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‘We propose a technique for measuring the spatial coherency matrix of a wavefront based on a single-port
intensity detector. Our method relies on multiplexing the incident wavefront across a series of known
realizations of a reconfigurable complex system onto the intensity detector. We consider a multi-port
chaotic cavity with partially reconfigurable boundary conditions as an embodiment of the reconfigurable
complex system. This matches recent experiments with 3D chaotic cavities whose walls are partially
covered with a programmable metasurface. We formulate a system model that rigorously accounts for
multiple scattering based on multi-port network theory. Then, we numerically validate the principle.
The appeal of our technique lies in the low hardware complexity.
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1. Introduction

The characterization of the second-order statis-
tics of a wavefront via its spatial coherency matrix
is of great importance across the electromagnetic
spectrum, with diverse applications in encryption,
communication, and sensing. A direct measurement,
of the coherency matrix of an N-channel wavefront
requires N phase-coherent, simultaneously sampled
receiver chains synchronized to a common time and
frequency reference, followed by computations of
all second-order products from the time traces, i.e.,
N powers and () complex cross-correlations. The
required hardware for such direct measurements
scales poorly; alternative techniques to measure the
coherency matrix for large N or high frequencies
are hence desirable.

In the optical frequencies range, a number of
indirect techniques for measuring the coherency
matrix have been developed. They are typically
of a tomographic nature, projecting the wavefront
across a system onto numerous intensity detec-
tors. The utilized system can be a carefully de-
signed [1-10] or a carefully characterized random
system [11]. Furthermore, a carefully designed self-
configuring system has been shown in theory to be
additionally capable of diagonalizing the coherency
matrix [12].

To further reduce the detector complexity, oper-
ation with a single-port intensity detector is de-
sirable [13, 14]. Here, we propose and analyze
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such a scheme based on multiplexing the wave-
front across configurations of a reconfigurable com-
plex system. Our approach is particularly well-
suited to microwave systems where reconfigurable
complex systems can be realized based on chaotic
cavities equipped with programmable metasurfaces,
for which accurate system models can be experi-
mentally calibrated [15-17]. Indeed, our approach
is inspired by works on computational microwave
imaging, which multiplex scene information across
different configurations of a programmable mi-
crowave meta-imager [18, 19]. Related ideas have
recently been presented also for low-complexity
wireless multi-port sensing [20]. Our technique
rigorously accounts for all multiple-scattering
effects.

The remainder of this paper is organized as fol-
lows. In Sect. 2, we formalize our problem state-
ment. In Sect. 3, we describe our method. In Sect. 4,
we present a numerical validation of our technique.
In Sect. 5, we briefly conclude and discuss directions
for future work.

2. Problem statement

2.1. Goal

Our goal is to characterize the second-order
statistics of an N-channel wavefront & € CV by
estimating its coherency matrix

I'£E[zz’] ecCM*V,

(1)
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Fig. 1. System model.

which is Hermitian positive semidefinite; here, { de-
notes the conjugate transpose. More specifically, we
aim to estimate I based on a single-port intensity
detector by multiplexing & across different known
realizations of a reconfigurable complex system. We
assume that the statistical properties of x are time-
invariant over the course of all measurements con-
ducted as part of our technique.

2.2. Multiplexing onto a single-port intensity
detector

Interactions with scattering systems alter the
coherency matrix in a known manner. A lin-
ear M-port system characterized by its scattering
matrix S € CM*M maps an incoming wavefront
a € CM to the corresponding outgoing wavefront

b=2Sa €CM. (2)

Let the coherency matrix of the incoming wavefront
be Iy £ E [aaT]. Then, assuming negligible ther-
mal emission from the system, the coherency matrix
of the outgoing wavefront is given by

Iows = E [bb'] =E [(Sa)(Sa)'] = SIiw ST (3)

In our case, M = N + 1, because we inject via
N input ports and receive via the output port con-
nected to the intensity detector. Let 7 and R de-
note the sets containing the N input port indices
and the output port index, respectively. This leads
to a 2 x 2 partition of S,

