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We present a uniform analytical formulation for electromagnetic scattering by a circular aperture in
an in�nite perfectly electrically conducting plane. The formulation extends the boundary di�raction
wave theory by incorporating both incident and re�ected �eld contributions into a single analytical
framework. A detour parameter combined with Fresnel uniformization is used to obtain a continuous
edge-integral representation through the light�shadow transition. The resulting formulation reduces the
aperture problem to a one-dimensional rim contribution and provides a compact analytical description
of circular-aperture di�raction from a conducting screen over the considered angular range. Numerical
evaluations based on the derived expressions illustrate the smooth behavior of the angular �eld, the
symmetry associated with the conducting boundaries, and the edge-enhanced oscillatory features arising
from the combined incident, re�ected, and di�racted contributions. The main contribution of the study
is a detour-enhanced uniform boundary di�raction wave formulation that provides a compact analytical
representation of conductive circular-aperture di�raction and establishes a structured basis for future
comparison with full-wave numerical and experimental benchmarks.

topics: electromagnetic scattering, boundary di�raction wave theory, Fresnel uniformization, circular
perfectly electrically conducting (PEC) aperture

1. Introduction

The scattering of electromagnetic waves by aper-
tures on perfectly electrically conducting (PEC)
surfaces has long represented a cornerstone prob-
lem in classical wave theory, forming the basis
of modern optics and electromagnetic modeling.
Following Kirchho�'s pioneering formulation, the
seminal works of Born and Wolf [1], Keller [2],
and Miyamoto and Wolf [3] established the theo-
retical framework that evolved into the boundary
di�raction wave (BDW) theory. This formulation,
rooted in the Maggi�Rubinowicz concept, interprets
the total �eld as the superposition of incident and
edge-di�racted components � a conceptual ad-
vance that remains central to analytical di�raction
modeling [4, 5].
Despite its theoretical elegance, the classical

BDW theory exhibits non-uniform behavior near
the light�shadow boundaries, producing unphysi-
cal discontinuities that limit its applicability, espe-
cially for curved apertures. Various uniformization
strategies, including the use of asymptotic Fresnel

integrals [6], paraxial di�raction expansions at the
boundary [4], and analytical treatments bridg-
ing the Fresnel�Fraunhofer regimes [7, 8], have
signi�cantly improved the canonical di�raction
modeling. However, a fully uniform analytical rep-
resentation for circular PEC apertures has re-
mained elusive. Recent theoretical and numerical
studies have attempted to overcome this limitation
through high-order Fresnel formulations [5, 9], hy-
brid analytic�numerical approaches [10], and sector-
based aperture analyses [7]. E�cient computational
techniques � such as non-uniform fast Fourier
transform (FFT) implementations for Fresnel
di�raction [5] and analytical�numerical coupling for
curved PEC arcs [10] � have improved modeling
accuracy but still rely on non-uniform �eld approx-
imations. In parallel, analytical treatments of spe-
cialized geometries, including pseudo-nondi�racting
Bessel beams [11] and resistive circular holes [12],
have broadened the theoretical landscape yet failed
to fully resolve the PEC uniformization problem.
In the broader electromagnetic context, di�rac-

tion by circular apertures continues to play a
key role in high-frequency and computational

134

http://doi.org/10.12693/APhysPolA.149.134
mailto:altinelmust@gmail.com


Uniform Analytical Solution for Scattering by Circular. . .

electromagnetics [9, 13, 14]. For example, Lovat
et al. [13] analyzed magnetic �eld penetration
through circular PEC plates, while Serdyuk [14]
examined di�raction through �nite-thickness con-
ductors. Similarly, Wang et al. [15] demonstrated
ultra-low-threshold lasing through metallic circu-
lar apertures, and Zhou et al. [16] investigated
near-�eld coupling e�ects in PEC screens � both
highlighting the continuing relevance of analytical
modeling to photonics and antenna engineering.
In this context, several extensions of BDW theory
have been proposed. Umul [5] and Yalç�n [17] intro-
duced the uniform boundary di�raction wave the-
ory, while Alt�nel and Yalç�n [18, 19] extended it
to perfect magnetic conductor (PMC) and opaque
surfaces within the extended BDW (EBDW) frame-
work. Additional re�nements addressed boundary
impedance e�ects [20], composite mixed-boundary
problems [10], and aperture-speci�c Fresnel di�rac-
tion behaviors [21, 22]. Nevertheless, a compre-
hensive and truly uniform analytical solution for
circular PEC apertures, integrating both incident
and re�ected �eld components, has not yet been
realized.
Beyond the theoretical challenge, modern appli-

cations in metasurface design and high-resolution
imaging impose stringent requirements of accuracy
and e�ciency. Studies such as Gao et al. [23] and
Aime et al. [24] emphasize the need for di�rac-
tion models capable of resolving subwavelength
or starshade-scale features with minimal computa-
tional cost. These demands motivate the develop-
ment of new analytical formulations that combine
physical rigor with numerical e�ciency.
In this work, we develop a detour-enhanced

uniform analytical formulation for electromagnetic
scattering by a circular aperture in an in�nite
PEC plane. Building upon the vector-potential-
based BDW formulation and its detour-enhanced
extensions [4, 19], the proposed method incorpo-
rates both incident and re�ected PEC contributions
within a single edge-integral kernel. By combin-
ing the detour parameter with asymptotic Fresnel
uniformization, the formulation provides a contin-
uous one-dimensional representation through the
light�shadow transition for the considered observa-
tion directions. Numerical evaluations for di�erent
aperture radii and observation distances illustrate
angular continuity, symmetry, and PEC-related
edge-enhanced oscillatory behavior predicted by the
analytical model. The contribution of this work is
therefore a compact and physically interpretable
uniform BDW-based framework for conductive cir-
cular apertures, rather than a replacement for
full-wave numerical solvers.
By addressing both theoretical limitations and

a computational challenge, the present study pro-
vides a consistent analytical framework that can
support future developments in computational elec-
tromagnetics, metasurface design, and wave-based
engineering.

