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An exact, closed form solution is presented for a diffraction problem
by a half-plane embedded in a chiral medium. The incidence direction of
an electromagnetic plane wave is assumed to be normal to the edge of the
half-plane. The problem has been reduced to a boundary value problem for
two modal potentials satisfying distinct Helmholtz equations and coupled
by the boundary conditions at the half-plane. A solution is constructed with
the aid of the Wiener-Hopf technique. A basic feature of the problem is its
two-mode character exhibited by: two families of diffracted rays, reflection
coupling of the modes, excitation of lateral waves.

PACS numbers: 41.20.-q, 42.25.Fx

1. Introduction

For electromagnetic fields harmonically dependent on time via exp(-iωt) a
chiral medium is described by the following constitutive relations [1]:

D = εE+ixH, 	 B = μH- ixE. 	 (1.1a,b)

A medium defined by (1.1) is also said to be optically active.
In this paper, an exact, closed form solution is given for the following diffrac-

tion problem: a perfectly conducting half-plane is embedded in a chiral medium
and scatters an incident electromagnetic plane wave. The direction of incidence is
normal to the edge of the half-plane.

Thus the problem is twodimensional with no dependence on the coordinate
directed along the edge.

A basic property of propagation in a chiral medium is that for any direction
there exist two plane waves of circular polarizations propagating with distinct
speeds. In more general terms: the two polarization modes of an electromagnetic
field are distinguished by different propagation velocities (removal of degeneration
characteristic of ordinary, isotropic media).

(739)
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The essential aspect of the problem consists in that it reduces to the following
boundary value problem for two functions u, υ:
1. equations to be obeyed are two distinct Helmholtz equations

2. boundary conditions to be fulfilled at the half-plane are

z is a Cartesian coordinate perpendicular to the half-plane, ω1, ω2 are simple
exponential functions defined by an incident wave. Moreover, in order to assure
uniqueness, u and υ are required to behave properly at the edge of the half-plane
and at infinity.

The problem (1.2), (1.3), after splitting into its even and odd part with
respect to z, is solved with the aid of the Wiener-Hopf technique [2]. The kernel
function in the Wiener-Hopf equations is of a form encountered earlier [3, 4] and
can be factored effectively leading to a simple solution given by quadratures.

Fundamental features of the problem follow from the formulation (1.2), (1.3).
1. The problem is two-moded (essentially vectorial), since the two polariza-

tion modes couple at the half-plane and consequently it cannot be reduced to a
boundary value problem for one scalar function satisfying a second-order differen-
tial equation (one-mode problem) or be decomposed into independent (uncoupled)
one-mode problems (scalarizable problem).

2. The modal coupling is of general type and comprises a reflection coupling,
i.e. the coupling that occurs on reflection from an entire perfectly conducting
plane. This is in contrast to scalarizable problems with no modal coupling (e.g.
electromagnetic, half-plane, the Sommerfeld problem) or to problems where the
coupling is exclusively due to edge diffraction without any reflection coupling [5,
6].

3. The problem involves an interaction of two distinct wave species; it will
be seen that this results in the excitation of lateral waves propagating along the
half-plane.

An electromagnetic problem closely analogous to the present one (two wave
species, reflection coupling) was solved in [7].

A detailed investigation and interpretation of the solution is postponed to a
later paper. In the light of the work done in [4, 8-11] this is rather a matter of
relevant adaptations. In Sec. 9 we only outline some of the basic properties of the
solution, calling attention to interesting phenomena of two families of diffracted
rays and of the excitation of lateral waves.

Generalization of the problem considered here to the case of arbitrary (obli-
que) incidence will be presented in a forthcoming paper [12].

2. Geometry and basic equations

We choose a right-handed system of Cartesian coordinates x, y, z in such a
way that the diffracting half-plane is determined by z = 0, x > 0 (Fig. 1). We
denote by x, y, z the unit vectors directed along the re8pective axes.
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For a chiral medium (1.1) the Maxwell system takes the form

Equations (2.4) are equivalent to (2.1) when e, h are determined via (2.3).
Thus any solution to (2.1) can be generated from , ψ obeying (2.4).

Consequently (see Appendix)

and
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From (2.4) we obtain

Taking into account Eqs. (2.7), (2.8) and (2.3), we can now write for any
solution E, H to (2.1):

Each of the fields E(1), Ho) ; E(2) , H(2) fulfils the system (2.1) and will be
called a modal field (polarization mode). Formula (2.10) gives the modal decompo-
sition (cp. Bohren's decomposition [1]). Functions u, υ will be referred to as modal
potentials.

Plane wave solutions to (2.1) follow easily from (2.8a,b) via (2.11) and (2.12),
their circular polarization may be easily checked.

