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This study investigates the dynamics of incommensurate superstructures in crystals of the
(N(CH3)4)2MeCl4 family with a unit-cell multiplication factor n = 3 using numerical simulations within
the Landau�Ginzburg framework. The incommensurate phase is described by a two-component order
parameter with modulation induced by the Lifshitz invariant and analyzed using Fourier spectra, Lya-
punov exponents, dynamic-regime maps, and modulation wave-vector evolution. The results reveal the
existence of two structurally distinct incommensurate states within a single incommensurate phase.
The �rst regime corresponds to sinusoidal modulation with narrow periodicity windows and localized
chaotic behavior, whereas the second regime exhibits solitonic and stochastic dynamics characterized
by higher harmonics, broad periodicity distributions, and hyperchaotic states. The transition between
these regimes occurs near the control parameter K ≈ 0.4, where additional modulation harmonics
emerge. For K > 1.2, the system enters a hyperchaotic regime with two positive Lyapunov exponents.
The role of surface energy is shown to be essential for phase stability. Its increase modi�es the e�ective
anisotropic interaction, shifts the phase-transition temperatures, narrows the stability interval of the in-
commensurate phase, and induces transformations between distinct incommensurate structures through
an intermediate commensurate phase. The physical signi�cance of the case n = 3 is connected with the
tripling of the unit cell and the emergence of threefold anisotropy in the thermodynamic potential,
which determines the sequence of phase transitions and lock-in behavior. The obtained results provide
a consistent physical interpretation of modulation dynamics in low-symmetry ferroelastic crystals and
establish a framework for the analysis of complex incommensurate phases.

topics: incommensurate superstructure, Lyapunov exponents, dynamic-regime maps, modulation wave
vector

1. Introduction

Incommensurate superstructures serve as model
systems for studying nonlinear dynamics, deter-
ministic chaos, and self-organization processes in
condensed matter physics. Particularly important
representatives of such systems are dielectric crys-
tals of the A2BX4 family, which exhibit complex
sequences of structural phase transitions involving
commensurate, incommensurate, long-period, and
chaotic phases. The diversity of these phase states
stems primarily from the existence of di�erent dy-
namical regimes of the incommensurate (IC) struc-
ture, namely sinusoidal, solitonic, and stochastic
regimes.

Crystals of the [N(CH3)4]2MeCl4 family (where
Me = Zn, Cu, Co, Fe) belong to this class of
compounds and demonstrate a wide variety of
modulated states associated with ferroelastic and
incommensurate phase transitions. These materials
exhibit a transition to an IC phase with nanope-
riodicity, where the modulation period is typically
within the range of 100�160 nm [1]. The coexistence
of long-period commensurate and incommensurate
phases makes these systems highly suitable for
studying dynamic-regime maps and the evolution
of complex modulated structures.
A representative example is the crystal

(N(CH3)4)2CuCl4, which in the ferroelastic
phase exhibits unit-cell multiplication with factor
n = 3. This tripling of the unit cell determines the
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symmetry of the thermodynamic potential and
strongly in�uences the formation of lock-in states
and the stability of the IC phase.
The integer parameter n de�nes the multipli-

cation factor of the unit cell and determines the
anisotropic symmetry of the free-energy potential.
For n = 3, the thermodynamic potential acquires
a threefold anisotropy represented by the term
cos(nφ), where φ is the phase of the IC modulation.
Physically, this term describes the stabilization of
commensurate states and governs the transitions
between sinusoidal, solitonic, and stochastic regimes
of the IC superstructure.
The IC phase is described using a two-component

order parameter (η1, η2), which corresponds to two
symmetry-related components of the structural dis-
tortion associated with the displacement of tetra-
hedral groups and local ferroelastic distortions. In
complex notation, the order parameter is written as
η = η1 + iη2, while in polar representation it takes
the form η1 = η cos(φ), η2 = η sin(φ), where η is
the amplitude of the modulation wave, and φ is its
phase. The amplitude η characterizes the strength
of the structural modulation, whereas φ determines
the spatial evolution of the IC wave.
The modulation wave vector q characterizes the

