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Electronic structure of a crystal within the tight binding model is de-
scribed in terms of fibre bundle formalism, with the base and fiber being
respectively the set of all sites and the single-centre space of electron spinor-
bitals. It is based on the Weyl’s duality between the symmetric group and the
unitary group, and paves the way for a Racah-Wigner type of description
of electronic structure in multicentre systems.
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1. Introduction

The aim of the present paper is to propose a concise fibre bundle description
of electronic structure of multicentre systems (molecules, crystals, Bravais cells,
etc.) within the tight binding [1] and itinerant electron [2] models, in a way adapted
to the Wigner-Racah approach [3-7]. In these models one starts with two ingredi-
ents: (i) the set I of all nodes of the system, each node i € I serving as a centre of
localization of electrons, (ii) a finite-dimensional single-centre unitary space W of
electron spinorbitals. Mathematically, it has been proved convenient [3] to look at
these two ingredients as the building elements of a bundle [8, 9] with the discrete
‘base I and the typical fiber W. The associated factorization of the space L of all
multicentre spinorbitals (i.e. molecular spinorbitals of the MO LCAO method, or
Bloch functions of the tight binding approach) into positional and polarizational
parts [3-7] provides the ground for a construction of multielectron multicentre
bases by means of an appropriate multiple coupling within the Racah—Wigner
scheme. This approach has been already applied to determination of two-electron
states in molecules [4] and, in particular, to Cooper-like pairs on a square [5]. Here
we extend this method to the case of an arbitrary number N of electrons, replacing
a detailed multiple coupling of single-electron spaces by a scheme suggested by the
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general Weyl’s duality between the actions of the symmetric group X5 and some
unitary groups in the relevant tensor spaces.

2. Types of electronic spaces |,

We start our description of electronic structure of multicentre systems within
the tight binding approach with a careful distinction of a number of relevant quan-
tum Hilbert spaces. On the one hand, we have to distinguish between single-centre
and multicentre, or crystalline states, and on the other hand between single-electron
and multielectron ones. Thus W and L are single-electron spaces for the single-
and multicentre cases, respectively, so that the electron Bloch states are vectors
of L, whereas, e.g. the hydrogenic 1s state belongs to W. We assume that W

. is truncated to a finite-dimensional space of some optimised spinorbitals. Thus
n = dimW = 2,6,10 and 14 for s, p, d, and f electrons, respectively.

Within the tight binding approach, the single-electron multicentre space L
is spanned on the set I of all centres, so that dimL = |I|dimW. The elements of
L are thus extended states of a single electron. Such states involve both atomic
character of localised orbitals via the space W and the geometric symmetry of a
multicentre system, expressed by covariant bases, adapted to the structure of the
set I (e.g. Bloch functions for a periodic structure on I).

According to the Pauli exclusion principle, the N-electron spaces are an-
tisymmetrised N-th tensor powers of corresponding single-electron spaces, i.e.
W™} and L{1"} for the atomic and multicentre case, respectively, with {1V}
denoting the Young diagram for the partition of the mteger N into N parts, Thus
W1’} and L{1°} are one-dimensional vacuum spaces, W't =W and LM} = L
correspond to a single electron, W{*} is the space of all atomic pairs of electrons,
L1} involves extended Cooper pairs, etc. Then the Fock spaces, appropriate for
systems with undefinite number of electrons, are

dimW
F= 3" ewi™ | (1)
N=0
and
dimL
y=3 ert™ @
N=1
for the atomic and multicentre case, respectively.

The single-centre Fock space F' provides the starting point for the atomic rep-
resentation in the Hubbard model of itinerant electrons [2]. If, e.g. the single-centre
space W is spanned over all nl spinorbitals for fixed nl atomic quantum num-
bers, then the Fock space F is spanned over all states of atomic shells (nl)N for
N=0,1,2,. .,2(21+1). In particular, in the case of s-electrons we have only spin
degrees of freedom, so that dim W = 2, and

F=wl o wt'} g w1}, 3)
with the consecutive subspaces W{l"} spanned over the empty-site state {—},

singly occupied spin states {f,]}, and the doubly occupied antisymmetric state
{11}, so that dim F =14+ 241 =4.
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The crystalline Fock space Y is the principal object for a quantum description
of electron phenomena in molecules and crystals within the tight binding model.
When the single-centre space W is of a finite dimension, and the set I of sites is
finite, then the Fock space Y is also finite-dimensional, namely

dimY = Ml dimW 4)

