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An exact, closed form solution is presented for a diffraction problem
by a half-plane embedded in a chiral medium. The incidence direction of
an electromagnetic plane wave is assumed to be normal to the edge of the
half-plane. The problem has been reduced to a boundary value problem for
two modal potentials satislying distinct Helmholtz equations and coupled
by the boundary conditions at the half-plane. A solution is constructed with
the aid of the Wiener-Hopf technique. A basic feature of the problem is its
two-mode character exhibited by: two families of diffracted rays, reflection
coupling of the modes, excitation of lateral waves.

PACS numbers: 41.20.—q, 42.25.Fx

1. Introduction

For electromagnetic fields harmonically dependent on time via exp(—iwt) a
chiral medium is described by the following constitutive relations [1]:

D=c¢FE+ixH, B=uH-ixE. (1.1a,b)

A medium defined by (1.1) is also said to be optically active.

In this paper, an exact, closed form solution is given for the following diffrac-
tion problem: a perfectly conducting half-plane is embedded in a chiral medium
and scatters an incident electromagnetic plane wave. The directian of incidence is
normal to the edge of the half-plane.

Thus the problem is two-dimensional with no dependence on the coordinate
directed along the edge.

A basic property of propagation in a chiral medium is that for any direction
there exist two plane waves of circular polarizations propagating with distinc!
speeds. In more general terms: the two polarization modes of an electromagnetic
field are distinguished by different propagation velocities (removal of degeneration
characteristic of ordinary, isotropic media).

(739)
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The essential aspect of the problem consists in that it reduces to the following
boundary value problem for two functions u, v:
1. equations to be obeyed are two distinct Helmholiz equations

(V2+k)u=0, (Vi+kdv=0; (1.2a,b)
2. boundary conditions to be fulfilled at the half-plane are

u+v=w, gz(kgu ~ k1v) = wa. (1.3a,b)

z is a Cartesian coordinate perpendicular to the hall-plane, w;, ws are simple
exponential functions defined by an incident wave. Moreover, in order to assure
uniqueness, u and v are required to behave properly at the edge of the half-plane
and at infinity.

The problem (1.2), (1.3), after splitting into its even and odd part with
respect to z, is solved with the aid of the Wiener-Hopf technique [2]. The kernel
function in the Wiener-Hopf equations is of a form encountered earlier [3, 4] and
can be factored effectively leading to a simple solution given by quadratures.

Fundamental features of the problem follow from the formulation (1.2), (1.3).

1. The problem is two-moded (essentially vectorial), since the two polariza-
tion modes couple at the half-plane and consequently it cannot be reduced to a
boundary value problem for one scalar function satisfying a second-order differen-
tial equation (one-mode problem) or be decomposed into independent (uncoupled)
one-mode problems (scalarizable problem).

2. The modal coupling is of general type and comprises a reflection coupling,
i.e. the coupling that occurs on reflection from an enlire perfectly conducting
plane. This is in contrast to scalarizable problems with no modal coupling (e.g.
electromagnetic, half-plane, the Sommerfeld problem) or to problems where the
coupling is ezclusively due to edge diffraction without any reflection coupling [5,
6].

3. The problem involves an interaction of two distinct wave species; it will
be seen that this results in the excitation of lateral waves propagating along the
half-plane.

An electromagnetic problem closely analogous to the present one (two wave
species, reflection coupling) was solved in [7].

A detailed investigation and interpretation of the solution is postponed to a
later paper. In the light of the work done in [4, 8-11] this is rather a matter of
relevant adaptations. In Sec. 9 we only outline some of the basic properties of the
solution, calling attention to interesting phenomena of two families of diffracted
rays and of the excitation of lateral waves.

Generalization of the problem considered here to the case of arbitrary (obli-
que) incidence will be presented in a forthcoming paper [12].