2. Theory and analytical formulation

The di�raction of an electromagnetic wave by a
circular perfectly conducting (PEC) aperture can be
rigorously derived within the boundary-di�raction-
wave (BDW) framework based on the classical
Helmholtz�Kirchho� integral [1]. In the present for-
mulation, a time harmonic-plane-wave excitation is
assumed, and the total scalar �eld U(P ) is eval-
uated at an observation point P enclosed by a
surface S. Here, U(P ) is used as a representative
scalar component of the electromagnetic �eld. For
clarity, the numerical evaluations are interpreted in
terms of the linearly polarized electric-�eld compo-
nent associated with the incident wave. The use of
a scalar component does not imply that the PEC
boundary conditions are neglected; rather, the PEC
response is introduced through the incident and
re�ected �eld contributions in the boundary ker-
nel. On the perfectly conducting plane, the tan-
gential electric �eld satis�es the PEC condition,
while the re�ected contribution includes the corre-
sponding phase reversal. Therefore, the scalar BDW
formulation employed here should be understood
as a component-level reduction of the electromag-
netic aperture problem, not as a full vector modal
solution. The �eld is expressed as

U(P ) =

"
S

dS V (Q,P ) · n, (1)

where Q is a variable source point on the surface S,
n is the inward unit normal on S, and V (Q,P )
is the vector kernel that ensures U(P ) satis�es the
homogeneous Helmholtz equation [1]. Equation (1)
forms the mathematical foundation of the theory
of scalar di�raction and constitutes the starting
point for the BDW approach originally developed
by Miyamoto and Wolf [3].
Applying Stokes' theorem allows the total �eld

to be separated into two physically distinct compo-
nents, namely the geometrical optics (GO) �eld and
the boundary-di�raction �eld [2, 3],
U(P ) = UB(P ) + UGO(P ). (2)

Here, UGO(P ) represents the direct transmission
predicted by geometrical optics, whereas UB(P )
corresponds to the di�racted contribution gener-
ated at the aperture rim. This decomposition is cru-
cial because it isolates the edge e�ects responsible
for di�raction from the smooth propagation that
follows geometrical optics.
The di�racted contribution UB(P ) can be for-

mulated as a contour integral over the aperture
rim Γ [3�5]

UB(P ) =

�
Γ

dl W (Q,P ) · l. (3)

In this expression, Γ denotes the circular bound-
ary of the aperture, l is the unit tangent vector
along the contour, andW (Q,P ) is the BDW kernel.
This compact integral form establishes a direct link
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Fig. 1. Geometrical con�guration showing the
incident, re�ected, and observation directions rep-
resented by the unit vectors ei, er, and eR,
respectively, as used in (11).

between the �eld at the observation point and the
local �eld variations along the boundary. The ex-
plicit form of the BDW kernel is written as [3]

W (Q,P ) =
e− ikR

R

(
eR×∇Q − ik+eR·∇Q

)
U(Q)

4π
,

(4)

where k = 2π/λ is the wavenumber associated with
wavelength λ, R =∥ r − r′ ∥ is the distance be-
tween the observation point P (r) and the boundary
point Q(r′), and eR = (r − r′)/R is the unit vec-
tor directed from Q to P . The operator ∇Q acts on
the boundary coordinates, and the exponential term
accounts for the phase delay due to propagation.
The three terms inside the brackets in (4) describe,
respectively, the vector circulation, phase shift,
and projection e�ects, which collectively de�ne
di�raction from the edge.
To maintain consistency with geometrical optics,

the GO term is expressed as the limit of in�nitesi-
mal contour contributions [2]

UGO(P ) =
∑
i

lim
σi→0

�
Γi

dl W (Qi, P ) · l. (5)

This form ensures a continuous transition between
illuminated and shadowed regions as the observa-
tion point crosses the geometrical boundary.
In the following section, we apply the analyti-

cal formulation, rigorously derived from Maxwell's
equations, to the scattering problem of a circular
aperture on an in�nite PEC plane.
To specify the boundary conditions for the

aperture, in the case of plane-wave illumination, the
reference incident and re�ected �elds are expressed,
respectively, as [3�5]