3. Formulation of the problem

For the chiral medium (1.1) we assume ε, μ to be real positive, X to be real
and |x| < √εμ. Thus the medium is lossless and of the conventional type. Small
losses may be temporarily admitted to aid in some considerations but are dropped
afterwards.

The incident plane wave can be of either mode and is given via (2.11) by

or via (2.12) by

Both waves (3.1), (3.2) will be considered simultaneously; only in the final
results we shall assume b = 0 or α = 0.

In order to find the solution we shall seek the modal potentials u, υ corre-
sponding to the scattered field A, H.

The functions u, υ will be determined uniquely by the following stipulations:
1. equations —

respectively (2.8a, b) 	 (3.3)

2. boundary conditions —
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decay exponentially for → ∞  if small losses are admitted, ug1 υg denote the
solutions for the problem, determined by geometrical optics.

Conditions (3.5) follow from similar conditions for Eys  and Hys via (2.7)
and (2.9).

4. Even and odd parts of the problem

We now decompose the boundary value problem of Sec. 3 into its even and
odd parts with respect to z. Thus

The remaining uniqueness conditions for the pairs u(e), υ(e) and u(o), υ(o)
are the same as those for u, υ set in Sec. 3.

Let us assume that even and odd solutions have been found for z > 0 and
that they are determined for z < 0 by (4.2) and (4.3). Then u, v given by (4.1)
are continuous along with their normal derivatives across the aperture x < 0 and
consequently fulfil (2.8a,b) everywhere outside the half-plane. Since ∂-∂z(u(e)+υ(e))
and u(o) υ(o) are continuous across the half-plane (despite possible discontinu-
ities in ∂u(e)/∂z, ∂υ(e)/∂z, u(o), υ(o) , thus the boundary conditions (3.4) are also
satisfied and consequently a solution for the problem of Sec. 3 is obtained.



744 	 S. Przeździecki

5. Solution for the even part

We shall consider the half-space z > 0 and assume there the following
plane-wave spectral representations for u(e), υ(e):

Integration in (5.1) is in the complex α-plane, A(e)(
 α

) = A(e ) B(e) 
( α

) = B(e)
are the unknown amplitude functions to be found, γn(α) = γn = √kn2 - α 2 ,
n = 1, 2. The contour Q follows the real axis except for appropriate indentations
such that —kn are below Q and αn 0, kn are above Q as shown in Fig. 2 where
also the branch cuts Ґ+(n), Ґ-(n) outgoing from ± kn respectively are indicated. We
choose the roots γn so that for α = 0, γn = kn . We denote by Ωu the region above
Q and by ΩL that below Q.

The validity of representations of form (5.1) depends on the convergence
of the integrals. This will be verified after the solution has been constructed. If
the integrals converge, conditions (3.3) will be fulfilled. Since for a slightly lossy
medium  have small positive imaginary parts, it can be show that conditions
(3.6) are also satisfied.

We shall now deal with the boundary and edge conditions (4.4), (4.5) and
(3.5) by requiring some combinations of A(e), B(e ) to have certain analytical prop-
erties and an appropriate behaviour for |α | → ∞

Consider (5.1) for z = 0. In view of (4.4) the condition (4.5b) is fulfilled for

Condition (4.5a) will be satisfied if

where U(α) is analytic in Ωu Q and behaves properly for |α | 	 → ∞.
In order to satisfy the edge conditions (3.5), U(α) is required to have the

following asymptotic behaviour 121:
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The condition (4.4a) implies

where L(α) is analytic in ΩL Q and does not grow too fast for |α → ∞ (k1 in
(5.4) is introduced for the sake of symmetry).

From (5.2a,b) and (5.4) we obtain the Wiener-Hopf equation to be solved

For the chosen roots of γn we have g(α) ≠ 0 in the whole α plane cut by Tr ) .
Let us factor g(α) in the Wiener-Hopf sense

Effective evaluation of (5.7) is possible [3, 4], but is postponed to a later
paper concerned with an investigation and interpretation of the present solution.

From (5.6) and (5.7b) we get

Factorization of γ1(α) • γ2 (α) is straightforward and consequently

where

From (5.5) and (5.9) we obtain

Let us rewrite (5.11) in the following form:
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The left-hand side of (5.12) is analytic in ΩL + Q and the right-hand side is
analytic in Ωu + Q, thus (5.12) is equal to an entire function. However in view of
(5.3) and (5.10) this entire function must be zero and consequently we get from
(5.12):

Thus, via (5.2a,b) we obtain

From (5.14a,b), (5.7b), (5.8), (5.10) we easily verify that integrals in (5) converge.