spatial periodicity of the IC structure and de-
termines the modulation wavelength according to
L = 2π/q. Its temperature dependence q(T ) re�ects
the evolution of the modulation period during tran-
sitions between the parent, incommensurate, and
commensurate phases.
At the IC transition temperature Ti = 297 K,

an incommensurate superstructure appears at a
special point of the Brillouin zone (m/n, where
n = 3 and m = 1), with modulation wave vector
q = ( 13 − δ)/c. The variation of δ is relatively small
(δ ≈ 0.0075�0.007), resulting in a modulation wave-
length near Ti of approximately Li ≈ 1617 Å [1].
Upon further cooling toward the commensurate fer-
roelastic phase transition (Tc = 291 K), the sys-
tem undergoes an increase in anisotropic interaction
described by the Dzyaloshinskii invariant and
quanti�ed by the parameter K [1].
The statement that the crystal (N(CH3)4)2CuCl4

represents a model system with a well-developed
IC phase is supported by extensive experimental
and theoretical evidence. X-ray di�raction stud-
ies [1] revealed the appearance of temperature-
dependent satellite re�ections, which provide direct
evidence of incommensurate modulation. Raman
and infrared spectroscopy investigations [2] demon-
strated phonon-mode splitting, the emergence of
new modulation-induced modes, and a reduction of
crystal symmetry within the IC phase.
The Landau formalism, including fourth-order

spatial derivatives and the Dzyaloshinskii invari-
ant, successfully describes the emergence of the IC
phase, the temperature dependence of the modu-
lation wave vector q(T ), lock-in e�ects, and the
occurrence of solitonic and chaotic solutions [3].

Numerical modeling also con�rms the existence of
stable modulated solutions within realistic tem-
perature intervals [4]. In particular, the numerical
integration of Landau�Ginzburg-type di�erential
equations demonstrates the stability of these
solutions under variations of temperature and
anisotropic interaction parameters. Thus, the crys-
tal (N(CH3)4)2CuCl4 can be considered a reference
system for studying IC superstructures.
The validity of stable modulated solutions is con-

�rmed within both microscopic and phenomeno-
logical theoretical approaches. The microscopic
theory explains modulation through atomic-level
interactions. The system is modeled as a chain
of interacting particles with local anisotropies.
The microscopic origins of modulation include
anisotropic interactions between CuCl2−4 layers,
coupling between local dipoles or atomic displace-
ments, and Jahn�Teller e�ects associated with
Cu2+ ions (d9 con�guration), which induce lo-
cal lattice distortions. Numerical models based
on molecular dynamics, Monte Carlo simulations,
and �nite-di�erence methods show that within the
temperature interval T ∈ [Tc2, Tc1], energy min-
imization favors modulated structures over ho-
mogeneous phases. These stable solutions exhibit
distinct periodicities consistent with the experimen-
tally observed dependence q(T ) [1, 5, 6].
The phenomenological Landau theory with a two-

component order parameter provides a macroscopic
description through the free-energy functional
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where r = α (T − Tc) and σ = K. Here, σ rep-
resents the Dzyaloshinskii invariant responsible for
modulation asymmetry and incommensurability.
The numerical analysis leads to a system of two

coupled fourth-order di�erential equations. An ini-
tial approximation of the form η1(x) = A cos(qx),
η2(x) = A sin(qx) is introduced. Iterative numer-
ical solutions yield stable quasiperiodic pro�les
minimizing the free-energy functional. The result-
ing temperature evolution of q(T ) agrees well with
experimental observations [3, 4].
In both microscopic and phenomenological

approaches, numerical modeling con�rms that mod-
ulated solutions exist and remain stable within
physically relevant temperature intervals. The tem-
perature dependence of q(T ) is reproduced as
a consequence of modulation-period stabilization.
The spatial structure η(x) re�ects sinusoidal, soli-
tonic, and quantized waveforms that correspond
to experimentally observed modulated states in
CuCl4-based crystals.
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Therefore, numerical modeling provides a re-
liable tool for predicting and explaining the
nature of incommensurate superstructures in
(N(CH3)4)2CuCl4.
The aim of this work is to perform numeri-

cal modeling of the dynamics of the incommensu-
rate superstructure for n = 3 within the Landau�
Ginzburg formalism and to analyze the evolution
of Fourier spectra, Lyapunov exponents, dynamic-
regime maps, and the modulation wave vector under
the in�uence of anisotropic interaction, long-range
interaction, and surface energy.