2. Geometry and basic equations

We choose a right-handed system of Cartesian coordinates z,y, z in such a
way that the diffracting half-plane is determined by z = 0, 2 > 0 (Fig. 1). We
denote by z, y, 2 the unit vectors directed along the respective axes.
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Fig. 1. System of coordinates, the diffracting half-plane and the incident waves.

For a chiral medium (1.1) the Maxwell system takes the form

Vx H=-wE+wyH, V X E=iwpH+wxE. (2.1a,b)

For fields independent of y (% = 0) the components E, = ¢, Ily, = ¥ may
serve as potentials for the remaining planar fields

e=FE — ¢y, h= H - ¢y. (2.2a,b)
By simple algebra we get from (2.1):

e= %y x (xV1¢ —ipViy), (2.3a)

h= %3/ x (ieVid + x Vi), (2.3b)

where v = w?(ep —x?), Vi = V —y L.
It also follows from (2.1) that the components ¢, ¥ [ulfil the following system
of equations:

Vi +wiep+x?) 2iw?px $)_(0 (2.4)
—2iwlex Vitw(ep+x?)) \¥ 0/° ’
Equations (2.4) are equivalent to (2.1) when e, h are determined via (2.3).

Thus any solution to (2.1) can be generated from ¢, ¥ obeying (2.4).
From (2.4) we get

(V2 +12) (V24 8) ¢ =0, (25)
where

ky=w(Ver+x), k2 =w(VEp—X). (2.6a,b)
Consequently (see Appendix)

d=u+v (2.7

and
(VZ4kDu=0, (Vi+kdv=0 | (2.8a,b)
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From (2.4) we obtain
Y= —iY(u -~ v), Y =+e/u. (2.9)

Taking into account Egs. (2.7), (2.8) and (2.3), we can now write for any
solution E, H to (2.1):

E=FEY+F?  H=HY 4+ H?, (2.10a,b)

EV = zl—y X Viu + uy, HY = iy BW, (2.11a,b)
1

ED = -I‘;l—y X Vio+vy, H®=_iYE®. (2.12a,b)
2

Each of the fields EV, HV; E®  H® fulfils the system (2.1) and will be
called a modal field (polarization mode). Formula (2.10) gives the modal decompo-
sition (cp. Bohren’s decomposition [1]). Functions u, v will be referred to as modal
potentials.

Plane wave solutions to (2.1) follow easily from (2.8a,b) via (2.11) and (2.12),
their circular polarization may be easily checked.

3. Formulation of the problem

For the chiral medium (1.1) we assume ¢, u to be real positive, x to be real
and |x| < \/efi. Thus the medium is lossless and of the conventional type. Small
losses may be temporarily admitted to aid in some considerations but are dropped
afterwards.

The incident plane wave can be of either mode and is given via (2.11) by

u; = aet187 P = gei(ar0r+mo2) (3.1)
or via (2.12) by
v; = be*35@ P = peilezoz+1207) | (3.2)

pP=zz+yy, kns(n) = wpoZ + Yo%, C\’?lo + 7,2,0 = kr2n

o2y < k2, Tno > 0, n=1,2.

Both waves (3.1), (3.2) will be considered simultaneously; only in the final
results we shall assume b= 0 or a = 0.

In order to find the solution we shall seek the modal potentials u, v corre-
sponding to the scattered field E;, H.

The functions u, v will be determined uniquely by the following stipulations:
1. equations —

respectively (2.8a,b) (3.3)

2. boundary conditions — ‘
Eys = u+v=—(u; +v;), (3.4a)
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0 0

klsz,_-s = a—z(’czu - klv) = —E(kzu,' - klv,') (3.4b)
for =0, z > 0;
3. edge conditions —

u=c1+0(p?), wv=1cs4+0(p?) for p= 22 +22 -0 (3.5a,b)
C1, €2 are some constants;
4. outgoing wave conditions —

U — Ug, v —vg (3.6a,b)
decay exponentially for p — oo if small losses are admitted, ug, vg denote the
solutions for the problem, determined by geometrical optics.

Conditions (3.5) follow from similar conditions for Eys and Hys via (2.7)
and (2.9).