Ui(P ) = ui e
− ikr cos(θ), (6)

and

Ur(P ) = −ui e ikr cos(θ), (7)

where ui is the complex amplitude of the incident
wave, and (r, θ, ϕ) are the spherical coordinates of
the observation point P measured from the aperture

axis (the z-axis). The re�ected term has a negative
sign, indicating phase reversal produced by the PEC
boundary. This sign convention corresponds to the
selected tangential electric-�eld component under
assumed linear polarization and is consistent with
the PEC condition on the conducting surface. These
two plane waves form the reference �elds required
in the kernel evaluation.
The scalar distance between the observation

point and a point on the circular aperture rim is �rst
written in its general azimuth-dependent form. For
the observation point P (r, θ, ϕ) and the rim point
Q(a, ϕ′) located on the plane z′ = 0, the general
rim-to-observer distance is

Re =
∣∣R∣∣ = √

(x−x′)2 + (y−y′)2 + (z−z′)2. (8)

This expression preserves the full dependence on the
rim azimuth ϕ′ and is the distance used in the orig-
inal contour-integral representation. In the reduced
notation used after evaluating the stationary phase,
Re denotes the e�ective detour distance evaluated
at the stationary rim direction. For the stationary
direction ϕ′ = ϕ, one obtains cos(ϕ− ϕ′) = 1, and
therefore
Re =

√
r2 + a2 − 2 ar sin(θ). (9)

Thus, Re should not be interpreted as the general
rim-to-observer distance inside the original con-
tour integral; it is the stationary-point e�ective
distance used after asymptotic reduction. This clar-
i�cation removes the apparent inconsistency be-
tween the de�nition of the distance and the depen-
dence cos(ϕ− ϕ′) appearing later in (15).
The spatial derivative of the boundary �eld in (4)

is governed by the directions of incidence and
re�ection, giving
∇QU(Q) = − ik ui

(
ei − er

)
, (10)

where ei and er are unit vectors in the incident and
re�ected directions, respectively. Substituting (10)
into (4) yields the explicit BDW kernel, which
contains both directional and amplitude informa-
tion [3, 5, 9]. This substitution connects the �eld
derivative at the aperture boundary directly to the
known incident and re�ected �eld directions, linking
geometry with the physical boundary conditions.
After substituting (10) into (4), the explicit

boundary-di�raction-wave kernel is obtained as

W (Q,P ) =
ui
4π

e− ikR

R

(
eR×ei

1+eR · ei
− eR×er

1+eR · er

)
.

(11)
explicitly separates the incident and re�ected
contributions through their directional dependence,
ensuring the kernel satis�es the boundary condi-
tions on the PEC plane.
The con�guration, illustrated in Fig. 1, provides

a clear physical interpretation of the BDW ker-
nel in (11). The unit vectors ei and er represent
the incident and re�ected �eld directions relative
to the PEC surface, respectively, while eR connects
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the boundary point Q to the observation point P .
The vector R and the associated angle α describe
the propagation path and the orientation between
the re�ected ray and the observer. These geomet-
ric relations explain the presence of cross and dot
products in (11), which together account for the am-
plitude and directional dependence of the di�racted
�eld generated at the aperture rim.
The vector relationships used in (11) are ob-

tained from simple geometry [3, 5, 9]. The unit vec-
tor eR, which connects the boundary and observa-
tion points, is written as

eR =
a e

′

ρ − r er

R
, (12)

where eρ′ = cos(ϕ′) ex + sin(ϕ′) ey is the radial unit
vector in the aperture plane at the boundary
point Q, and exeyez denote the Cartesian basis
vectors. The observation-direction unit vector er is
given by
er = sin(θ) cos(ϕ)ex+sin(θ) sin(ϕ)ey+cos(θ)ez,

(13)
where θ and ϕ are the polar and azimuthal co-
ordinates of the observation point P , respectively.
These relations de�ne the geometric link between
the boundary and the observer, ensuring that all
directional quantities in (11) are explicitly de�ned
and physically interpretable.
The di�erential element of the rim contour,

required in the integration of (3), is expressed
as [3, 5, 18]
dl = a sin(θ) dϕ′ eϕ, (14)

where eϕ denotes the azimuthal unit vector used
in the observation-coordinate representation of the
BDW kernel. The same local rim element can equiv-
alently be written in the intrinsic rim basis as
dl0 = a dϕ′ eϕ′ , where eϕ′ is the local unit vec-
tor tangent to the circular aperture rim. Therefore,
the factor sin(θ) in (14) should be interpreted as
a projection factor arising from the observation-
coordinate representation of the kernel, rather than
as a modi�cation of the physical contour length.
This clari�cation ensures consistency between the
local rim basis and the observation-coordinate basis.
Figure 2 illustrates the local geometry of the cir-

cular aperture on the PEC surface and shows how
the di�erential contour element dl is oriented along
the rim. The azimuthal unit vector eϕ de�nes the
tangential direction of integration, while the radial
distance a and the polar angle θ determine the pro-
jection of the rim onto the plane x�y. This geo-
metric relationship clari�es the physical meaning
of (14), which connects the mathematical contour
element with the actual edge of the aperture, where
the di�racted �eld originates.
In summary, the sequence of (1)�(14) establishes

a complete analytical description of the boundary-
di�raction-wave formulation for a circular PEC
aperture. This classical structure, �rst introduced
in [3] and later extended by [5, 9, 11, 19], provides

Fig. 2. Geometry of the circular PEC aperture
and the projected di�erential contour element de-
�ned in (14).

the groundwork for the uniform analytical solution
presented in the next section. The �eld UB(P ) is
de�ned as a contour integral whose kernel W (Q,P )
is explicitly expressed in terms of known geometric
quantities and parameters of the incident wave.
All variables necessary for subsequent numerical or
asymptotic evaluations have now been established.
In the next section, these relations are used to derive
a closed-form uniform analytical solution that re-
mains valid in both illuminated and shadow regions,
thereby eliminating the discontinuities inherent in
purely geometrical optics descriptions.