2. Materials and methods

The phenomenological description of the incom-
mensurate (IC) phase is based on the Landau
free-energy functional with a two-component order
parameter. The Lifshitz invariant is responsible for
the appearance of incommensurability and enables
spatial modulation of the order parameter. The two-
component order parameter is written in polar co-
ordinates as η1 = η cos(φ), η2 = η sin(φ), where
η is the amplitude of the modulation wave, and
φ is its phase. Physically, η describes the strength
of the structural modulation, while φ determines
the spatial evolution of the IC wave and its lock-in
behavior.
In this representation, the free-energy functional

takes the form
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The term cos(nφ) describes the anisotropic symme-
try of the thermodynamic potential and determines
the stabilization of commensurate states. For the
present case, n = 3 corresponds to the tripling of
the unit cell and results in a threefold anisotropy
of the free-energy landscape. The Lifshitz invariant
term σ η2(∂φ/∂z) introduces asymmetry of modu-
lation and is responsible for the existence of the IC
phase.
To simplify the numerical treatment, the fol-

lowing dimensionless variables were introduced
η =

√
r/(2u) R, z =

√
γ/r ξ, where R = R(ξ) is

the dimensionless amplitude of the order parame-
ter, and ξ is the dimensionless spatial coordinate.
Taking into account the contribution of the

surface energy, the free-energy functional (2)
transforms into
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Here, R′ = ∂R/∂ξ, R′′ = ∂2R/∂ξ2, and

φ′ = ∂φ/∂ξ, φ′′ = ∂2φ/∂ξ2. The parameter u
characterizes the strength of isotropic interactions,
while ω determines the strength of anisotropic
interactions.
The surface-energy contribution describes �nite-

size e�ects and boundary-induced distortions.
Physically, it modi�es the amplitude of the order
parameter near the crystal surface and induces a
phase shift of the modulation wave. As a result,
the stability interval of the IC phase changes,
and transitions between distinct IC structures
may occur through an intermediate commensurate
phase.
The variation of the free-energy functional (3)

yields a system of two coupled nonlinear di�erential
equations for the amplitude and phase functions,
respectively,
R′′ −R3 +

(
1− (φ′)2 + Tφ′)R−Rn−1K

×
(
cos(nφ) + 1

)
= 0 (4)

and

φ′′ +
2R′

R

(
φ′ − T

2

)
+Rn−2K sin(nφ) = 0, (5)

where T = σ/
√
γ r, K = 2n/2rn/2 nω u1−n/2. Both

T and K are dimensionless control parameters.
The parameter T re�ects the contribution of
long-range interactions, while K describes the
strength of anisotropic interactions (related to the
Dzyaloshinskii�Lifshitz mechanism) and governs
the transition between sinusoidal, solitonic, and
stochastic regimes.
The resulting system of coupled nonlinear di�er-

ential equations for the amplitude R and phase φ
was solved numerically using the BDF (Backward
Di�erentiation Formula) method implemented in
the Python environment with the SciPy library.
This method is particularly suitable for sti�
nonlinear di�erential systems and ensures stable
convergence for strongly nonlinear solutions.
Lyapunov exponents were calculated using

the JiTCODE and SciPy libraries according to
the standard Benettin algorithm [7]. The Lya-
punov spectrum allows identi�cation of periodic,
quasiperiodic, chaotic, and hyperchaotic regimes.
The presence of one positive exponent corresponds
to a strange attractor, while two positive exponents
indicate hyperchaotic dynamics.
The value of the modulation wave vector q of the

IC superstructure was obtained from the spatial
variation of the amplitude of the order parameter
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and from Fourier analysis of the modulation pro�le.
The selected boundary conditions correspond to
the minimization of the free-energy functional in
a �nite crystal with symmetric surfaces. Their
physical meaning is to ensure equilibrium between
bulk modulation and surface-induced distortions
while avoiding arti�cial external forces at the
crystal boundaries.
Together with the boundary conditions R′′′ = 0,