4. Even and odd parts of the problem

We now decompose the boundary value problem of Sec. 3 into its even and
odd parts with respect to z. Thus

u = ul®) 4 u©) v = v(®) 4 (0 (4.1a,b)
where

w®(z, —2) = ul®)(z, 2), v (2, —z) = v(*)(z, 2), (4.2a,b)

u®)(z, —z) = —ul)(z, 2), vO(z, —2) = —v)(z, 2). (4.3a,b)

For the even parts u(®), v(®) we require at the plane z = 0 the following
boundary conditions to be satisfied:
forz <0 '
0u(e) av(e)
o S0 o
forz >0
u(®) 4 v(®) = _qei*107 _ pelaz g;(kzu(e) — k10(®)) = 0. (4.5a,b)
For the odd part we require: :
forz <0
u® = 0, 00 = 0, (4.6a,b)
forz >0

ul®) 490 =, ;—z(lczu ~ k1) = —aikyy10€'919% 4 ibk1 720619207, (4.7a,b)

= 0; (4.4a,b)

The remaining uniqueness conditions for the pairs u(®), v(2) and u(®), v(©)
are the same as those for u, v set in Sec. 3.

Let us assume that even and odd solutions have been found for z > 0 and
that they are determined for z < 0 by (4.2) and (4.3). Then u, v given by (4.1)
are continuous along with their normal derivatives across the aperture z < 0 and
consequently fulfil (2.8a,b) everywhere outside the half-plane. Since %(u(e) +v(®))
and u(® 4 v(°) are continuous across the half-plane (despite possible discontinu-
ities in Gu(®)/9z, Ov(®) [0z, u(®), v(?), thus the boundary conditions (3.4) are also
satisfied and consequently a solution for the problem of Sec. 3 is obtained.



744 S. Przezdziecki

5. Solution for the even part

We shall consider the half-space 2. > 0 and assume there the following
plane-wave spectral representations for u(®), v(®):

u(e)=/ A (q)i(estm2)qq, v(°)=/ B©®¢ilazt122) g4 (5.1a,b)
Q Q

Integration in (5.1) is in the complex a-plane, A©)(a) = A(®), B(e)(a) = B(®)
are the unknown amplitude functions to be found, y.(a) = v = /k2 — a?,
n = 1,2. The contour Q follows the real axis except for appropriate indentations
such that —k, are below @ and ayg, k, are above @ as shown in Fig. 2 where
also the branch cuts I‘_E,"), '™ outgoing from %k, respectively are indicated. We
choose the roots v, so that for a = 0, v, = k,,. We denote by £2y the region above
@ and by £2r that below Q.

Im (a)

_J_ k'\—‘_ k'\_——q l ‘
K &

oo Q20 Re (a)
rl r
¥ = min(k, ka)
K = maz(k, k)

Fig. 2. The complex a-plane with the contour @, the branch points +k;, *+k2, the
branch cuts I il), r _f) and the incident wave poles a0, azo.

The validity of representations of form (5.1) depends on the convergence
of the integrals. This will be verified after the solution has been constructed. If
the integrals converge, conditions (3.3) will be fulfilled. Since for a slightly lossy
medium v, have small positive imaginary parts, it can be show that conditions
(3.6) are also satisfied.

We shall now deal with the boundary and edge conditions (4.4), (4.5) and
(3.5) by requiring some combinations of A(®), B(¢) to have certain analytical prop-
erties and an appropriate behaviour for |a] — oo.

Consider (5.1) for z = 0. In view of (4.4) the condition (4.5b) is fulfilled for
—00 < z < 00, consequently

kz')’lA(e) - kl‘yzB(e) =0. (52&)
Condition (4.5a) will be satisﬁed if
40450 =) - b (s ), (5.2b)
a—ap a—azy

where U(a) is analytic in .QU + @ and behaves properly for |a| — oco.
In order to satisfy the edge conditions (3.5), U(a) is required to have the
[ollowing asymptotic behaviour [2]:

U(a) - o ( @ _,_b ):O(a'3/2) for o] — oo in 2u + Q. (5.3)

27 \a— 010 o — Qg
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The condition (4.4a) implies

NnAE =k L(a), (5.4)
where L(e) is analytic in £2 + Q and does not grow too fast for la] = oo (ky in
(5.4) is introduced for the sake of symmetry).

