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ON THE ANHARMONIC POLARONIC MODEL
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Institute of Physics, Jagiellonian University
Reymonta 4, 30-059 Krakdéw, Poland

Anharmonic polaronic model is considered. The model consists of the
electronic subsystem, described within the extended Hubbard model, coupled
to anharmonic local phonons. By the canonical Holstein-Lang-Firsov trans-
formation the electron—-phonon interaction term is ruled out and, then, the ef-
fective electronic Hamiltonian is obtained by averaging over the ground state
of the phononic subsystem. It is shown that anharmonicity introduces two
main additional factors as compared with the harmonic case. First, the band
narrowing factor is less rapidly decaying function of the electron-phonon
interaction strength. Second, anharmonicity introduces further renormaliza-
tion of the on- and intersite interaction between fermions.

PACS numbers: 71.38.-H, 74.20.—3z, 33.10.Cs

1. Introduction

Models consisting of correlated fermions interacting with phonons have been
widely used to describe different phenomena in solid state physics. Among others
one can mention the application to heavy fermion systems, polymers, and super-
conductivity. In such models fermions are typically described within the Hubbard
model (simple or extended) and fermions are dispersionless and harmonic. There
are strong indications that for some applications the anharmonicity could be an
important factor. Here one should mention the high-temperature superconductors
where there is a strong evidence that anharmonic phonons do play an important
role [1].

In this paper the anharmonic polaronic model is considered. The model con-
sists of the electronic subsystem, described within the extended Hubbard model,
coupled to anharmonic local phonons. In Sec. 2 the effective polaronic Hamilto-
nian is derived as a result of eliminating the electron-phonon (e-ph) interaction
and taking average over the ground state of the phononic subsystem. In Sec. 3 we
investigate numerically the anharmonic corrections to the effective Hamiltonian.
Finally, Sec. 4 concludes the paper.
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2. Effective polaronic Hamiltonian

The total Hamiltonian of the system of interest H = He + He—pn + Hpn,
where

He= —yZn, s — Zt.,c, $Cis+U Zn,,Tn, 1+3 E Vijninj, (2.1)
Hepn= 003 m W) + 00 mrs + i), (2.2)
Hpp = woz (b bi + 1/2) ZV(I)(:c,-), | (2.3)

are the electromc e—ph interaction, and phononic parts of the Hamiltonian, re-
spectively. In these formulae the summation over i (¢,J) runs over all sites (all
pairs of sites) of a given lattice, the operator c s (ci,s) creates (destroys) a fermion

with a spin s at the site i, n; , = c:',c, sy § =T or s =], and n; = n; 1 +mn; |; pis the
chemical potential, U is the Hubbard-Coulomb on-site repulsion, and t;; and V;;
are the intersite hopping and Coulomb interaction matrix elements, respectively.
The summation over § runs over all z nearest-neighbor (NN) sites of a given
site 7 and b] (b;) is the i-th site phonon creation (annihilation) operator. The
fermions interact with on-site and NN intersite local phonons: g; and g, are the
respective strengths of these interactions, wp is the frequency of harmonic phonons,
and the local potentials V(V(;) [z; = (b + b1)/v/2] are introduced in order to
describe the anharmonic effects. For the potential V(1)(z) we choose

V(z) = V; exp (—yz%/2), (2.4)
where V] and 7 are parameters which determine the exact shape of the anharmonic
deviations of the site potential.

The effective Hamiltonian for the electron subsystem, Heg, is obtained from
H by a two-step procedure which consists of the Lang—Firsov canonical transfor-
mation that eliminates the electron-phonon interaction term He_ph [2, 3] and the
average over the phonon ground state wave function [4, 5]. The result is

Heg = =[p+Bp0 + Au®] Y Tniy + U+ AUD + AU En, 1L

l s
+z E[V,, + AVifD + AV Pnin; — Zt“ ¢l i (2.5)
i i,

where t;; = t;;F(a12)F(—a12)[F(a2)F(—a2)*~1, a1z = v2(g1 — 92)/wo, a2 =
\/§g2/w07 and oo

F(a) = / ¥t (2)i(z — o) dz. (2.6)

- 00

Here 1;(z) is the i-th site phononic ground state wave function. Renormalizations

ApW), AUM), and AVig.l) are due to harmonic phonons whereas the contributions
Ap® AUD, and AVig-z) are induced by anharmonicity (see [5] for details).

3. Numerical results

In the actual calculations we fixed values wg = 1, ¥ = 5, and performed
the numerical analysis for V; = 0 (harmonic case), V3 /wo = 2 (moderate anhar-
monicity), and Vi /wo = 5 (strong anharmonicity). In Fig. 1 we plot V(z) =
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Fig. 1. Variation of the on-site ionic potential V(z) with the distance z for ¥ =5 and
Vi = 0 (solid line), V3 /wo = 2 (short dashed line), and Vi /wo = 5 (long dashed line);
wo = 1 is the harmonic phonon frequency.

Fig. 2. The band narrowing factor #;;/t;; as a function of the on-site electron—phonon
interaction strength g1 and for gz/g:; = 0.1. g; is the NN electron—-phonon interaction
strength. All parameters and labels are the same as in Fig. 1.
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Fig. 3. Additional anharmonic renormalization of the on-site Hubbard interaction U
and the intersite Coulomb interaction V;; (ij are NN), AU® and AV',(J?), respectively,
as functions of the on-site electron-phonon interaction strength g1 and for g»/g: = 0.1.
g2 is the NN electron—phonon interaction strength. All parameters and labels are the
same as in Fig. 1.

woz?/2 + V() for these values of V;. For chosen values of ¥ and V; we present
values of f,-j/t,-j versus g1 and for g2/¢g; = 0.1 in Fig. 2. Small values of t},- [ti; are
equivalent to the high effective mass of polarons. From Fig. 2 we see that in the an-
harmonic polaronic model much higher values of the e-ph coupling g; are allowed
without making the polarons too heavy. Figure 3 presents additional anharmonic
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renormalization of the on-site Hubbard-Coulomb and the intersite Coulomb inter-
action AU and AV,-S-z), respectively. For the harmonic case AU®) = AV,.S-Z) =0.
Up to moderate values of V; (< 2) these two corrections AU(?) and AV,.S?) are
rather small. Only for strong anharmonicity case (here V3 /wo = 5) these additional

corrections seem to be significant provided the e-ph coupling g; is sufficiently large
(larger than 3.0).

4. Conclusions

In this paper we have studied the anharmonic polaronic model in which
the electronic subsystem, described by the extended Hubbard model, is coupled
to the local anharmonic phonons. We have shown that, when going to the effec-
tive electronic Hamiltonian, the band narrowing factor is generally less rapidly
decaying function of the e-ph coupling. It allows, at fixed value of the polaronic
effective mass, for assuming higher values of the e-ph coupling without making
the polarons too heavy. In addition to that, anharmonicity introduces additional
renormalizations to the on-site and intersite interaction between fermions.
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