] |

Because the cardinality of R is unity, the off-
diagonal block Sg7 is, in fact, a 1 x N row vector
in our case; for clarity, we denote it by t £ Sp.
Without excitation at the output port, i.e., ag = 0,
the outgoing field at the output port is

St SR

S =
SrT SRR

(4)

()

y=br =tar=tex.
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The output coherency on the receiving side is
Y =tI'th R, (6)

which is a scalar because there is only one out-
put port. Since 4’ is an average intensity, it is real
and non-negative. Our single-port intensity detec-
tor measures
I2E[y?] =+ (7)
Of course, a measurement of the scalar v/ does
not contain sufficient information to recover the ma-
trix I' (unless there is additional prior knowledge
about I'). However, we can accumulate sufficient in-
formation by measuring ~’ for different realizations
of t. Specifically, let t; denote the k-th realization
of t, and let I}, denote the corresponding k-th mea-
surement of I. We can stack our K measurements as
follows

i2I,...

]T c RK

aIK

?

t

H= € CExN,

tx

(8)
The relation between ¢ and H can be compactly
summarized as

i = diag (H I' H'), 9)

where diag(-) extracts the vector of diagonal entries.
If H is sufficiently diverse, we can hope that ¢ con-
tains sufficient information to recover I'.

2.3. Multi-port network model of the
reconfigurable complex system

We aim to realize K known and diverse realiza-
tions of ¢ based on a reconfigurable complex sys-
tem. Specifically, we consider a chaotic cavity whose
boundaries are partially covered by a programmable
metasurface. Each programmable meta-element is
parametrized by a tunable lumped element (e.g., a
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PIN diode). Conceptually, the programmable meta-
atom can be thought of as an antenna whose port
is terminated by a tunable load. The resulting sys-
tem model of the reconfigurable complex system is
illustrated in Fig. 1. We assume that the system is
passive, linear, reciprocal, and time-invariant.

We partition the system into three entities:

(i) the set of M = N + 1 accessible ports;

(ii) the Ng tunable elements of the programmable
metasurface, each modeled as a lumped “vir-
tual” port terminated by a load with reflection
coefficient p; € C;

(iii) all static scatterers (cavity walls, scattering
objects inside the cavity, structural scattering
of the antennas and meta-atoms).

For simplicity, we use the same reference impedance
Zo = 50 Q at all ports and assume that the intensity
detector is matched to Zj.

Entity (iii) is a P-port system characterized by its
scattering matrix S € CP*P, where P = M + Ng.
Meanwhile, entity (ii) is a Ng-port system charac-
terized by its scattering matrix

&, — diag ([pw) (k)D € CNsxNs

1055 PN
where p; denotes the reflection coefficient of the
load terminating the i-th “virtual” port associated
with the i-th meta-atom. The index k denotes the
k-th considered configuration of the programmable
metasurface.

The “measurable” M-port scattering matrix at
the accessible system ports is given by standard
multi-port network theory (accounting for all mul-
tiple scattering effects) [21-23], i.e.,

Sp = Saa+ Sas(®;' - SSS)_ISSA € CMxM

(11)
where A = 7 UR and S denotes the set of “virtual”
port indices. It follows that

ti & Spr + Srs(P, ' — 553)71557~

Given S and @, for all considered realizations of
the programmable metasurface, we can construct H
based on (12). While S and &, cannot be estimated
unambiguously in experiments, operationally equiv-
alent proxies can be obtained, as recently demon-
strated in [15-17].

Remark: For Ng = 1, the differential output signal
(i-e., the change in output signal after reconfiguring
the tunable element) is “frozen” in a single spatial
mode and always perfectly coherent, independent of
the input field’s spatial coherence [24].

(10)

(12)

3. Method

We parametrize the sought-after coherency ma-
trix I" as I' = BBT, where B € CV*V  in order to
ensure that I" is Hermitian positive semidefinite. We
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do not assume prior knowledge about other proper-
ties of I', such as its rank or trace. To estimate I,
we minimize the mean-squared error between mea-
sured and predicted intensities for the K system
configurations,

1

K

L(B) = — [[4(B) =i 3 +|BlF, (13)
where i(B) denotes the prediction of i using our
system model for our current estimate of B. The
second term on the right-hand side is a small ridge
regularizer with A = 1071° for numerical stability.