From (5.2a,b) and (5.4) we obtain the Wiener-Hopf equation to be solved

Ula -—1—( @, b ):G(a)L(a), (5.5)

2mi \a—ayp  a—ag

where

Gla)=G= M, 9(e) = kam1 + k172
7172
For the chosen roots of 4, we have g(a) # 0 in the whole a plane cut by I'i(:"). :
Let us factor g(a) in the Wiener-Hopf sense

9(a) = gu(a)gr(a), (5.6)
where gy(a) = gu is analytic in 2y + Q and gr(a) = gL, is analytic in £2; + Q.
We have [2]:

1 log g(t
gu(a) = exp (—— /é ——g:q%dt> v gr(a) = gu(-a), (5.7a,b)

27 t

Effective evaluation of (5.7) is possible [3, 4], but is postponed to a later
paper concerned with an investigation and interpretation of the present solution.
From (5.6) and (5.7b) we get

gu(e) = 0(a'/?) for |aj— oo. (5.8)

Factorization of 4y (a) - y2(«) is straightforward and consequently

G(a) = G’U(a)GL(a), (5.9)
where

Go(e) = Gy = — &) Gr(e) = G = -2

V(i +a)(k2 + @)’ V(k1 = @) (ks —a)
Gy is analytic in 2y + @ and G in 21 + @ moreover

Gu(e) = 0(a~?) for |a|— . (5.10)
From (5.5) and (5.9) we obtain

GL(@)L(a) = G5 (a) [U(a)—-L< a_,_° )] (5.11)

2ri \a—ajg a—agp

Let us rewrite (5.11) in the following form: »
1 G;}l (am)a Gal(azo)b -1
— = U
Gr(@)L(a) + 5~ ( a—an T Ta—ag ) = v (U()

___L [G5' () — G (a10)]a L (G5! () ~ Gal(azo)]b. (5.12)

2m o — ajp 2mi o — Qg
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The left-hand side of (5.12) is analytic in £2; + Q and the right-hand side is
analytic in 2y + Q, thus (5.12) is equal to an entire function. However in view of
(5.3) and (5.10) this entire function must be zero and consequently we get from

(5.12):

a b
U( )_m(a—am-*_a—azo)

_Gu(e)Gy'(auo)a _ Gu(a)Gy'(az0)b
27i(a — ayo) 2mi(a — agg)
Thus, via (5.2a,b) we obtain

o 0)a ~la 0
A0@) = G [ 2 o | Sz laale , S Gl (14

BO(a) = X221 g, (5.14b)
k1 v
From (5.14a,b), (5.7b), (5.8), (5. 10) we easily verify that integrals in (5) converge.

(5.13)

6. Solution for the odd part
As in previous section, we assume for z > 0 the following representations:
ul® = / A (@)eier gy, o = / BO(@)ee+1)dq.  (6.1a,b)
Q Q

AP) (@) = AP, BO)(a) = B(® are the amplitude functions to be found. The
remaining notation and remarks are the same as for the even part.
From (4.6) and (4.7a) we get

A® 4 BO = . (6.2a)
From (4.7b) we have
k11 A© — k17, B@ = (a) — - ( kavi0a _ k17aob ) , (6.2b)
l @ — 10 @ — (20

.where U'() is to be analytic in 2y + Q and by virtue of the edge conditions (3.5)
is required to have the following asymptotic behaviour:

U'(a) - 1 ( k2yioa  ki7ya0b > - O(a—1/2) for |a|— oo. (6.3)

2m \ o — [+ 210 o — (oo
The condition (4.6a) implies
AP = L'(a), - (6.4)

where L'(a) is to be analytic in £2; + @ and behave properly at infinity.
From (6.2), (6.4) we obtain

U'(a) — 2_17;_1_ ( k27100 _ k17200 ) = g(a)L'(a). (6.5)

a — Q190 o — (90

In the way identical as in Sec. 5 we obtain

U'(a) = k1710[1 — gu ()95 (@10)]a kvl — gu(a)g5 " (arz0)]b
27ri(a — 0’10) 21ri(a — 0’10) .