R′′ = 0, φ′ = 0, (φ′′)′ = 0, the variation of the
free-energy functional leads to the following dimen-
sionless equation for the phase function
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Under the corresponding boundary conditions,
the equation for the amplitude function takes the
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The boundary conditions for the amplitude
function are expressed as[
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Taking into account expressions (7) and (9), the
�nal boundary conditions for ξ ≥ 0 are[
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These conditions ensure the physical consis-
tency of the �nite-size crystal model and correctly
describe the in�uence of surface energy.
Dynamic-regime maps were constructed using

recurrence relations of the form

xn+1 = f(xn, yn), (12)

yn+1 = g(xn, yn), (13)

where the function f(xn, yn) describes the behavior
of the amplitude R of the IC wave or its deriva-
tive R′, while the function g(xn, yn) describes the
behavior of the phase φ or its derivative φ′.
The resulting two-dimensional mapping depends

on the parameters a = K and b = T . The choice
of these parameters is physically justi�ed because
T characterizes the strength of long-range in-
teractions, while K determines the strength of
anisotropic interactions responsible for modulation
distortion and the onset of chaos.
The algorithm used to construct the dynamic-

regime maps is based on periodicity convergence.
The last element of a numerical sequence is se-
quentially compared with all preceding elements.
If the last value λ coincides with λ− 1, the sys-
tem is considered to have period 1, corresponding
to a limit point. Higher periodicities are identi�ed
analogously.
This approach allows visualization of periodic,

quasiperiodic, and chaotic regimes in the control-
parameter plane (K,T ) and provides a direct com-
parison with Lyapunov-exponent maps and Fourier
spectra.
The in�uence of surface energy on the dynam-

ics of the IC superstructure was investigated using
the system of di�erential equations (8)�(9) together
with the boundary conditions (10)�(11), allowing
analysis of transitions between di�erent IC states
and the commensurate phase.

3. Results and discussion

Using numerical simulation, we investigated the
in�uence of the anisotropic interaction parameterK
on the transition of the incommensurate superstruc-
ture from periodic to chaotic dynamics. Figure 1
shows the Fourier spectra of the amplitude func-
tion R(ξ) calculated for �xed T = 1.0 and n = 3
at di�erent values of K. The Fourier transform
was applied to the spatial pro�le of the order-
parameter amplitude. At lowK, the spectra contain
a limited number of pronounced peaks, which cor-
respond to a sinusoidal modulation regime. With
increasing K, additional harmonics appear, indi-
cating distortion of the incommensurate wave. At
K = 1.5, the spectrum broadens and becomes ir-
regular, which indicates the transition to a chaotic
regime.
Figure 2 presents the dependence of the

Lyapunov exponents on the parameter K at a �xed
value of T = 1, which characterizes the stability
of the incommensurate superstructure. This value
of T was selected following the rationale provided
in [8], namely that it corresponds to the maximum
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Fig. 1. Fourier spectra of the amplitude function R(ξ) for di�erent values of the anisotropic interaction
parameter K at a �xed long-range interaction parameter T = 1.0 and n = 3: (a) K = 0.5, (b) K = 1.0,
(c) K = 1.3, (d) K = 1.5.

Fig. 2. Dependence of the Lyapunov exponents λi on the anisotropic interaction parameter K
(Dzyaloshinskii�Lifshitz anisotropy) with �xed long-range interaction parameter T = 1.0 and unit-cell mul-
tiplication factor n = 3. The transition from a strange attractor with one positive Lyapunov exponent to a
hyperchaotic regime with two positive Lyapunov exponents occurs near K ≈ 1.2. Results were obtained by
numerical integration of (4)�(5) using the BDF method.
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Fig. 3. Fourier spectra of the amplitude oscilla-
tions of the incommensurate (IC) superstructure as
a function of the anisotropic interaction parame-
ter K for n = 3. Each curve corresponds to a �xed
value of K in the range 0.2 ≤ K ≤ 1.6 with a step
∆K = 0.02. The Fourier transform was calculated
from the spatial dependence of the amplitude func-
tion R(ξ). The increase in higher harmonics and the
broadening of the spectra for K > 1.2 indicate the
transition from the sinusoidal regime to the solitonic
and hyperchaotic states.