3. Uniform analytical solution

The analytical formulation developed in Sect. 2
provides the complete boundary-di�raction-wave
(BDW) representation of the �eld scattered by
a circular perfectly electrically conducting (PEC)
aperture. However, as identi�ed in the classical
works of Miyamoto and Wolf [3], conventional
BDW theory exhibits non-uniform behavior near
the geometrical shadow boundary. In this region,
the �eld predicted by geometrical optics (GO)
abruptly transitions into the di�racted component,
producing amplitude discontinuities that lack phys-
ical realism. To overcome this long-standing limi-
tation, the present section introduces a rigorously
derived uniform analytical formulation that com-
bines the detour concept and Fresnel's asymptotic
uniformization. This approach yields a closed-form,
continuous solution valid for all observation angles,
in both illuminated and shadow regions.
Starting from the edge-integral representation,

the boundary �eld for a circular PEC aperture is
expressed as

UB(P ) =
ui a sin(θ)

4π

2π�

0

dϕ
′
[
r sin(θ) cos(ϕ−ϕ′)−a

]

×
(

1

R− r cos(θ)
+

1

R+ r cos(θ)

)
e− ikr

R
, (15)
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In (15), ui is the complex amplitude of the inci-
dent wave, r and θ denote the radial distance and
polar angle of the observation point P , respectively,
while ϕ and ϕ′ represent the azimuthal coordinates
of the observation and rim points, respectively.
The variables a and R correspond to the aper-
ture radius and the distance between the bound-
ary point and the observation point, respectively.
This integral form establishes a relationship be-
tween the di�racted �eld and the aperture edge
geometry.
To derive a compact analytical expression, the

integral in (15) is evaluated using the stationary
phase method, which retains the dominant con-
tributions from the aperture rim. The stationary-
phase reduction used in this step is an asymptotic
approximation. Its accuracy improves when the
e�ective phase parameter is su�ciently large, par-
ticularly for con�gurations in which kRe and the
aperture-related phase variation along the rim are
not small. Therefore, the expression we are head-
ing forward should be interpreted as the leading
asymptotic edge contribution extracted from (15),
rather than as an exact evaluation of the full con-
tour integral. The numerical cases including a = λ
and r = 3λ are retained as examples of lower-bound
transition in the considered parameter set. They
are used to examine the continuity and qualita-
tive angular behavior of the uniformized formula-
tion near the lower end of the considered aperture-
size and observation-distance range, rather than to
claim strict asymptotic accuracy in the far �eld
or independent benchmark-level validation. With
these asymptotic considerations, the stationary-
phase evaluation gives

UB(P ) ≈
ui

2
√
2π

√
a sin(θ)

r

(
r sin(θ)− a

)
×
[

1

Re−r cos(θ)
+

1

Re+r cos(θ)

]
e− i (kRe+π/4)

√
kRe

.

(16)
Here, Re represents the e�ective optical distance
along the detour path connecting the aperture rim
and the observation point. Equation (16) estab-
lishes the asymptotic basis for the uniform solution,
maintaining the physical features of the BDW ker-
nel but requiring an additional transformation to
ensure amplitude continuity at the light�shadow in-
terface. However, this representation alone remains
non-uniform and fails to capture the smooth phase
evolution near the geometrical boundary, thereby
motivating the introduction of the detour parame-
ter in the subsequent formulation.
At this stage, a detour parameter (denoted as ∆)

is introduced to describe the optical path di�erence
between the geometrical and di�racted rays. This
parameter enables the smooth transition between
illuminated and shadowed domains. To implement
this mathematically, the �eld is reformulated using
the Fresnel transition function F̂ (ξi), de�ned as

Fig. 3. Di�raction geometry of an incident �eld
through a circular aperture on a perfectly electri-
cally conducting (PEC) plane.

F̂ (ξi) =
e− i(ξ2i+π/4)

2
√
π ξi

, (17)

where the argument ξi is a dimensionless Fresnel
variable controlling the phase detour, given by

ξi = −
√
ψi − ψd = −

√
k
(
Re− r cos(θ)

)
. (18)

The square of this variable satis�es

ξ2i = kRe − kr cos(θ) = kRe − kz. (19)