3. Fibre bundle structure of electronic spaces

Within the tight binding approach, the principal model assumption is the
choice of the single-centre, single-electron space W, whereas all the other spaces,
ie. F,L, and Y, have to be constructed using the known distribution of sites in
crystals. The latter is coded as a structure of the geometric symmetry grup G,
imposed on the set I of all sites. Construction of the single-centre Fock space F
consists merely in multiple coupling of N copies of the single-electron space W
using the Pauli exclusion principle [10], within the Wigner-Racah approach [11].
On the other hand, construction of multicentre spaces L and Y involves, in an
intrinsic way, an approach based on fibre bundle techniques [3-9]. We proceed
to describe this approach briefly for the case of the multicentre single-electron
space L. :

Let ¢; : W — W; be the isomorphism of spaces which produces a faithful
copy W; of the unitary space W, centred at the site ¢ € I. The set of all such
copies, i.e. :

E=Jw, - (5)

iel

is the fibre bundle with the discrete base I and the typical fiber W. The elements
of the bundle E are thus single-electron states e € W; C E, each localized at
a definite site i € I. The identification of a node is provided by the canonical
projection p : E — I of the bundle E onto its base I, defined by p(e) = ¢ for
e € W; C E. The section of the bundle E is defined as any mapping ¢ : I — E
satisfying p o ¢ = idy, where idy : I — I denotes the identity mapping on I.
Now, the space L of single-electron multicentre states is identified with the set of
all sections 9 of the bundle E. The sum ; + 13 and multiplication by complex
numbers cy is defined pointwise, i.e. (Y1 + ¥2)(1) = ¥1(3) + ¥2(4), ¢ € I, with
the sign “+” in the left- and right-hand side being the addition in L and W;,
respectively, and (cy)(i) = cy(i),? € I.

In order to adapt the above “coordinate free” description to some reference
frames, we introduce an orthonormal basis i = {& = 1,2,...,n} in the typical
fiber W. Then the set {¢;(a)|a € #i} is an orthonormal basis in the space W; of
the fiber over the site ¢ € I, and the formula

'»bia(i,) = ¢i(a)6ii" i € I; (6)
defines the section ;4 € L. The set ’
e={vYia=li,a>iecl,aen}2Ixf )

is a basis in the linear space L of all sections of the bundle E. The unitary structure
of L is imposed by the requirement that ¢ is an orthonormal basis, i.e. that

< i;ali;o >= §ipbaar, 1,1 €1, a,0 €. : (8)
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It corresponds to neglecting any overlap of electrons localised at different centres.
Within this description, an arbitrary single-electron multicentre state is charac-
terised by the unique expansion

[ >= ZierZacaciali; o > 9

‘with some complex coefficients c;o. Briefly, a molecular spinorbital | > of the
famous MO LCAO method is a section of the bundle E.

It is worth to observe that the structure of our bundle E is much simplified
in comparison to bundles considered in textbooks of differential geometry [8, 9].
Namely, our base I is a discrete set, which can even be made finite by means of
Born-Karman periodic conditions, whereas the textbook base is usually equipped
* ‘'with the structure of a differential manifold. Thus the so-called “triviality condi-
tion” imposing the local Cartesian product structure to each open neighbourhood
in the base I becomes redundant, and the set of mappings {¢,|z € I} provides a
global structure for the whole bundle E. Still, even then there is an essential dif-
ference between the Cartesian product I x W and the bundle E since the former
has two canonical projections w1 : I X W — I and w3 : I x W — W onto each
factor, whereas the latter disposes only one canonical projection p : E — I onto
the base [9]. Mappings ¢; ! : W; — W do exist, but are not canonical, sirice the
basis on each fiber W; can be chosen independently. In short, the base I is “ab-
solute”, whereas the fiber W is “relative” [3, 12]. Such a presentation of discrete
structures in terms of bundles is similar to Mozrzymas [13] description of space
groups as bundles with the point and translation groups playing respectively the
role of the base and typical fiber.