(6.6)
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This, via (6.2) gives

: 1 k 7 (e10) k ot b
AL = [ 27109y (@10)a _ R17209y (er20)
2migr(a) a—ajo a— oo (6.72)
BC) = _A°(a). (6.7b)

Convergence of the integrals is easily verified.

7. Complete solution

Collecting the formulas (4.1), (4.2), (4.3), (5.1), (6.1) we obtain the following
solution for the problem formulated in Sec. 3:

u=/ A (a)elle=sEma)gq, v:/ BE)(a)el(es£122) g g, (7.1a,b)
Q Q

where
A®)(a) = A¥(a) £ A®(a), BH)(a)= B®(a)+ B (a), (7.2ab)

the upper signs are for z > 0 and the lower are for z < 0.
The decomposition (4.1) remains useful in analytical investigations of the
solution (7.1).

8. Reduction to an ordinary, isotropic medium

For x = 0 we get ky = k2 = k, 91 = 72 = v and the solutions (5.14), (6.7),
(7.2) reduce correctly to those for an ordinary, isotropic medium. Since however
each of the incident waves (3.1), (3.2) defines electromagnetic waves of circular
polarization, we obtain (even for only one incident wave) linear combinations of
conventional solutions constructed for linearly polarized incident waves defined
either by Ey or H,.

In order to get these conventional solutions, we shall consider the components
Eys, Hys defined by (2.1) and (2.9):

Eys=u+v, Hys = —iY (u —v). (8.1a,b)

We assume in (3.1), (3.2) that a0 = az0 = aq.
Consider the case a = b, then

k+a a
© = B = - [= = @) = —BO =
AT=2 Frata—ay) A0="BY=0 (B2ab)

This via (7.2) coincides with a direct solution for Ey polarization.
For a = —b we get

k+ ag a
(e) — gle) — (@) = —B©) = —, / .
A B 0, A B F o Imi(a—ag)’ (8.3a,b)

and this also agrees with a direct solution for I, polarization.
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9. Properties of the solution

Analysis of the solution concerns its many properties and involves several
viewpoints as evidenced by [3, 4, 8-11]. A crucial simplification results from an
effective factorization of g(a) [3, 4]. A detailed investigation and interpretation is
postponed to a later paper, here we only outline some of the basic properties of
the solution.

9.1. Far field

Formal expressions for the far fields can be extracted from (7.2). Assuming
the singularities at ay,, £k, n = 1,2 to be well separated, we deform @ into the
steepest descents path and, substituting ¢ = pcosf, z = psinf, we get

H ikyp

ug = /2R A®)(ky cos e)s% +0(~%2), (9.1a)
H ik2p

vr = \/27ka BE) (k3 cos a)smd%_ +0(p~3/2). (9.1b)

Even for only one incident wave, two families of diffracted rays appear in (9.1),
thereby illustrating .the modal coupling.

For one incident wave, say b = 0, formulas (9.1) can be rephrased in the
following way:

Dus(6, aro)ar Dia(6, ar0)a S

ug = D11(0, 10)a 75 vg = D12(0, a10)a 75

where D11, D;s are the diffraction coeflicients in the sense of Keller’s geometrical
theory of diffraction. For a = 0 we get the coefficients Dj2(8, 20), D21(f, a20) and
a matrix D of the diffraction coefficients can be formed. Obviously the potentials
u, v can be eliminated and results analogous to (9.1), (9.2) given directly for the
electromagnetic field with an appropriate tensor of diffraction coefficients.