In these relations, k = 2π/λ is the wavenumber,
ψi and ψd denote the phase functions of the
incident and detoured optical paths, respectively,
and z = r cos(θ) is the axial projection of the
observation point. The Fresnel function F̂ (ξi) en-
sures both analytical and physical continuity of
the �eld amplitude and phase across the shadow
boundary, resolving the non-physical discontinuity
inherent in the original BDW model. This asymp-
totic uniformization concept was �rst generalized
by Borghi [4] and later re�ned by Ganci [6] for
extended aperture geometries.
The con�guration in Fig. 3 illustrates the physi-

cal basis of the detour-enhanced di�raction process.
An incident wave ei impinges upon the PEC surface
and generates a re�ected component er; both �elds
interact at the circular rim Qe of radius a. From this
rim, the di�racted wave ed emerges and propagates
toward the observation point P (r, θ, ϕ) along the de-
tour path of geometrical length Re. The angle γ de-
scribes the inclination between the detour direction
and the observation axis, governing the transition
between the illuminated and shadow regions.
This geometrical interpretation clari�es the

analytical formulation introduced in (17)�(19), i.e.,
the detour parameter ∆ de�nes the optical path dif-
ference between the direct and di�racted rays, en-
suring that both the amplitude and phase of the
total �eld remain continuous.
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Consequently, the geometry allows for a visual
understanding of how the incident and re�ected
�elds at a PEC boundary jointly contribute to a uni-
form di�racted �eld, free from discontinuities across
the light�shadow boundary. As illustrated in Fig. 3,
the detour path of geometrical length Re quanti�es
the accumulated phase of the di�racted ray relative
to the direct propagation, while the detour parame-
ter∆measures the additional phase delay governing
the transition between the illuminated and shadow
regions.

With the Fresnel variable established, the uni-
form �eld can now be separated into its incident and
re�ected boundary contributions. Substituting (17)
into (18) gives the incident-side boundary �eld as

UBi(P ) = − ui√
2

√
a sin(θ)

r
(r sin(θ)− a)

× e− ikr cos(θ)√
Re (Re − r cos(θ))

F̂ (ξi) , (20)

The function F̂ (ξi) can be equivalently written in
its canonical integral form [5] as

F̂ (ξi) =
e iπ/4

√
π

∞�

ξi

dt e− i t2 , (21)

This integral representation directly links the
detour phase to the spatial frequency response
of the aperture, allowing a uni�ed description of

di�raction and re�ection. To fully represent the be-
havior of the PEC surface, a sign function sgn(ξ)
is introduced [20] to distinguish the propagation
direction of the �eld.
The incident and re�ected boundary contribu-

tions thus become, respectively,

UBi
(P ) = − ui√

2

√
a sin(θ)

r
(r sin(θ)− a)

× e− ikr cos(θ)√
Re (Re − r cos(θ))

F̂ (|ξi|) sgn (ξi) , (22)

and

UBr
(P ) = − ui√

2

√
a sin(θ)

r
(r sin(θ)− a)

× e− ikr cos(θ)√
Re (Re + r cos(θ))

F̂ (|ξr|) sgn (ξr) , (23)

Here, ξr is the Fresnel variable corresponding to
the re�ected ray, which obeys a similar phase re-
lation to (18), but with the opposite propagation
direction. These expressions reveal the symmetry
of PEC di�raction; both incident and re�ected rays
contribute to the boundary �eld, creating the phys-
ically consistent dual-wave behavior observed in
PEC aperture scattering [13, 14].
The total boundary-di�raction �eld is obtained

by superposing the incident and re�ected contribu-
tions

UB(P ) = UBi(P ) + UBr (P ), (24)

which yields,

UB (P ) = − ui√
2

√
a sin(θ)

rRe

(
r sin(θ)−a

) [
e− ikr

√
Re − z

F̂ (|ξi|) sgn (ξi) +
e ikr

√
Re + z

F̂ (|ξr|) sgn (ξr)
]
. (25)

In (25), F̂ (|ξ|) represents the Fresnel amplitude
function derived from F̂ (ξ). The presence of con-
jugate exponential terms e± ikz ensures the correct
phase matching between the forward and back-
ward propagating components. The resulting �eld
exhibits continuous amplitude and phase across all
angular domains, con�rming the uniform validity of
the detour-enhanced BDW formulation [9].

Finally, the total scattered �eld, including the
geometrical-optics component ui e− ikz, can be ex-
pressed as
Uts(P ) = UBs

(P ) = UBi
(P ) + UBd

(P ) + UBr
,
(26)

which can be rearranged as

UBs(P ) = ui e
− ikz u(−ξi)−

ui√
2

√
a sin(θ)

rRe

(
r sin(θ)−a

) [
e− ikr F̂ (|ξi|) sgn (ξi)√

Re−z
+

e ikr F̂ (|ξr|) sgn (ξr)√
Re+z

]
,

(27)

Here, u(−ξi) is the unit step function identifying
the illuminated region, while UBd

(P ) represents the
di�racted contribution. This di�racted term corre-

sponds to the uniform boundary component de�ned
earlier in (25), which ensures the continuous transi-
tion between the geometrical and di�racted �elds.
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Equation (27) constitutes the �nal uniform analyt-
ical solution for electromagnetic scattering from a
circular PEC aperture. It rigorously integrates the
incident, re�ected, and di�racted components into a
single continuous representation that remains valid
in both near-�eld and far-�eld regimes.
Physically, this uni�ed form shows how the detour

parameter ∆ governs the smooth transition be-
tween geometrical and di�racted contributions, en-
suring a continuous �eld representation across the
shadow boundary. The formulation also reproduces
symmetric angular behavior and edge-enhanced os-
cillatory features associated with the re�ective PEC
boundary. These features are interpreted here as
interference-related edge e�ects within the present
analytical model, rather than as independently
proven resonant modes [18, 19].
Mathematically, the combination of Fresnel uni-

formization and detour-enhanced edge integration
establishes a continuous analytical bridge between
the geometrical-optics limit and the di�racted �eld
representation. The uniform analytical expressions
established above form the basis of the numerical
evaluations and comparative discussions presented
in the next section.

