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The second-order differential equation for the asymmetric Voigt ‘proﬁle
is presented, leading to-a powerful and accurate method of determining the
line shape parameters.
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1. Introduction

Spectral line shapes at low pressures of perturbing gas are commonly inter-
preted in terms of the Voigt profile V'(a; ) which is a convolution of Lorentzian
and Gaussian profiles [1]
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Here Iy, and Ip are the Lorentzian and Doppler widths, respectively, and A is the
pressure shift of the maximum of the Lorentzian component of the Voigt profile .
with respect to the unperturbed frequency wgy of the line. The Lorentzian width
I1, and shift A are linear functions of the perturbing gas density. Contrary to
that, the Doppler width I'p does not depend on density but is specified by the
temperature T of a gas and the mass M of the radiating atom
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The corresponding Doppler profile In(w) is then identical to the Gaussian distri-
bution :

In(w) = 2\/__?;‘,3 exp {—41n2[(w — wo)/Ip]2} . (5)

(425)
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Since the Voigt profile has been taken as the basis for detailed analysis of spec-
tral line shapes, first of all in applications to plasma diagnostics and astrophysics,
many algorithms for fast and accurate tabulating of V(a; z) have been developed
in recent years [2-4]. Moreover, Andersen [5] and Squire [6] have derived a dif-
ferential equation which is satisfied by the Voigt function V(a;z). It should be
emphasized, however, that the Voigt profile is valid if two conditions are fulfilled.
Firstly, the radiation emitted during the time of collision between radiating and
perturbing atoms is neglected. This corresponds strictly to the impact approxima-
tion of the pressure broadening theory. Secondly, the Doppler broadening arising
from the thermal motion is uncorrelated with the pressure broadening. If these
two conditions are not met then as was shown in Refs. [7-12], deviations from the
Voigt profile are expected which may lead to an asymmetry of the resultant line
shape in the near wing and core region.

The present paper deals with the so-called collision time asymmetry arising
from the breakdown of the impact approximation. As was shown in Refs. [10-12],
the first-order correction to the usual impact (i.e. Lorentzian) line shape has a
dispersion form so that the shape of pressure broadened line can be written as
& 14+ B(w —wo — A) ' 6)
27 (w —wo — A2 + (IL/2)?’
where the asymmetry parameter 3 is independent of pressure and is proportional
to a collision time (cf. [13-16]). This parameter contains information on the inter-
atomic interaction potentials and the collision dynamics. It should be noted that
the asymmetry parameter § is expected to show the same sign as the Lorentzian
shift A.

The resultant line shape F(a, b; z) including the ordinary Doppler broadening
may be written in the form

+0 exp [—(z — y)?
F(a,b;z) = %/_w ——I)—E—/E(_I_Ty)](l + by)dy, (7)

I(w) =

where

b= (BIb)/(2VIn2). (8)
Hereafter the above profile will be referred to as asymmetric Voigt profile (AVP).
The main purpose of this work is to derive a differential equation enabling fast

tabulating of the AVP which would be more effective than the direct calculating
of the integral (7).

2. Differential equation

Let us consider the function H(a;z) given by

g [t exp [—(:z: — y)z]
H(a;z) = ~ /_oo *—W—f(y)dy, | (9)
where a is the real, positive, non-zero parameter, and f(y) is the C class function.
One can show that this function satisfies the following differential equation:
o? 9 9 4a ' 1oy
WH+41:6—£H + (4a +‘41:c2 +2)H = ?((:c), (10)
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where {(z) is the. functional series

(@)=Y 5fO@0, O

k=0
which is assumed to be uniformly convergent. The coefficients Cy in (11) are defined

by

+o00 :
Cr = / the=*dt. (12)
It is easy to test that for k being natural number C has the following properties:
Co = /m, ' (13)
Czk+1 = 0 . . (14)
2k — 1!
Czk - (_2k—) 0. (15)

Equation (10) is defined on the same range as the series {(z) and may be calculated
easily if the f(z) in (11) is a polynominal, sine or cosine function.