value of the long-range interaction force. The ex-
amined phase space with dimensionality n = 3 for
K < 1.0 is characterized by a strange attractor with
a single positive Lyapunov exponent (+,−,−,−).
Therefore, the incommensurate phase in the sinu-
soidal regime may be regarded as a phase charac-
terized by a strange attractor with a limit cycle.
It is known that with the emergence of higher har-

monics in the incommensurate superstructure and
the pinning of the latter by defects in the crys-
tal structure, a transition from the sinusoidal to
the solitonic regime occurs. The solitonic regime
is marked by the formation of long-period com-
mensurate phases and the emergence of a chaotic
phase during transitions between such commensu-
rate phases. This may give rise to a condition re-
ferred to as hyperchaos (+,+,−,−), characterized
by two positive Lyapunov exponents. According to
our analysis, this condition is realized for K > 1.2
(see Fig. 2). This behavioral scenario is further
con�rmed by the Fourier spectra diagram shown
in Fig. 3.
The modulation wave vector q characterizes the

spatial periodicity of the incommensurate super-
structure. It determines the modulation wavelength
according to L = 2π/q and describes the deviation
of the structure from the commensurate state. The
temperature dependence q(T ) re�ects the evolution
of the modulation period during phase transitions
between the parent, incommensurate, and commen-
surate phases.

Fig. 4. Dependence of the incommensurate (IC)
modulation wave vector q on the long-range inter-
action parameter T and the anisotropic interaction
parameter K (Dzyaloshinskii�Lifshitz anisotropy)
for n = 3. The increase in T leads to an increase
in q and a reduction of the modulation wavelength,
while increasing K causes a decrease in q, cor-
responding to the transition from the sinusoidal
regime to the solitonic and stochastic states of the
IC superstructure. The color scale represents the
magnitude of q in arbitrary units.

To begin, we consider the variation of the incom-
mensurability wave vector within the range 0�1.2.
This range of control parameters T and K was cho-
sen based on the results from [9], where a transition
to a chaotic state was observed in the Lyapunov
exponent pro�les (K ≥ 1.2). It should also be noted
that in [8], to realize the minimum of the e�ec-
tive potential, the parameter T for the incommen-
surate (IC) phase was set to 1. At small values
of T and K, as reported in [10], a transition to an
incipient (weakly developed) chaotic regime was ob-
served. This region of T and K is associated with
the nucleation of the IC superstructure. Figure 4
presents the phase diagram of the IC modulation
wave vector as a function of T and K. During
the onset of the IC superstructure, an increase in
the long-range interaction (parameter T ) leads to
an increase in the magnitude of the IC wave vec-
tor, which re�ects a reduction in the modulation
wavelength.
Such behavior of q indicates that in spa-

tial regions of correlated motion of tetrahedral
groups [11], the modulation wavelength is shorter
than at the stage of a fully formed IC superstruc-
ture. Under these conditions, upon increasing the
anisotropic interaction (increasingK), one identi�es
a domain where an incipient chaotic state emerges,
accompanied by sharp spikes in q that exist within
a rather narrow interval of the parameters T and K
(Fig. 4).
Further variation of T and K is characterized by

a monotonic increase in q at �xed K with increas-
ing T and a monotonic decrease in q at �xed T with
increasing K. As is known [1], in the IC phase, the
magnitude of the modulation wave vector decreases
upon cooling (and thus with increasing anisotropic
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Fig. 5. Evolution of the incommensurate (IC)
modulation wave vector q as a function of the
anisotropic interaction parameter K at �xed long-
range interaction parameter T = 1.0 for n = 3. The
characteristic points indicate the sequence of phase
transformations: Ti � transition into the IC phase;
T1 �onset of the solitonic regime; T2 �onset of the
stochastic regime; Tc � transition into the commen-
surate phase. The decrease in q with increasing K
corresponds to an increase in the modulation wave-
length and re�ects the transition from the sinusoidal
regime to the solitonic and stochastic states of the
IC superstructure.