(9.2a,b)

9.2. Lateral waves

While deforming the contour @ into the steepest descents paths we encounter
the “alien” branch cuts F:(kz) for u and Fil) for v. Contributions from these cuts de-
termine lateral waves propagating along the half-plane and existing in appropriate
sectors of 8. Consider the case x > 0, then k; > k2 and we get

(£)
a;~’(9) ;
uf®) = lpal(z)el(kza::l:'rz) FO(p~%/2), (9.3a)
()
£) _ 0(0) ikyosi -
v,( ) = ’—/g)e‘(k"i'") +0(p™5/?), (9.3b)

where 7 = 2(x/Efi)'/2, the upper sign is for z > 0 and the lower is for z < 0. Am-
plitudes afi)(e), bfi)(()) and the sectors where the waves exist can be determined
in the way described in [4, 8, 10].

The waves (9.3a) can be interpreted in terms of geometrical optics and, in
particular, directions of their rays are easy to determine. It would be interesting to
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observe experimentally the shadows cast by the lateral wave (9.3a) in the shadow
region of the incident waves u;, v;. Interpretation of (9.3b) is more complicated
and requires introduction of complex rays.

9.3. Geomelrical oplics field

Consider the case b = 0, then for z > 0 and the angle of observation
f < 610 = arccos(a1o/ky), the pole at @ = a;g will be crossed on deforming
the contour @ and by evaluating the respective residua in (7.1) we easily obtain

u=-u+ O(p_l/z)) v= 0(p_1/2)’ p— 0. (94a»b)
For 2 <0 and 8 > 27w — 0,9 we get

k2y10 — k1720(@10) (o
u= 10T —a107) o) -1/2
o(aso) e | + O(p~1%), (9.5a)
for 0 > 27 — 0,2, 612 = arccos(aig/k2) we have
—2k2710 i[amz-‘yg(am)z] -1
= =227110 o) /2y, .
v= s, +0(5112) (9.5b)

These results agree with ug, vg evaluated directly according to geometrical optics
and exhibit clearly the presence of reflection coupling. Similar results follow for
a=0.

9.4. Edge behaviour

It is interesting to observe that the behaviour of an electromagnetic field at
an edge is in chiral media the same as in ordinary, isotropic ones.

By virtue of (5.8), from (5.13), (5.2), and (6.6), (6.2) we get

u=pi(z)+ 22+ O(&%?), v=psz)+chz/2+0(=¥%)  (9.6a,b)
for z = 0, £ — 0; p1(z), p2(z) are regular functions, ¢}, ¢} are constants. The field
behaviour is given via (2.11), (2.12).

10. Conclusions

An exact, closed form solution has been presented for a new, electromagnetic,
half-plane diffraction problem whose fundamental features are:

1. a two-mode character comprising reflection coupling;

2. interaction of two wave species resulting in the excitation of lateral waves.

It is likely that this is the simplest problem characterized by points (1) and
(2). Thus analysis of these properties and of their physical significance can be
conducted in the simple situation of the present case. For oblique incidence, the
structure of the solution, to be presented in a forthcoming paper [12], is technically
much more complicated; however its core is almost identical with the present
problem.

Within electrodynamics of chiral media this is the first example of an edge
diffraction problem in an unbounded chiral medium. Exact solutions for diffraction
by a chiral cylinder and a chiral sphere embedded in another chiral medium were
constructed earlier.
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Appendix

IL(V2+k)(VE+ k3¢ =0;k1 # ko) then [p=u+v, (V2+kDu=0,
(V2+k2)v=0).

Proof: (V2 + k) (V2 + k3)¢ = 0, (V24 k)¢ = v/, (V2 +kD)u’ =0, let
¢ =v+u", (VE+kv =0, (V2 + ku” = . Assume v’/ = qu’ = u then
(VE+EDu" =o' if ¢ = (k% — k?)~! and (V2 + kD)u = 0. Thus ¢ = u+ v q.e.d.
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