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EXPANSION OF THE ROTATIONAL ENERGY
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A new expansion of the rotational energy of diatomic molecules, in the
form of a continued fraction has been investigated. The considered formula is
applied in calculation of molecular constants and reproduction of rotational
spectra of rigid-, semirigid- and van der Waals-type molecules. A physical
interpretation of semiempirical expansion parameters is proposed and a con-
nection between the method considered and the Dunham approach is also
discussed.

PACS numbers: 33.10.Cs, 33.10.Jz

1. Introduction

A simple analysis of molecular rotational-vibrational (rovibrational) spec-
tra has been realized in the framework of the potential approach as well as the
Dunham method. In the potential approach, energy levels are obtained by solv-
ing the Schrédinger equation with the interatomic potential expanded in terms of
interatomic variables [1-4]. The potential coefficients are obtained either by a fit
to the experimental energy levels or, if available, by a fit to a theoretically cal-
culated potential. In the above method the solution of the Schrédinger equation
provides wave functions which can be applied in evaluation of matrix elements of
various quantum-mechanical operators essential in a more sophisticated analysis
of molecular spectra.

The second popular method of assignment of IR and MW spectra is the
Dunham approach [5] where the rovibrational energy is expanded in terms of
vibrational and rotational quantum numbers v and J, respectively. For diatomic
molecules this yields

Eyy =3 Yu(v+1/247'(7 +1), R 6
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where Y3; are semiempirical parameters whose values are obtained by a fit to the
experimental energy levels. This method has been applied to many molecules, giv-
ing quite satisfactory relations between theoretical and experimental data [6], as
well as providing information on interatomic molecular potential [7, 8]. The dis-
advantage of the Dunham approach is that a power series describing rovibrational
energy has a poor convergence, and that Dunham expansion does not provide any
information about the wave function of individual states of a molecule. In order
to avoid the above difficulties, more advanced and adequate methods based on
different approaches [9-16] have been suggested.

In view of the above consideration, the main purpose of this work is to
present a new method which combines the potential and the Dunham approach,
and may be used in an analysis of the rotational spectra of diatomic molecules.
The considered formula will be applied in evaluation of molecular constants and
in reproduction of the energy of rotational transitions of the X state of 12C16Q,
H3%Cl and of the X, state of 4°Ar; molecules.

2. General formulation

Let us consider a two-atom molecule endowed with a reduced mass m =
myms/(my +msy) where m; and mgy are masses of the molecule constituents. If we
assume that molecular potential has a simple Simons—Parr-Finlan form [2, 3] the
rotation-vibration wave equation for such a system may be written as follows:

B2 82 RJ(J+1) ( qo)2 |
A O AT L Do (1-8) —Euy| s =0, 2
amad | Im(go+q)? TP q 7| Yos )

where ¢ describes the distance between the two atoms, go is an equilibrium distance
and Dy is a constant related to the dissociation energy of the molecule. Taking
into account a quantum-mechanical equation of motion in the Heisenberg repre-
sentation, as well as the explicit form of Hamilton’s operator occurring in (2), we
get : ’

A ay-1rs ) 2D -
b= Gr)7'[p, A = _Lﬁg._wl, 9
Dy = Doll+BoDg'J(J +1)]™,  Bo = h*(2me)~, (4a,b)
a7 = qoll + BoDy I (J +1)]. (4e)

The right hand side of (3) represents the quantum-mechanical force which has a
potential

Uef=D,< —q—’)z, (5)

q
whereas the quantities Dy and ¢y are the modified dissociation constant and the
changed equilibrium distance, respectively.
A look into (3) reveals that in rovibrational two-atomic systems, described by
the Simons-Parr-Finlan potential, a time-change of momentum is a result of force
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with the modified dissociation constant Dy, and the changed equilibrium distance
gs. This is a simple consequence of the deformational action of the centrifugal
force which acts upon systems with rotational degree of freedom [17]. In view
§f thelabove, the Schrédinger equation (2) may be rewritten into the equivalent
ormula

K2 92 y)z BoJ(J +1)
+D;(1-% — Eyy| %y =0,
[2 oq? J( q +1+BoD0‘1J(J+1) Eor| 407 =0, (6)

which can be strictly solved [18 19] leading to the energy elgenvalues and the
corresponding wave functions given in the forms