interaction K), which indicates an increase in the
modulation wavelength. In our case, an increase in
the IC modulation period (a decrease in q) is also
observed (Figs. 4 and 5).
According to Fig. 4, under a linear increase in

the parameters T and K, there exists a range in
which an increase in T is accompanied by a de-
crease in the wave vector of the IC superstructure.
We infer that as the number of harmonics of the
IC modulation grows, the superstructure undergoes
a transition from a sinusoidal to a soliton regime,
which e�ectively reduces T while enhancingK. Fur-
ther variations of K and T give rise to a chaotic
response of q, signalling a transition of the system to
a stochastic regime of the IC superstructure and the
emergence of a chaotic phase. In summary, the pa-
rameters T and K � governing the long-range and
anisotropic interactions, respectively � provide, to
�rst order, an adequate description of the behavior
of the IC modulation wave vector and its regimes.
In a �rst approximation, Fig. 4 suggests that the

range T ∈ [0, 0.6] corresponds to the �rst incom-
mensurate phase, I1, where chaotic states manifest
as sharp variations of q. With stronger long-range
interaction (T > 0.6), a second incommensurate
phase, I2, is observed, encompassing all regimes of
the IC superstructure; this is corroborated by the
analysis of modulation harmonics. Figure 5 shows
the evolution of the IC wave vector as a function of
the anisotropic interactionK at �xed T correspond-
ing to phase coexistence (T = 0.6) and to the single-
phase I1 case (T = 0.3). In contrast to I2, no change
of the superstructure regime is observed within I1
upon increasing K.

A comprehensive and transparent view of the
system dynamics is provided by dynamical-regime
maps; these are diagrams in the parameter plane
with two control parameters on the axes and
boundaries delineating regions of distinct dynam-
ical behavior. The constructed maps are con-
sistent with alternative representations, such as
Lyapunov-exponent maps or Arnold tongues [12],
both of which largely reproduce the information
conveyed by dynamical-regime maps.
Based on the dependence of the Lyapunov

exponents on the anisotropic interaction K for
n = 3, a transition to a chaotic state is observed
forK > 1.0. Accordingly, Fig. 6 presents dynamical-
regime maps for variations of the parameters a = K
and b = T over the range from −2 to 2. These maps
exhibit a larger multiplicity of periodicities when
the arguments of the recurrence relations are taken
to be the phase increment (φ′). In contrast, when
the arguments are the amplitude or its increment,
the maps display a sharp transition to a state char-
acterized by growth of the amplitude function and
its variations (forK > 1.5). It is known that such an
increase in the amplitude of the spontaneous strain
in crystals [N(CH3)4]2CuCl4 is associated with a
transition to a commensurate ferroelastic phase,
accompanied by the disappearance of the spatial
incommensurate modulation [13]. It should also
be noted that these crystals exhibit a single in-
commensurate phase, the structure of which dif-
fers (I1 and I2) across di�erent regions of the phase
diagram [14].
In the dynamical-regime maps, black color de-

notes periodicities with period N > 14; within this
region, periodicities with periods exceeding this
threshold may occur. Consequently, this domain can
be regarded as a region of possible incommensurate
phases with distinct structures. Exiting the black
region into the red region signals a transition to the
period-1 state.
In constructing the maps, we retained only

the �rst fourteen periodicities (red-1, orange-2,
yellow-3, green-4, cyan-5, blue-6, violet-7, and so
on; black-N > 14 for all remaining cases). White
indicates the absence of any periodicity. The lowest-
period states (red-1, orange-2, yellow-3, green-4)
dominate the dynamical-regime maps (Fig. 6).
From the analysis of the dynamical-regime maps,