4, Factorization, the duality of Weyl,
and Wigner—Racah type of approach

Fibre structure of the space L of multicentre single-electron states, presented
in the preceding Section, in particular Eqgs. (5) and (7), suggests a factorization

L=B®W, (10)
where
=lec I v (11)

is the linear space, constructed as the formal linear closure (lc) of the set I of sites,
over the field C of complex numbers. The unitary structure of B is imposed by
requiring I to be an orthonormal basis. We refer hereafter to B as the positional
space [14-16]. Equation (10) provides thus a factorization of the single-electron
space L into the positional factor B, accounting for-the geometric distribution of
centres, and the polarizational factor W, related to the single-centre spinorbitals.

The factorization (10) bears a far-reaching resemblance to atomic case, where
spin variables are coupled to orbital ones. This fact paves the way for a Wigner-Ra-
- cah type of approach in constructing some convenient bases in multielectron spaces.
We consider for illustration'the case N = 2 [4-7]. The obvious isomorphism

L*=(B@W)®(BOW)=(B® B)® (W W) , (12)
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yields various Wigner-Racah types of coupling schemes, recoupling coefficients,
etc., in a full analogy to addition of four angular momenta in terms of 9;-symbols.
The symmetrization can be thus performed separately for each of both factors,
positional B® B and polarizational W®W In particular, the space of two-electron
states can be witten as

L1 = (B2 g Wit g (B’ @ wiz}), (13)

We obtain thus two subspaces, each being a direct product of the positional and
polarizational factor. Each factor is bilinear in electron indices and exhibits a def-
inite statistics, {2} or {12}, so that the resultant Young diagram is antisymmetric
to fulfil the Pauli exclusion principle. For finite sets I and #, the counting formula
for dimensions in Eq. (13) reads

A e _ i+ [ » 11\ n(n+1) | |
(1) () (W) e

This discussion can be extended to an arbitrary number N of electrons by use
of appropriate coupling schemes. We are not going here to describe any detailed
scheme of a multiple coupling, but only sketch out the way of classification of basic
states in terms of the Weyl’s duality [17, 18] between the actions of the symmetric
.group Xn of permutations of electrons, referred to as the Pauli group, and of the -
single-particle unitary group, U(n) or U(nlI ), in appropriate tensor power spaces.

We start with the formulation of the duality of Weyl for the case of the N-th
tensor power space W of the single-centre space W. Let Py : Zny x WN — WN
be the action of the Pauli group Xy in WV, and let Vi : U(n) x WN — WV
be the action of the unitary group U(nr) in W¥. Thus Py (o), ¢ € Zx, permutes
electrons between various factors W of WV and Vi{{(g), ¢ € U(n), performs
the same unitary transformation g in each factor. These two actions commute
mutually, i.e.

Pu(o)Vi(0) = V¥ (9)Pw(0), o €Sy, geU(m). (15)
Thus the basis states in the space W¥ can be classified by irreducible representa-
tions A4 of the Pauli group Zx and D4 of the unitary group U(n) simultaneously,
both irreducible representations being labelled by the same Young diagram A, cor-
responding to a partition of N into n parts. The Weyl’s duality states that the
multiplicity m(Pw, A4) of A4 in Pw is equal to the dimension of D# and, vice
versa, the multiplicity m(V{f}, D4) of D4 in V}}) is equal to the dimension of A4.
Moreover, these multiplicities are given by hooklength formulas, so that

n n+1|...
n—1
m (P, A%) = dimDA = ——= , (16)
b—
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and

m (VN,DA) = dim A4 = N —, (17)

b
|

I

where contours of the Young diagram A denote products of all its entries, and
each entry in denominators is the appropriate hooklength — the number of boxes
encompassed by the hook formed by indicated arrows. Thus the entry of the a-th
row (of length );) and the b-th column (of the length A}) is Ay + A} —a—b+ 1.
Thus the actions of groups of the duality of Weyl, Zx and U(n), in the space
WX yields the decomposition '

wN =3 ew " (18)
A

into subspaces W4, invariant under both groups. The restriction Py |wa of the
action Py of Zy to the subspace W4 consists of m(Pw, A4) copies of the irre-
ducible representation A4 of Ly, and the restriction Vi |wa of the action Vi) to
this subspace is the m(V;}, D4)-fold repetition of the irreducible representation
DA of U(n). It is important to point out that both irreducible representations, A4
and D4, are labelled by the same Young diagram A. The sum rule corresponding