4D; B;* } BoJ(J +1)
E,y=Dy{1-

e { [1+4 2v + (14 4D;B;1)1/2)2 1T BoDylJ(J +1)’ Q
By = h2(2mg})~! = Bo[1 + BoD;1J(J + 1)), (8)
Yvs = Nos(2B,3p)*? exp(—Pusp)L]’ (2Bvsp), (9a)

I'(14vs +v)
Y7 [ S LA —_e .
Lv (2/3u.7p) = v'I‘(l T 7]) lFl( v;14 7]:2,31)][7)’ (91’))
' ! 1/2
Nyy = . , 9
= [rarare (b)

where L}7(28,7p) is the generalized Laguerre polynomial, 1 F1(—v; 1+ v7;26,7p)
denotes the confluent hypergeometric (or Kummer) function whereas

p=L oy = LE1 (10a,b)
g7’ 2

_ Dy
=/1+4D;B;! = . 10¢,d
7] + J J ﬂu] B]('U'i'aj) ( c )

The obtained results indicate that rovibrational energy of diatomic systems consists
of an effective vibration energy described by the first term in (7), and an effective
rotation energy given by the second one. It is easy to verify that

BoJ(J +1) ( qo)z
ERet — =Dy (1-2) +B;J(J+1), 11

i.e., the effective rotational energy is a result of a change of the equilibrium con-
figuration go — ¢y caused by the centrifugal force.

3. Applications

The formula (7) may be applied in calculation of the rovibrational energy of
diatomic molecules, however, in the case of rotational transitions for low excited
vibrational states (v = 0, 1), in the first approximation one may neglect rotational
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dependence of the effective vibrational energy. As a result, the simplified energy
formula for rotational transitions reads
14+ BoDg (J +1)(J+2) 1+ BoDylJ(J +1)
In the zero order approximation considering the molecule as a rigid rotor (Dg = 00),
Eq. (12) reduces to the well-known formula AEy = 2Bo(J +1).
A detailed analysis of (11) and (12) leads to the following conclusions:

(i) For a small value of the constant By Dy !, the effective rotational energy can be
expanded in a power series of J(J + 1), leading to the polynomial Dunham
expansion of the rotational energy of diatomic molecules. So, the Dunham
formula is a particular case of the general one given by the analytical equation
(7) or the approximated expression (11).

(if) The continued fraction formula (11) is a more general and stronger physically
supported equation describing the rotational energy of two-atom systems,
then the Dunham proposal.

In view of the above, it is tempting to employ in reproduction of the energy
of rotational transitions, a polyparametric continued fraction formula

BoJ(J +1)

= Iﬁrj—“ eEEy | (13)
=5
and compare the calculated frequencies with these obtained by making use of
Eq. (1). The molecules 12C*60, H35Cl, and %°Ar, will be taken as an example.
The best values of the molecular parameters will be determined by the linear
least-square routine in which the statistical weights, proportional to the inverse of
experimental uncertainties, are taken as being equal to one. In Table I the param-
eters {Bg, k = 0,1,2...} calculated on the basis of the N-parametric continued
fraction formula (13) are tabulated, whereas Table II presents the Dunham pa-
rameters {Yos, J = 0,1,2....} obtained by using the N-parametric polynomial
expansion

E;=BJ(J+1)—- DJ*(J +1)2 + HI3(J +1)®* - LJ*(J + 1)*
+MJ3 (T +1)5 — ... (14)

4. Discussion

The performed calculations lead to the conclusion that the equation better
physically supported and describing correctly the effective rotation energy of the
considered molecules, is the 3-parametric continued fraction

gret — _ BoJJ +1)

15)
BoJ(J+1 (
1+ poe Bt
to be obtained from (11) by a formal substitution

Do — D(J) = Do[1+ B2J(J + 1)]. (16)
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This indicates that the dissociation constant depends on the rotational quantum
number J. Because the semiempirical parameter B, is negative for all the cases
considered, it becomes apparent that the dissociation energy of rotating systems di-
minishes according to formula (16). This effect, for highly excited rotational states,
leads to the possibility of rotation induced dissociation of a molecule. Therefore, the
semiempirical parameter B; may be viewed as an indicator of molecular suscep-
tibility to rotational dissociation, which, according to our intuitive expectations,
diminshes with rigidity of a molecule (see Table I). The remaining parameters

TABLE I

Continued fraction molecular parameters® B fitted to the experimental data.
aly By B; B, B3