6. Solution for the odd part

As in previou8 section, we assume for z > 0 the following representations:

remaining notation and remarks are the same as for the even part.
From (4.6) and (4.7a) we get

From (4.7b) we have

The condition (4.6a) implies
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This, via (6.2) gives

Convergence of the integrals is easily verified.

7. Complete solution

Collecting the formulas (4.1), (4.2), (4.3), (5.1), (6.1) we obtain the following
solution for the problem formulated in Sec. 3:

where

the upper signs are for z > 0 and the lower are for z < 0.
The decomposition (4.1) remains useful in analytical investigations of the

solution (7.1).

8. Reduction to an ordinary, isotropic medium

For X = 0 we get k1 = k2 = k, γ1 = γ2 = γ and the solutions (5.14), (6.7),
(7.2) reduce correctly to those for an ordinary, isotropic medium. Since however
each of the incident waves (3.1), (3.2) defines electromagnetic waves of circular
polarization, we obtain (even for only one incident wave) linear combinations of
conventional solutions constructed for linearly polarized incident waves defined
either by Ey or Hy .

In order to get these conventional solutions, we shall consider the components
Ey., Hys defined by (2.1) and (2.9):

We assume in (3.1), (3.2) that αn = α20 = α 0 .
Consider the case α = b, then

This via (7.2) coincides with a direct solution for Ey polarization.
For α = —b we get

and this also agrees with a direct solution for Hy polarization.
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9. Properties of the solution

Analysis of the solution concerns its many properties and involves several
viewpoints as evidenced by [3, 4, 8-11]. A cucial simplification results from an
effective factorization of g(α) [3, 4]. A detailed investigation and interpretation is
postponed to a later paper, here we only outline some of the basic properties of
the solution.

9.1. Far field

Formal expressions for the far fields can be extracted from (7.2). Assuming
the singularities at αn ,,, ±14,, n = 1, 2 to be well separated, we deform Q into the
steepest descents path and, substituting x = p cos θ, z = p sin 9, we get

Even for only one incident wave, two families of diffracted rays appear in (9.1),
thereby illustrating the modal coupling.

For one incident wave, say b = 0, formulas (9.1) can be rephrased in the
following way:

where D11, D12 are the diffraction coefficients in the sense of Keller's geometrical
theory of diffraction. For α = 0 we get the coefficients D22(θ, αm), D21(θ, α20) and
a matrix D of the diffraction coefficients can be formed. Obviously the potentials
u, υ can be eliminated and results analogous to (9.1), (9.2) given directly for the
electromagnetic field with an appropriate tensor of diffraction coefficients.

9.2. Lateral waves

While deforming the contour Q into the steepest descents paths we encounter
the "alien" branch cuts 112) for u and fil) for υ. Contributions from these cuts de-
termine lateral waves propagating along the half-plane and existing in appropriate
section of θ. Consider the case x > 0, then k1 > k2 and we get

The waves (9.3a) can be interpreted in terms of geometrical optics and, in
particular, directions of their rays are easy to determine. It would be interesting to
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observe experimentally the shadows cast by the lateral wave (9.3a) in the shadow
region of the incident waves ui, vi. Interpretation of (9.3b) is more complicated
and requires introduction of complex rays.

9.3. Geometrical optics field

Consider the case b = 0, then for z > 0 and the angle of observation
< θ10 = arccos(α10/k1), the pole at α = α 10 will be crossed on deforming

the contour Q and by evaluating the respective residua in (7.1) we easily obtain

These results agree with u g , υg evaluated directly according to geometrical optics
and exhibit clearly the presence of reflection coupling. Similar results follow for
αn =0.

9.4. Edge behaviour

It is interesting to observe that the behaviour of an electromagnetic field at
an edge is in chiral media the same as in ordinary, isotropic ones.

By virtue of (5.8), from (5.13), (5.2), and (6.6), (6.2) we get

for z = 0, x→ 0; p1(x),p2(x) are regular functions, c'1 , c'2 are constants. The field
behaviour is given via (2.11), (2.12).

10. ConcIusions

An exact, closed form solution has been presented for a new, electromagnetic,
half-plane diffraction problem whose fundamental features are:

1. a twomode character comprising reflection coupling;

2. interaction of two wave species resulting in the excitation of lateral waves.

It is likely that this is the simplest problem characterized by points (1) and
(2). Thus analysis of these properties and of their physical significance can be
conducted in the simple situation of the present case. For oblique incidence, the
structure of the solution, to be presented in a forthcoming paper [12], is technically
much more complicated; however its core is almost identical with the present
problem.

Within electrodynamics of chiral media this is the first example of an edge
diffraction problem in an unbounded chiral medium. Exact solutions for diffraction
by a chiral cylinder and a chiral sphere embedded in another chiral medium were
constructed earlier.
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