to the Weyl’s duality (16)-(17) reads

> m(Pw, AYm(VY, D*) = n" | (19)
= :
where the sum runs over all non-increasing partitions A of N into not more than

n parts A;, 7 € 7i, ordered such that 0 < A;j41 < Ai, Zieadi = N.
Now we observe that the factorization (10) yields the isomorphism
LN =BNowN _ (20)
and that the duality of Weyl (16)-(17) can be applied to each factor, positional
BN and polarizational W/, separately. Then the antisymmetric subspace L™}
of LN can be constructed using the Clebsch-Gordan selection rule for the Pauli
group X, given by
1 if A = AT,
0 otherwise,

m(A4 @ A%, A1) = { (21)

where AT" denotes the Young diagram transposed to A. Thus

L{IN} = z @(BAT" WA), (22)
A

where (BA™, W) denotes the antisymmetric part of the tensor product BA™ @
W4. Equation (22) is the generalization of Eq. (13) for an arbitary N < n|I|. The
counting formula for dimensions reads now

(" ) = St 2, 20, (3)
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where appropriate multiplicities are given by. the hooklength formula (16), with n
replaced by |I| for the action Pp : Zy x BN — BN of the Pauli group T in the
positional tensor power space BY,

5. An example

We illustrate some features of our approach on an example of a simplified,
finite two-dimensional crystal consisting of just four atoms, placed at corners of
a square. It corresponds to cyclic boundary conditions with the Born—-Karmdn
period p = 2. We admit only localised s electrons, so the single-centre Fock space

F is given by Eq. (3), and the crystalline Fock space Y consists of subspaces {+"} ,
N=0,1,2,...,8, with the dimensions

dimL{"} = dimp*"V} = ( ; ) , (24)

and the sum rule
2(1 + 8 + 28 + 56) + 70 = 256. ' (25)

The factor 2 in Eq. (25) accounts for the particle-hole symmetry of spaces Lt}

and L1} for N = 0,1,2,3, and the last term 70 corresponds to the half-filled
case N =4.

The single-particle crystalline space L is factorized according to Eq. (10)
into the four-dimensional positional space B, spanned on indices of corners of the

square, and two-dimensional spin space W. The one-dimensional spaces {1} and
r{r} correspond respectively to the vacuum state and to the full occupation of
the crystal by electrons, the eight-dimensional spaces Y=L and 2t} 2 1
describe respectively a single electron and a single hole and have the structure
(10) of the direct product of the positional and spin part. The two-electron {r}
and two-hole L{1°} spaces have the structure given by Eq. (13), i.e. they separate
into the terms B{2} @ w{1’} (singlet pairing) and i} w2 (triplet pairing),
each term having the direct product structure. The dimensional check reads
6-3+10-1=28, ' (26)
with A = {2} and { 12} for the first and second term, respectively (cf. Eq. (12)).

The three-electron and three-hole spaces £{1*} and £{**} have a more com-
plicated structure, which is given according to Eq. (17) by

1} = (3@, wl}) @ (B0, W), @)

The first term corresponds to S = 3/2, and the second to S = 1/2. They are no
more direct product spaces, but have a non-trivial structure resulting from sepa-
ration of the antisymmetric part L{t*} of I3. For example, the positional part of
the second term is neither purely fermionic, nor bosonic, but has a “parastatistic”
A = {21}, corresponding to the two-dimensional irreducible representation of the
Pauli group X3. The counting of dimensions for Eq. (28) is

56=14-4+420-2. | (28)
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The space
{1} (B{v}, W{4}) ® (B{zl’},w{al}) ® (3{2’},W{2’}) (29)

corresponds to the half-filled square, and the consecutive terms correspond to the
total spin § = 2,1, and 0. The dimensional check is

70=1-5+15-3+20-1. . (30)

6. Final remarks and conclusions ‘

We have presented a description of electronic structure of a crystal within
the tight binding approach in the language of fiber bundles. The base and typical
fibre of this bundle is, respectively, the set I of all lattice sites and the single-centre
space W of states of a localized electron. The factorization resulted from the fibre
structure of multielectron spaces allows us to distinguish between positional and
polarizational degrees of freedom. Our description is based on the Weyl’s duality
between the symmetric group Sy and the unitary group U(n), n = dim W, which
yields the classification of irreducible subspaces by Young diagrams.
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