MHz 5.125 57636.44(11) 3.1992(11)- 10~%
12c160 | 0.051 | 57635.9649(18) | 3.183843(49) 10~ | —2.2423(70) - 10~°
8° 0.050 | 57635.9667(24) | 3.18399(14)-10~¢ | -2.177(56)-10~% | —1.1(10).10"5
MHz 9.599 | 312991.80(62) 5.0756(14)- 10~°
H3%Cl | 0.077 | 312989.2446(79) | 5.057881(46)-10~% | —1.924(9)-10-5
10 0.071 | 312298.9253(12) | 5.05800(13)-10~% | —1.894(34)-10"% | —6.9(78).10~5
em~1 | 0.078 | 5.8115(53) 10~2 2.553(53) - 10™°
40Ar, | 0.008 | 5.76854(93)-10~2 | 1.555(16)- 105 -1.361(23) - 10~*
25 0.006 | 5.7727(13)-10~2 1.708(39) - 10~ -8.2(11)-10=% | -1.17(26).10~%

¢ For 1"’0160, H35Cl, on and Bg are calculated in MHz,

parameters are dimensionless.
b Standard deviation of the fit.

¢ Number of experimental data in the fit.

and for %°Ary in cm=!, Remaining

TABLE II

Durham molecular parameters® Yy ; fitted to the experimental data.
a8 B D H L

MHz 2.140 | 57635.762(45) 0.183133(27)
12¢160 | 0.051 | 57635.9648(19) | 0.1835036(29) 1.723(13)- 10~7
8¢ 0.050 |  57635.9667(24) | 0.1835128(83) | 1.848(105)-10~7 | 4.94(41)-10~12
MHz 15.519 | 312985.11(99) 15.7411(70)
H3C1 | 0.077 | 312089.2386(88) | 15.83036(16) 4.9240(87)- 10~*
10 0.071 | 312298.9252(12) | 15.83098(42) 5.009(55) - 10~* 3.6(24)- 10-8
em~1 0.067 | 5.564(15).10~2 | 1.377(24)-10~°
4041, 0.012 | 5.8048(43)-10~2 | 0.771(24)- 10~ | —1.950(77)-10~2° -
25 0.005 | 5.7758(15)-10~2 | 1.005(35)- 10-% | 5.3(26)-10~1! 5.66(58)- 10~14

* For 12¢180, H35Cl, Dunham parameters and o are calculated in MHz, and for 40Ar, in cm™1,
b Standard deviation of the fit.
¢ Number of experimental data in the fit.

in the 3-parametric expansion (15) have a clear physical interpretation, namely,
" Bo = h%(2mg3)~1, By = h*(2mDog})~! and may be used to determine the equilib-
rium distance gy and the dissociation constant Dy of the two-atom systems under
consideration. Additional results can be summarized as follows:
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(i) Starting from the well physically defined model of a rotating diatomic molecule
it is possible to reproduce with high accuracy the observed transitions in a
wide range of rotational states.

(ii) Application of the 4th semiempirical parameter practically does not give a
remarkable change in the accuracy of calculations.

(iii) To the accuracy of 0.01 MHz and 0.01 cm~?, quoted in Refs. [20] and [21], the
energy of the rotational transitions reproduced by the 3-parametric continued
fraction (13) is in perfect agreement with that provided by the 3-parametric
Dunham expansion (14). Although, it is worth noting the difference at the
3rd decimal position points to the advantage of the former, both for rigid-
(1*C*€0), semirigid- (H35Cl) and van der Waals (°Ar,)-type of molecules.

(iv) From Table I we see that for *°Ary, application of the sextic parameter in the
fit leads to very good theoretical reproduction of the experimental data and
results in a value for the quartic constant which is an order of magnitude
lower, so, we arrive at the conclusion that the N-parametric fit is an “effec-
tive” fit for the problem considered. It should be mentioned, moreover, that
in Ref. [21] only a quartic fit to the lowest rotational states was reported.

(v) The Dunham expansion of the rotational energy of two-atom systems may be
“treated as a particular case of the general expression (13).

(vi) The presented approach allows the wave function to be easily obtained by
the formal substitution Dy — Dg[1 + B2J(J + 1)] in (9), so it is possible to
avoid the main disadvantage of the Dunham approach.

The proposed method may also be applied to molecules for which the ex-
perimental data allows determination of octic and decadic constants, such as HF,
by making use of the 4- and 5-parametric continued fractions, respectively. The
results of investigation of this and other molecules will be presented in a separate

paper.
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rotational states of molecules, and is based on another set of fitted parameters (Bg, k =0, 1, 2),
which gives the same accuracy of the calculated results.
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