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The ballistic conductance of two-dimensional ring calculation results are
presented. The influence of the magnetic field and electron elastic scattering
on the resonant ring conductance are discussed.
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The properties of the ballistic quantum two-dimensional (2D) electron sys-
tems are of intense current interest. After Wharam and van Wees discovered [1, 2]
the phenomenon of the conductance quantization in a narrow channel of 2D elec-
tron gas of a GaAs-GayAl;_,As heterojunction, a great number of various phe-
nomena related to the interference of electron waves in 2D channels and resonant
electron tunnelling have been discovered. We propose [3] a special method for de-
scribing the above-mentioned phenomena and calculating the device conductance,
based on the Kirchhoff integral technique analogous to that used in the diffraction
theory [4].

In this paper the results of the 2D ring quantum ballistic conductance cal-
culation based on the application of that Kirchhoff integral technique and its gen-
eralization in the case of homogeneous magnetic field are presented. This method
is of advantage when the 2D device consists of some part§ interconnected by small
apertures as shown in the inset of Fig. 1. The ballistic conductance of such a device
can be calculated by means of the electron wave functions #X-F(z) defined at the
apertures L, R. In the long-wave approximation, when the electron wavelength
A =2w/k = 27 /\/2meF (eF is the electron Fermi energy) is much greater than the
aperture dimensions d, these aperture functions are of the following form:

oL (g) ox 1R\/1 — (22/d)2, (1)
where the aperture amplitudes %% satisfy the equation set:

(1 —in+ KLEY@L 4 KLRGR = 1, @)
KRLPL 4 (1 —in+ KRBR)GR = 0.

Here
n = (r/8)(kd/2)? 3
-and

KA = (n/4)(d/2)%(6%/ (9202 \|G(rlr')omsr=o,sms.a =55 )

(709)
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Fig. 1. The first radial mode contribution to the ring conductance as a function of
"Akro = (k — k1)ro for b/ro = 0.3 and d/b = 0.8; curve A, £ = 0; curve B, £ = 0.1. The
layout of the 2D ring in the inset.

Symbol G(r|r’) stands for the Green function of the device central part II calculated
with the closed apertures, and z4 and zp are the coordinates of the appropriate

apertures.
If V is the voltage applied to the half planes I and III and J is the current
through the device, the dimensionless conductance can be represented as follows:

g = (h/e*)T|V = go| ", (5)

where gq is the conductance of the device consisting of a single aperture.
Solving Egs. (2) and substituting for expression (5) we write the following
final expression for the device conductance:

KRI
(1—in+ KLL)(1—in+ KRR) - KRLKLE

(6)

9=49o0

Making use of that expression the ring conductance in two different cases
is considered. The first one is the case with the magnetic flux ¢ penetrating the
ring and the second one is the case when the entire device is situated in the
homogeneous magnetic field H. For the sake of simplicity the narrow ring case
with d € b < rg is considered.

In the first case with the magnetic flux @ penetrating the ring the Green
function equation with the Hamiltonian

H = —(1/2)[6%/0r* + (1/r2)(8/0p — i€)?], (7)

is solved, where £ = e®/2rhc is the dimensionless magnetic flux. In that case
go = n? and the solution of the Green function equation lead to the following
expressions for the coefficients:
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sin[w A, (k)] cos[7An (k)]
sin(wAf)sin(7A;)

o0
KL = KRR = %" A, (k)
n=1

LR _ RL _ _ - sin[w ), (k)] cos(m&)
KER = KR = "Z::l An(k) sin(w}) sin(7A;)’ ®
where
An(k) = [wro/4bA (k)] (knd/2), ' (9)

M(k) =ro/k2—k2, A= —££x,(k), ko=mn/b. (10)

Coefficients (8) and consequently the ring conductance (6) consist of series
of spikes corresponding to each ring radial mode. In Fig. 1 the first radial mode
(n = 1) contribution to the ring conductance as a function of Akrg = (k — k1)ro
is presented. With the magnetic flux absent (curve A) each eigenvalue (10) is
doubly degenerate, what corresponds to two equivalent electron motions in the
ring: clockwise and counterclockwise. When the magnetic field is switched on, these
electron motions are no longer equivalent, the eigenvalue degeneracy disappears
and all spikes become split (curve B). It is worthwhile to note the very specific
kind of spikes splitting: the spike wings rather than the tops are split.

The proposed method enabled us to take into account the elastic electron
scattering in the ring [5]. The elastic scattering influence on the resonant ring con-
ductance was considered by means of including the additional impurity potential
into Hamiltonian (7). In the single radial mode approximation this leads to the
coefficient expressions similar to (8). The elastic electron scattering was shown
to cause the same type spike splitting as the magnetic field. It is quite natural,
since the presence of an impurity removes the above-mentioned eigenvalue de-
generacy. There are, however the specific impurity locations when the conditions
sin(myo) = 0 or sin(mpo) = %1 (o being the angle between the aperture and
the impurity location and m is the spike number) are satisfied. In that case the
conductance spike corresponding to the m-th angular mode is not split. For illus-
tration the second spike splitting caused by the elastic scattering is shown in Fig. 2.
The curve A shows the conductivity in the case without magnetic flux through
the ring. When the magnetic field is switched on, the spike splitting increases.
When the magnetic field becomes large enough, the interaction between the neigh-
bouring spikes appears what leads to a rather complicated spike shape (curve B)
resembling the chaotic oscillations commonly present in Aharonov-Bohm effect in
metallic ring with numerous impurities.

In the second case when the entire device (the ring II and half-planed elec-
trodes I and IIT), is situated in a homogeneous magnetic field H, the Hamiltonian

= —(1/2)(v — ieA/ch)?, , (11)
where '

H =rotA. (12)
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Fig. 2. The second spike splitting by the elastic electron scattering (b/ro = 0.3; d/b =
0.8). The impurity situated at wo = x/3, the effective scattering strength 0.5. Curve A,
¢ =0; curve B, £ =0.1.

In this case the single aperture conductance is contributed only by those
half-plane edge eigenstates whose energy is higher than eg. Thus, this conductance
displays the following step-like energy dependence:

o = 1(4/K) 3 O(k/2 — mO(K/2n'), 6(z) = { AIBGPOR)
"’nl . ) .

It is qualitatively similar to the conductance of a saddle-point constriction in a

magnetic field considered in [6].

The ring conductance essentially depends on the relation between the ring
width b and the magnetic length Ay = \/ch/eH. When b < Ay the ring radial
eigenfunctions have the similar bulk shape as in the previously considered case.
Therefore, the ring conductance shows the similar resonant behaviour and similar
spike splitting caused by the magnetic field. In the opposite case b 3> Ay, only
the electron edge eigenstates corresponding to the electron motion along the outer
ring border contribute to the ring conductance. In this case the angular motion
is no more degenerate and, thus, neither magnetic field nor the elastic impurity
scattering splits the spikes. The coefficients K4 now have the form (8) with
Af = An(k) and k2/2 replaced by corresponding radial mode eigenvalue. Therefore,
the conductivity looks like that represented by curve A in Fig. 1.
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