Before optimization, we apply per-pattern energy
normalization. Specifically, for each configuration k,
we replace tj, and I, by t = ti, /7y, and I, = I}, /77,
where 7, £ /|| tx |3 +¢ with e = 107!2, ensuring
numerical stability.

We optimize the entries of B to minimize L£(B)
using the Adam optimizer in TensorFlow. We ini-
tialize the real and imaginary parts of the entries
of B with a truncated normal distribution of zero
mean and a standard deviation of 0.1. We clip the
gradient norm at 5.0 and run the algorithm for
50000 iterations with a piecewise constant learning-
rate schedule (initially 1073, from the 5000th iter-
ation onward 5 x 10™%, and from the 10000th itera-
tion onward 10~%). We use all available data and
run our algorithm 50 times with different initial
seeds, retaining the result from the run that yielded
the lowest cost at the end.

4. Numerical validation

4.1. Generation of synthetic data

To test the proposed method numerically, we gen-
erate a synthetic realization of S following [25]. This
realization is a draw from an ensemble of statis-
tical realizations of S which are reciprocal, obey
the coherent-backscattering variance rule (diagonal
variance twice the off-diagonal variance), and are
globally scaled to ensure passivity (spectral norm
well below unity). We use the same parameters
as [25] with k = 1.

We choose Ng = 100 and assume that the pro-
grammable meta-atoms are 1-bit programmable
with p{*) € {+1,-1}, in line with [25]. We
draw the states of each considered configuration
randomly.

For concreteness, we choose N = 4 and ran-
domly generate the ground-truth I' to correspond
to a partially coherent wavefront. Specifically, we
instantiate the partially coherent input as I’
U diag(1,0.2) UT +0.12 I with U being the first two
columns of a random unitary (obtained from the
QR decomposition of a random complex Gaussian
matrix), and a final scaling is applied to enforce
Te(IN) = 1.

We assume that measurement noise is negligible.
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Ground truth (a, b) and estimate under ideal conditions with K = 3000 and without measurement

noise (c, d); the error of the estimate is shown in panels (e) and (f). The ideal conditions explain the high

accuracy (low error) of the estimate.

4.2. Results

We begin by examining the results of our tech-
nique under ideal conditions with a very large num-
ber of system configurations K = 3000. A repre-
sentative result is presented in Fig. 2. The flawless
estimate of I" therein validates the principle of the
proposed method.

We also examined more systematically how the
normalized mean-squared error (NMSE) depends
on the number of utilized system configurations,
again under noiseless conditions. The result is pre-
sented in Fig. 3 and shows a clear threshold for
the minimum required value of K of the order
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of 20. Indeed, the NMSE drastically drops as a func-
tion of K around this threshold. This value is of
the order of the number of real-valued unknowns
in I', which is N2 = 16 (because I" is a Hermitian
matrix).

5. Conclusions

5.1. Summary

To summarize, we have proposed and numer-
ically validated a technique for estimating the
spatial coherency matrix of a wavefront using a
single-port intensity detector, by multiplexing the
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Fig. 3. Dependence of NMSE on K under ideal, noiseless conditions.

wavefront across a series of known realizations of
a reconfigurable complex medium. Our numerical
evaluation is based on a rigorous multi-port net-
work formulation that fully captures all relevant
multiple-scattering events. We have systematically
investigated how the number of utilized system re-
alizations influences the estimation accuracy.

5.2. Outlook

Looking ahead, we envision numerous future re-
search directions building on the present work:

e Instead of using a random series of metasur-
face configurations, the utilized series of con-
figurations can be chosen to optimize relevant
properties (such as the diversity) of H [26].

¢ Prior knowledge about I" (e.g., about its rank
or trace) can be used in an updated version of
the algorithm.

e Systematic studies of the estimation accuracy
as a function of K and the measurement noise
level are needed.

¢ Experimental validations leveraging (experi-
mentally characterized) reconfigurable com-
plex systems like [15-17] are a promising
future research direction. Given the maturity
of the hardware and model calibration of such
systems at 2.45 GHz [16-17], this frequency
regime is very promising for initial experimen-
tal tests.
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