3. The asymmetric Voigt profile (AVP)

Let us consider a function Wy(a;z) given by a formula
W (a3 2) = /+°° exp [~(z—9)°] (y (4)" . (16)
T oo y? +a? a
As results from Egs. (10) and (11) this function satisfies the following differential
equation:

o =W +4zaW + (4a? + 42% + 2)W, 4" ni T ermk ey, (17)
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The asymmetric Voigt proﬁle F(a,b;z) given by Eq. (7) may be written as
follows:

F(a,b;z) = Wo(a; z) + ba Wi(a;z). (18)
Keeping in mind that the appropriate constants satisfy Egs. (13)—(15) and using
Eq. (17), we get the differential equatlon for the AVP function

32 8 4a '
which for b=0 turns into the equation for the usual Voigt profile given by Ander-
sen [5]. In order to solve the above differential equation it is necessary to state the
appropriate initial conditions for the function F(a, b;z) and its first derivative. In
our case it is convenient to introduce the following initial conditions:

a [t exp(~y?) ’ :
Fano=2 [ S, (20)
8 2ab exp( -y?) , ‘
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| [6:‘717(%b,a:)L=0 - /_oo 7 a2 y-ay. | ()
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The above formulas can be easily evaluated using Eq. (7). Using.the Fourier trans-
forms of the Gaussian and asymmetrical Lorentzian profiles, the F(a, b; z) function
‘may be rewritten in the following way:

400
F(a,b;z) = L / exp(at — t2/4) [cos(zt) + absin(zt)] dt. (22)
VT Jo
The conditions (20) and (21) can be rewritten as _
F(a,b;0) = exp(a?) [1 — erf(a)], (23)

[(%F(a, b :c)L=0 = 2ab [% — aF(a, b; 0)] , (24)
where
erf(a) = 72_77 /0 ’ e~ dy (25)

is the error function. As it is seen in Egs. (23) and (24), in order to determine
the initial conditions we have to calculate only one integral defining the erf (a)
value. The system of three differential equations which are satisfied by the Voigt
profile has been given by Andersen [5]. In the Appendix we present the system of
equations which is satisfied by the Wj(a; z) function.

Let us note that for tabulating the F(a,b; ) function, it is more effective
to solve the differential equation (19), because in the next step of calculations we
use the values formerly calculated. On the other hand, if we need the value of
the F(a,b; z) function only for one z value, it is more convenient to calculate the
appropriate integral. We have found that for ¢ = 4.9 and b = 0.01 the compu-
tation time for calculating the AVP profile on the basis of Eq. (19) in the range
between 2 = 0 and ¢ = 20 with 0.05 step was six times shorter than that in
case of calculations based on the integral formulas, Eq. (7). Both calculations were
performed with the similar accuracy. The ratio of the computation speeds in these
two types of calculation depends on the required accuracy and number of z-points.
If the tabulating step is 0.01 then, the speed ratio appears to be more than 15.
We made a comparison of the results obtained using Eq. (19) and substituting
b = 0, with the values reported by Bakshi and Kearney [17]. No differences were
displayed. Let us note that for large a-values the ability of exact computing of
the initial conditions from the Eq. (23) is limited by the numerical accuracy of
the used computer. For PC computérs with math coprocessor, for which the real
numbers are represented on no more than 10 bytes, the upper limiting a-value is
about 5. In the case of a > 5 we should compute the initial conditions from the
integral formula of Eq. (20). In the calculations all the integrals were evaluated
using 6-point Newton—Cotes quadrature, while the differential equation was solved
‘using the Runge-Kutta method.
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Appendix

Let us consider the complex function V(2) given by a formula

V(z) = \/_ exp(—zt - t2/4)dt, (A1)
where

z=a+iz. (A2)
This function satisfies the following differential equation: .

190

Wz V= \/17? (A3)
Let us note that the functions Wy.and W, are

Wo = ReV, (A4)

Wi = —ImV. ' (A5)
The Voigt profile may be written as follows: ' ,

V(a; z) = Wy(a; z). (AS6)

For this function, using Eqgs. (A3).and (A4), we obtain the equations derived by
Andersen [5]:

0? 0 4a

garV HiegV +(a +aat 12V = —, (A7)
o? ] 9 _ 4a

527V —daz-V + (4a +4x —9)V = 7 (A8)
P, (A9)
oa2" taa’ =

Using Eqgs. (A3) and (A5) we can show that the Wj(a;z) function satisfies the
similar system of equations

9 4 W, = 22 A10
o3 Wi+ e Wi + (4a% + 42% + 2) 1= (_.)
2
9 w0 dw, + (4a? 1 422 ~ywy = 22 (A1)
Oa? da v
0? o?
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