for ε = 0.01 (the parameter quantifying the mis-
match between periodicities) and with the long-
range interaction �xed at T = 1, we �nd good
agreement with the behavior of the Lyapunov expo-
nents upon varying the anisotropic interaction K.
Speci�cally, (i) two �black� regions are observed,
corresponding to the presence of two incommen-
surate (IC) phases in the adopted color code, and
(ii) the IC phase disappears at K ≈ 1.5. Since
the observed periodicities can be associated with
lock-ins of the incommensurability wave vector to
higher-order commensurate values, the appearance
of narrow stability windows for these periodicities
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Fig. 6. Map of dynamical regimes in the (a, b)
plane for di�erent variables: (a) (R,φ), (b) (R′, φ),
and (c) (R,φ′). Here, a = K is the anisotropic
interaction parameter (Dzyaloshinskii�Lifshitz
anisotropy) and b = T is the long-range interaction
parameter. The black regions correspond to period-
icities with period N > 14 and represent possible
incommensurate (IC) phases with di�erent internal
structures. The transition from the black region to
low-period states indicates lock-in transitions into
commensurate phases. Calculations were performed
for n = 3 and ε = 0.01.

in the dynamical-regime maps supports the choice
of ε = 0.01.
Figure 7 shows the existence map of possible

periodicities as a function of the anisotropic in-
teraction K under maximal long-range interaction
(T = 1). As seen in Fig. 7, increasing ε reduces the
width of the periodicity windows. Two K-intervals
of chaotic states (IC phases) are also evident and

Fig. 7. Two-dimensional map of possible period-
icities in the (a, b) plane. Here, a = K is the
anisotropic interaction parameter, b = ε is the in-
terlayer interaction parameter, n = 3, and T = 1.
Di�erent colors indicate the periodicity N of the
system: 8 ≤ N ≤ 14 (blue), 5 ≤ N ≤ 7 (cyan),
3 ≤ N ≤ 4 (green), N = 2 (yellow), N = 1 (red),
and chaotic states corresponding to the incommen-
surate (IC) phase (black). The widths of the peri-
odicity windows decrease with increasing ε.

exhibit distinct periodicity dynamics: the �rst in-
terval, K = 0�0.4, contains both period-N states
with N < 14 and with N > 14, whereas the sec-
ond interval, K = 0.4�1.5, features only states with
N > 14.
Building on the observed evolution of period-

icities with the anisotropic interaction, we infer
that the crystal hosts a single incommensurate (IC)
phase; at K = 0.4, there is merely a change of
regime of the IC superstructure from sinusoidal to
solitonic. According to Fourier-spectrum analyses of
the amplitude and phase functions of the IC super-
structure [15, 16], the soliton regime is character-
ized by the presence of multiple periodicities. The
dependence of the harmonics of the incommensu-
rability wave vector q on the anisotropic interac-
tion K evidences complex transformations at the
sinusoidal�soliton transition nearK = 0.4, in agree-
ment with previous investigations of related ferroic
crystals [17].
To elucidate the processes at K = 0.4, we

examine two-dimensional dynamical-regime maps
for ε = 0.01 (Fig. 6). As shown in Fig. 6, the transi-
tion from one chaotic state to another proceeds via
a cascade of periodicities. These periodicities gov-
ern the behavior of the �rst IC domain (a chaotic
state for K ≈ 0�0.5). It is known that the appear-
ance of harmonics in the IC modulation drives the
transition from a sinusoidal to a soliton regime [15].
If harmonics emerge already within the sinusoidal
regime and trigger this transition, then both the si-
nusoidal and the transitional ranges should exhibit
periodicities, while the soliton regime, in the ideal
case, should display at least as many periodicities.
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Fig. 8. Dynamical-regime maps in the (a, b) plane
for di�erent values of the surface energy E: (a)
E = 0.07, (b) E = 0.2, and (c) E = 0.7. Here,
a = K is the anisotropic interaction parameter
(Dzyaloshinskii�Lifshitz anisotropy) and b = T is
the long-range interaction parameter for n = 3. The
increase in surface energy induces a transformation
between two structurally distinct incommensurate
(IC) states through an intermediate commensurate
phase characterized by low-period states. A further
increase in E narrows the stability region of the IC
phase and eventually leads to its suppression by the
commensurate phase.