4. Results and discussion

All numerical evaluations were performed using
MATLAB R2023a on a standard workstation
(Intel i7, 16 GB RAM). Angular pro�les were com-
puted with a resolution of 0.5◦. The aperture radii
(a = λ, 2λ, 3λ) and observation distances (r = 3λ,
6λ, 9λ) were selected to cover representative tran-
sition near-�eld and moderate far-�eld con�gura-
tions within the analytical model. The scripts used
to generate the �gures are available upon request.
The numerical results presented in this section are
computed directly from the analytical expressions
in (22)�(25). Therefore, they are used to examine
the continuity, angular behavior, and parametric
response of the proposed formulation and do not
serve as independent full-wave simulations. Unless
otherwise stated, �elds are normalized to the peak
magnitude of the total �eld at θ = 0◦.
In this section, the analytical framework de-

veloped in the previous sections is evaluated
through numerical calculations based on the derived
expressions. The main objective is to examine
the continuity, angular behavior, and parame-
ter dependence of the proposed detour-enhanced
extended BDW formulation for circular PEC
apertures. The results are discussed with refer-
ence to conventional BDW-based descriptions and
related analytical models reported in the litera-
ture [13, 14, 18, 24]. The theoretical results pre-
dict distinct �eld behavior in the illuminated,
shadow, and transition regions, with the transition
region being particularly sensitive to the adopted

uniformization scheme. Classical BDW theory is
known to produce unphysical discontinuities at the
shadow boundary [3], whereas the present formula-
tion provides a continuous analytical �eld represen-
tation over the considered angular range.
Numerical evaluations were performed for a range

of aperture radii and observation distances, with
parameters selected to highlight the di�erences be-
tween PEC and opaque-surface representations and
to examine PEC-related edge-enhanced oscillatory
�eld behavior. The comparison is intended to show
how the inclusion of the re�ected contribution
modi�es the angular �eld structure within the
BDW framework. No claim of independent full-wave
benchmark validation is made in the present study;
however, the results demonstrate the continuity
and computational compactness of the proposed
analytical representation.
To clarify the relation of the present formulation

to established approaches, it is useful to distinguish
between high-frequency asymptotic methods, small-
aperture theories, modal formulations, and full-
wave numerical solvers. GTD, UTD, and PTD-type
approaches†1 provide powerful ray- or current-
based descriptions of di�raction from canonical
edges and conducting structures, but they gen-
erally rely on local di�raction coe�cients, ray
tracing, or equivalent edge currents rather than
on a detour-uniformized BDW rim integral for
the complete circular aperture [2, 25]. Bethe-
type aperture theory is especially e�ective in the
subwavelength limit, where a small hole can be
represented through equivalent electric and mag-
netic dipole moments; however, it is not intended
to describe the full angular transition behavior of
�nite circular PEC apertures over the parameter
range considered here [26]. Modal/eigenfunction-
based circular-aperture formulations, including rig-
orous �nite-thickness PEC-screen treatments, can
provide detailed electromagnetic descriptions, but
they require geometry-speci�c expansions or numer-
ical implementation and are less compact than the
present one-dimensional edge representation [27].
Full-wave solvers, e.g., MoM, FEM, and FDTD†2,
are suitable for independent benchmark valida-
tion and detailed �eld or current distributions,
but require discretization, meshing, and numerical
convergence control [28, 29]. The present formula-
tion is therefore complementary to these methods.
It does not replace full-wave benchmark solvers,
but provides a compact, physically interpretable,
and uniform BDW-based analytical framework
in which the PEC-related incident and re�ected
contributions are incorporated directly into the

�1GTD � geometrical theory of di�raction; UTD � uni-

form theory of di�raction; PTD � physical theory of di�rac-

tion.
�2MoM � method of moments; FEM � �nite element

method; FDTD � �nite-di�erence time-domain.
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Fig. 4. Angular variation of the normalized scat-
tered �eld for a circular PEC aperture: (a) e�ect of
aperture radius a at r = 6λ, and (b) e�ect of ob-
servation distance r at a = 2λ. The wavelength is
λ = 0.1 m, and the �elds are normalized to the
peak total-�eld magnitude at θ = 0◦.

edge-integral representation. Known PEC aperture
studies and full-wave benchmark solvers are there-
fore treated as reference validation routes for future
work, whereas the present contribution focuses
on a uniform analytical BDW-based representa-
tion and qualitative comparison of PEC-related
angular �eld behavior [13, 14, 27]. Related
wave-physics studies published in Acta Physica
Polonica A have addressed edge di�raction, near-
�eld optical interference, and electromagnetic-wave
transmission in structured media, further demon-
strating the continuing relevance of analytical and
semi-analytical wave models in physics-oriented
di�raction and propagation problems [30, 31].
Figure 4a and b illustrates the angular variation

of the normalized scattered �eld obtained from the
proposed detour-enhanced extended BDW formu-
lation for a circular PEC aperture. In these sim-
ulations, the incident-�eld amplitude ui was set
to unity and the wavelength �xed at λ = 0.1 m.
In Fig. 4a, the observation distance was held con-
stant (r = 6λ), while the aperture radius was varied
(a = λ, 2λ, 3λ). In Fig. 4b, the aperture radius
was �xed (a = 2λ), and the observation distance
was changed (r = 3λ, 6λ, 9λ). This two-parameter
analysis enables simultaneous evaluation of geomet-
ric (a) and propagation (r) e�ects on the di�racted-
�eld distribution.

