattice constant a to be the unit of length,
i.e., a = 1 from now on. With a suitable phase convention [6], the Hamiltonian of
the Emery model may be written as '

H=(ea— ) ) nio+ (& — 1) Z(”ﬂ@/z,a + 0 iy2,0)
i,o i, o
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where €4 (€p) is the local-orbital energy level for the copper-dgy2_y2 (0Xygen-py)
orbital, Uy (Up) is the copper (oxygen) Hubbard coupling, and p is the chemical po-
tential. The corresponding fermion annihilation and creation operators are denoted
d; s and dT for the dy2_y2 orbital centered at R;, while p;1a/2,0 and pHLO(/2 - Sym-
bols are used for the corresponding p, orbitals (a = z or y). Finally, the last two
terms in the Hamiltonian describe the copper—oxygen and oxygen—oxygen hopping
processes with the hopping amplitudes ¢,4 and ¢,,, respectively. Now, the oxygen
fermion operators are transformed to the Fourier space

1 . n
Pita/2,0 = i Zexp[—lk' (R; + a/2)]pa,k;o. (2)
k
The result is

H= 3, D €,koP kP uka+(€d—ﬂ)2"w+UdZ",r" 1
v=1,2 k P
t
v 2 2., g il o + 1), (3)
1/ 1,25 ko

where the two oxygen bands (with the indices » = 1 and v = 2) have been obtained
instead of the original oxygen orbitals p, and p,. The oxygen band quasiparticle
energies and the hybridization coefficients are given by

€y ko = (ep — 1) — 4tpp(=1)" sin(ks/2) sin(ky /2), (4)
and

¥,k = V2lsin(ks/2 + (—1)" sin(ky /2)], (5)
respectively, and N is the number of lattice sites in the system. We have neglected
the Coulomb repulsion on the oxygen orbitals, i.e., U, = 0. This is justified for a

low number of doped holes. To simplify the calculations, we perform a Bogolyubov
rotation given by

\

Cho =T Mp®ho (©)
where

ck)U = [clwk;a’ czyk;U]T’ (7)

d’k,a = [¢1,k;ay¢2,k;a]T, (8)

ﬁc = ’7’f’k + 7§,k = 4[sin?(kz/2) + sin®(ky/2)], (9)

and the matrix M is given by

Mkz["l.k 72:’0]. (10)
Yo,k ~T1,k
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The Hamiltonian (1) is transformed to

H= Zekqsf Okt (ea—u)znmﬂLUdzn fandy

Z(yelka d,a+Hc) (11)

z,ka’ ’

with _
€ = €p + 4tpp|sin(ks/2) sin(ky /2)], (12)

and ¢p = ¢1,k-a’ i.e., the second oxygen band, ¢2,k;a’ gets decoupled from the
problerﬁ. From Eq. (11) we conclude that our problem has been reduced to the
Anderson lattice model with a single conduction oxygen band. To derive the effec-
tive Hamiltonian H.g, we apply a two-step procedure involving two approximate
canonical transformations.
o The Schrieffer-Wolff (SW) [4] transformation is used to eliminate the hy-
bridization terms.

e The usual canonical transformation [5] is used to obtain the magnetic inter-

action between the copper spins.
The approach we have followed up to here is similar to that considered by Ihle
and Kasner [7] but they used a single fourth order canonical transformation. The
effective Hamiltonian reads

Hew = (ca =) 3 o + 3 Jox((Rs = Ri1)S; - 5y, (13)

’ g 1]

where Jsx(IR — R;|) is the RKKY-type interaction between two spins being at
copper sites i and j, respectively. Jsx(R) is given by

7\’ cos[(k— K
Jsx(R) = (2N) ,%"’“ET—Q:TE]” (14)

where R = |R; — R;|. In terms of the fermion operators, the spin operators S; are
defined as )
S,‘ - 5 Z dI,TUT’Tldi’TI, (15)
© T,
with o being a vector built up of the Pauli matrices. The constant J = 4t2,Us/[(Us+
€4 — €r)(€a — €r)]. Due to the presence of the occupation factor

1, if e <er,
0, if €L > EF,

ng = (16)
the expression for Jsx(R) may be further simplified yielding
2 '
Tex(R) = o0 / dk, dk / aky ap, SkeR)cos(BaR) -y
327ty kek<£F € — ek'

where BZ denotes the integration over the Brillouin zone, £}, = | sm(k,, /2) sm(ky /2)|,
and e is the Fermi energy. From Eq. (17) it follows that Jsx(R) is concentration
dependent. Such a dependence comes through the doping dependence of the Fermi
energy e€r(6). In the next section we present the numerical results obtained with
the use of Eq. (17).
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3. Approximate evaluation of the indirect magnetic interaction

The accurate numerical calculations with the use of the full band structure
will be presented elsewhere. Here we give the approximate estimates of

Jsx(R) obtained under the assumption of parabolic bands. The band energy
is approximated by

. . 1 - |
sin(ks/2) sin(ky /2) ~ 5=k, (18)
and this gives
J2 kr Emax , 1, Jo(ER)Jo(k'R)

where kmax = 2/7 and Jp is the Bessel function of zero order. For the numerical .
~ calculation we have chosen the values of the parameters used for the copper oxides,

ie., tpg = 1.35 €V, tp, = 0.65 eV, Uy = 8.0 eV, and €, — g4 = 3.5 ¢V [6]. Table
gives values of Jsx(R) for R = 1 (first nelghbor) R = /2 (second neighbor), and
R = 2 (third neighbor), for three values of doping rate § (0.02, 0.04, and 0.06).

TABLE
Values of Jsx(R) (in eV) for different doping
rates § and for R=1, R=+/2, and R = 2.
R 1 V2 2
=0.01 | —0.0875 | —0.0613 | —0.0427
§=0.02 | —0.1344 | —0.0812 —0.0445
6 = 0:03 | —0.1650 | —0.0857 | —0.0340

4. Conclusions

We have derived the expression for the RKKY-type magnetic interaction
Jsx(R), which depends on doping rate §. For the case of parabolic bands, we
~ observe that Jsx(R) has a decaying behavior for large separation between cop-
per ions. Our results are similar to those of Inui et al. [8] who, considering the
single-band Hubbard model, obtained a doping dependent superexchange interac-
tion by excluding double occupancies from the system.

For the high-T. superconducting oxides, the original AF interaction (present
at 6§ = 0) Jar ~ 0.125 eV (nonzero only for the NN copper ions). Our magnetic
interaction Jsx(R) is zero for § = 0 and gradually increases with increasing é
(see Table). Assuming that the original AF interaction Jar does not change upon
doping, the total magnetm interaction Jror(R) = Jar + Jsx(R). From the ap-
proximate values given in Table, it follows that Jror(1) becomes zero for a doping
rate § € (0,0.04). It means that the long range AF order, present in the oxides at
zero doping, should be destroyed with an increasing concentration of doped holes.
The exact value of the doping &, at which the long range AF order disappears,
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is difficult to be found because there are large second- and third-neighbor interac-
tions, Jsx(v/2) and Jsx(2), respectively. These interaction make that the oxides
behave as strongly frustrated systems. With our derived expression for the mag-
netic interaction, we may study frustration in the way proposed by Inui et al. [8].
Finally, we would like to conclude that the.presence of the t,, term has to be taken
into account for the description of the magnetic properties of high-temperature su-
perconductors.
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