The observed black region for increasing K (i.e.,
K = 0.5�1.5), in which no periodicities withN < 14
are detected, may be associated with the forma-
tion of a chaotic superstructure; this interpreta-
tion is supported by the K-dependence of the
Lyapunov exponents, which indicates the onset of

a chaotic state for K ≥ 1.0. In light of the maps
in Fig. 6, the transition to chaos is driven predom-
inantly by changes in the phase function of the IC
state, whereas the amplitude function is responsi-
ble for the persistence of periodicities within the
�rst chaotic phase. This interpretation is also con-
sistent with modern studies of nonlinear dynam-
ics and Lyapunov-based characterization of complex
systems [18].
To clarify the behavior of the IC superstructure

near K = 0.4, we further consider the e�ect of sur-
face energy on the phase state. It is known that sur-
face energy primarily modi�es the amplitude of the
order parameter and produces a phase shift [12, 19].
Accordingly, we analyze a two-dimensional mapping
in which the recurrence relations are formulated
for the amplitude R and phase φ of the order pa-
rameter. The resulting two-dimensional dynamical-
regime maps are presented in Fig. 8.
From experimental studies [12, 14] on the e�ect

of surface energy on the incommensurate (IC) su-
perstructure in (N(CH3)4)2CuCl4 � where the IC
wave vector takes the form qi = (13 + δ)c∗ (with
n = 3, m = 1) � it is known that surface en-
ergy drives a transformation between distinct IC
superstructures via an intermediate commensurate
(C) phase, which is consistent with previous crys-
tallographic and phenomenological studies [20, 21].
(Here, c∗ denotes the reciprocal lattice vector corre-
sponding to the crystallographic c-axis.) A further
increase in surface energy narrows the stability in-
terval of the IC phase by raising the transition tem-
perature Tc of the IC�C transition and lowering the
transition temperature Ti of the parent IC transi-
tion.
An analogous behavior is re�ected in the

dynamical-regime maps for the present system with
n = 3. Speci�cally, when the dependence of the
long-range interaction T = b and the anisotropic
interaction K = a on the surface energy E is
taken into account, varying E induces a transition
from one IC state to another through an interme-
diate commensurate state, which is characterized
by the shortest periods (in Figs. 6 and 8, this re-
gion corresponds to the color palette from red to
violet). A further increase in E progressively nar-
rows the IC domain via concomitant changes in
T and K, ultimately �lling this region with the
commensurate state characterized by the shortest-
period periodicities. The obtained phase transfor-
mations are also in qualitative agreement with re-
cent investigations of modulated crystal structures
and dimensional e�ects reported in [22, 23].

4. Conclusions

The present study demonstrates that the dy-
namics of incommensurate superstructures in
(N(CH3)4)2CuCl4 with a unit-cell multiplication
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factor n = 3 are governed by the competition
between anisotropic interaction K and long-range
interaction T .
The physical signi�cance of n = 3 is associated

with the tripling of the unit cell and the emer-
gence of threefold anisotropy in the thermodynamic
potential, which determines the structure of the
incommensurate phase and the sequence of phase
transitions.
Numerical analysis of Fourier spectra, Lyapunov

exponents, modulation wave-vector evolution, and
dynamic-regime maps reveals the existence of two
structurally distinct incommensurate states within
a single IC phase. The �rst regime corresponds
to a sinusoidal modulation with narrow periodic-
ity windows and localized chaotic behavior, while
the second regime corresponds to a solitonic
and stochastic structure characterized by higher
harmonics, broader periodicity distributions, and
hyperchaotic dynamics.
The transition between these regimes occurs near

K ≈ 0.4 and is driven by the appearance of ad-
ditional harmonics of the modulation wave. For
K > 1.2, the system enters a hyperchaotic state
characterized by two positive Lyapunov exponents.
Surface energy signi�cantly modi�es the phase

behavior by changing the e�ective anisotropic in-
teraction and shifting the stability interval of the
incommensurate phase. Increasing surface energy
induces a transition between distinct IC structures
through an intermediate commensurate phase and
eventually suppresses the IC phase.
These results provide a physically transparent

framework for understanding the evolution of in-
commensurate phases in low-symmetry ferroelas-
tic crystals and clarify the role of anisotropy,
long-range interactions, and surface e�ects in the
formation of complex modulated states.
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