Fig. 5. Global angular pro�le of the normalized
scattered �eld as a function of angle θ for a circular
PEC aperture with a = 3λ. The observation angle
is swept over 0≤θ ≤ 360◦, and the �eld is normal-
ized to the peak total-�eld magnitude at θ = 0◦.

Each curve in Fig. 4 represents the normalized
magnitude of the di�racted �eld as a function of
the observation angle θ. The horizontal axis corre-
sponds to the observation direction relative to the
aperture normal, whereas the vertical axis indicates
the relative �eld amplitude normalized to its on-axis
maximum. This representation visualizes the angu-
lar smoothness and spatial continuity of the �eld
predicted by the analytical model. Consequently,
these results provides both (i) an illustration of the
continuous behavior of the formulation across
the light�shadow boundary and (ii) a qualita-
tive reference for engineering applications such as
aperture and antenna design, where control of
edge-di�raction characteristics is essential [18].
A pronounced feature visible in both panels

of Fig. 4 is the well-de�ned, symmetric transition
region near the shadow boundary. As the aperture
radius a decreases (Fig. 4a), the transition zone
narrows and the di�racted-�eld amplitude weakens,
approaching the sub-wavelength-aperture limit. In-
creasing a enhances the transition behavior and
reveals edge-enhanced oscillatory variations associ-
ated with the PEC rim. These oscillatory variations
are interpreted as model-predicted edge-enhanced
interference features produced by the incident, re-
�ected, and di�racted contributions included in the
proposed formulation, rather than as independently
proven resonant modes [3, 18].
In Fig. 4b, increasing the observation distance r

leads to a gradual attenuation of the di�racted
�eld and a broadening of the angular response.
The transition region persists but becomes less pro-
nounced as the observation point moves away from
the aperture, consistent with physical expectations
in the far-�eld regime. Importantly, the �eld re-
mains continuous and physically meaningful for all
parameter combinations, a clear improvement over
non-uniform boundary di�raction wave approaches
that exhibit discontinuities near the shadow bound-
ary [3, 4].
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Fig. 6. Comparison of normalized scattered �elds from circular apertures in PEC and opaque screens for
r = 6λ, a = 2λ, and λ = 0.1 m: (a) Cartesian angular pro�le, and (b) polar angular distribution. All �elds are
normalized to the peak total-�eld magnitude at θ = 0◦.

Figure 5 presents the full 360◦ angular dis-
tribution of the normalized scattered �eld for a
circular PEC aperture of radius a = 3λ. The ob-
servation angle θ was scanned continuously over
region 0◦ ≤ θ ≤ 360◦ to investigate �eld continu-
ity, transition behavior, and global symmetry. This
con�guration allows direct inspection of the global
�eld continuity and angular symmetry predicted
by the analytical model. Each point in the �g-
ure represents the normalized �eld magnitude as
a function of the observation angle. The horizon-
tal axis corresponds to the observation direction
relative to the aperture normal, while the vertical
axis shows the �eld amplitude normalized to the
on-axis maximum. This representation provides a
direct visualization of the global uniformity of the
analytical model, emphasizing the absence of un-
physical jumps or discontinuities across all angular
regions.
A key feature visible in Fig. 5 is the existence

of two sharply de�ned transition regions, which
correspond to the geometrical shadow boundaries.
In contrast to classical BDW or opaque-aperture
models, where amplitude discontinuities or numer-
ical artifacts typically appear near these bound-
aries [3, 4, 18], the proposed detour-enhanced
extended BDW framework produces a completely
smooth �eld pro�le. The �eld passes continu-
ously through both shadow edges, supporting
the intended uniform behavior of the analytical
formulation.
Another noteworthy aspect is the pronounced an-

gular symmetry, where �eld maxima occur near
the aperture-edge directions. The resulting lobes
are interpreted as edge-enhanced �eld features as-
sociated with the PEC boundary and interfer-
ence between re�ected and di�racted contributions.
Their reproduction supports the internal consis-
tency of the proposed analytical formulation, while
the present results should be understood as numer-
ical evaluations of the derived expressions rather

than independent full-wave validation. From a prac-
tical standpoint, obtaining smooth angular �eld
pro�les across the 360◦ domain is useful for
high-frequency electromagnetic applications, in-
cluding aperture analysis, antenna modeling, and
scattering-control studies [18]. Figure 5 thus illus-
trates the global angular continuity and symme-
try predicted by the proposed detour-enhanced
extended BDW formulation.
Figure 6a and b presents a direct quantitative

comparison of the scattered-�eld distributions pro-
duced by a circular aperture in a perfectly electri-
cally conducting (PEC) surface and in an opaque
(impenetrable) screen, evaluated for identical
parameters (r = 6λ, a = 2λ, λ = 0.1m). The results
are shown in both Cartesian and polar represen-
tations to provide a comprehensive view of angu-
lar variation and radiation symmetry. Each curve
in Fig. 6 represents the normalized scattered-�eld
magnitude as a function of observation angle θ. The
PEC result (solid line) exhibits pronounced oscilla-
tory behavior and strong symmetry across the angu-
lar domain. This behavior arises from the re�ective
and conductive nature of the PEC boundary, which
allows the incident �eld to be e�ectively re�ected
and re-radiated by the aperture. Consequently,
edge-enhanced oscillatory lobes and angularly sym-
metric �eld patterns appear as PEC-related signa-
tures within the present analytical formulation.
In contrast, the opaque aperture (dashed line)

produces a considerably weaker and asymmetric
�eld, especially in the source (shadow) region.
Because classical BDW theory for opaque screens
does not include any re�ected component, its
�eld is purely di�racted and cannot reproduce
the re�ection-induced continuity seen in the PEC
case. As a result, the amplitude decreases sharply
in the shadow region, and the oscillatory pat-
tern largely vanishes, as clearly seen in the polar
plot (Fig. 6b). These �ndings provide a compar-
ative analytical visualization of the fundamental
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di�erences between PEC and opaque aperture mod-
els in the adopted BDW-based framework. The
PEC aperture sustains a more symmetric and
continuous angular �eld behavior because the re-
�ected contribution is explicitly included in the
formulation. The detour-enhanced extended BDW
representation captures these re�ection-driven fea-
tures and maintains smooth transitions across the
shadow boundaries, where classical non-uniform
BDW models may exhibit discontinuities [3, 4, 18].
The agreement between the analytical predictions

and the expected qualitative behavior of PEC aper-
ture di�raction supports the internal consistency of
the proposed formulation. The edge-enhanced �eld
lobes and smooth angular evolution also emphasize
the limitations of opaque-screen models when PEC
re�ection e�ects are relevant. Nevertheless, these
results are not a substitute for independent full-
wave validation by MoM, FEM, or FDTD solvers;
rather, they demonstrate the continuity and com-
putational compactness of the proposed detour-
enhanced BDW representation.
The present formulation provides a uni�ed

analytical�numerical framework, bridging classical
boundary-di�raction theory and modern elec-
tromagnetic design. Unlike existing BDW-based
approaches, which are restricted to opaque geome-
tries or paraxial conditions, the proposed detour-
enhanced extended BDW theory o�ers a physically
rigorous and computationally e�cient way to model
PEC apertures over the entire angular spectrum.
This capability directly bene�ts high-frequency
engineering problems where conventional numeri-
cal solvers are either unstable or computationally
expensive � such as aperture antennas, radar scat-
tering prediction, and metasurface optimization. By
providing a mathematically continuous and compu-
tationally compact �eld representation, the method
extends the applicability of BDW theory toward
conductive aperture con�gurations and o�ers a
useful analytical basis for future comparison with
full-wave numerical solvers.

5. Conclusions

In this work, a uniform analytical formulation for
electromagnetic scattering by a circular aperture
in a perfectly electrically conducting (PEC) plane
is developed in the framework of detour-enhanced
extended boundary di�raction wave (BDW) the-
ory. The formulation addresses the non-uniformity
and discontinuity issues that arise in classical BDW
descriptions near shadow boundaries by incorporat-
ing a detour-based phase correction and Fresnel-
type uniformization. The resulting expressions
provide a compact and continuous �eld representa-
tion over the considered angular range. Numerical
evaluations based on the derived formulas illustrate
smooth angular behavior, symmetric PEC-related

�eld patterns, and edge-enhanced oscillatory fea-
tures. In fact, these features are interpreted as
interference-related e�ects of the PEC boundary
rather than as independently proven resonant phe-
nomena.
From a scienti�c standpoint, the presented

formulation constitutes a major conceptual exten-
sion of the BDW theory, bridging the gap between
geometrical and wave-based di�raction models. The
method provides a rigorous analytical�numerical
framework that transforms the classical scalar
di�raction formulation into a generalized vector-
consistent representation suitable for conductive
boundaries. Its inherent uniformity ensures that the
total �eld remains continuous, stable, and phys-
ically interpretable across illuminated, transition,
and shadow regions, within the considered analyti-
cal framework, thereby providing a useful analytical
reference for conductive aperture di�raction.
Beyond its theoretical signi�cance, the proposed

solution has direct engineering applicability. The
ability to predict continuous, artifact-free scat-
tered �elds with high numerical e�ciency makes
it particularly valuable for modern electromag-
netic design tasks, such as high-resolution radar
cross-section prediction, aperture-antenna synthe-
sis, beam-shaping systems, and recon�gurable
metasurface architectures. The detour-enhanced
BDW framework thus serves not merely as a theo-
retical construct but as a computationally e�cient
modeling tool that aligns with the accuracy require-
ments of next-generation high-frequency systems.
In conclusion, this study extends the analytical

use of BDW theory by incorporating PEC-related
re�ected contributions into a detour-enhanced
uniform edge-integral formulation for circular
apertures. The resulting framework provides a
compact analytical representation of conductive
aperture di�raction and o�ers a scalable basis
for future hybrid analytical�numerical compar-
isons. Future developments will target impedance
and mixed-boundary con�gurations, broadband
and time-domain extensions, and systematic val-
idation against full-wave numerical solvers and
experimental benchmarks.
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