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Recent work by Lawrie et al. Phys. Rev. Research 7, 023209 (2025) introduced a non-diffracting reso-
nant angular filter on a network of thin channels (modelled using quantum graph theory) that exhibits
unit transmission of acoustic waves at a discrete, symmetry-paired set of incidence angles. This set is
determined solely by the graph topology, while transmission at all other angles is strictly forbidden. In
the present work, we study the same filtering geometry for waves governed by the magnetic Schrédinger
equation rather than the classical wave equation. Using a phase shift induced by non-reciprocal wave
propagation due to the presence of the magnetic potential, as well as tuning J§-type vertex bound-
ary conditions, we make the previously topology-fixed discrete pass directions continuously tunable.
Both the transmission angle and the transmission coefficient become control parameters. The resulting
flux-tunable angular filtering device replaces the topology-constrained passbands with a programmable

(2025)

steering device, broadening the scope for wave-filter and beam-shaping applications.

topics: quantum graphs, scattering, Aharonov-Bohm, wave filter

1. Introduction

The filter in this paper extends the non-
diffracting acoustic resonant angular filter from
Lawrie et al. [1]. The filter gives unit transmis-
sion at discrete symmetrically paired angles, while
transmission for all other angles is strictly forbid-
den. The filter’s geometry mimics that of a grat-
ing [2], with periodic openings connected not only
to the scattering environments but also internally
via thin channels of variable length. This allows
connections from opening m € Z to m + p for
1 € N, forming beyond-nearest-neighbour connec-
tions first shown by Brillouin [3]. Such metamateri-
als [4] enable non-local interference and Roton-like
dispersion [5-13], yielding non-trivial wave proper-
ties. In the current work, the value of p informs
the number of unit transmission angles. The dis-
crete filtering properties arise from a resonance
where internal channels support a harmonic mode
decoupling from the environment, known as bound
states in the continuum [14]. Under resonance, junc-
tions impose effective Dirichlet boundary condi-
tions that block mode coupling — see [15] for
a detailed analysis. At specific angles, the inci-
dent field’s tangential wave number aligns with
the filter’s bound state, switching conditions from
Dirichlet to periodic, allowing for unit transmission.
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Similar effects have been analysed in the frequency
domain in [16-18]. Indeed, discrete angular filtering
has been achieved via other methods in different
wave domains, such as graded-index multi-layers in
electromagnetic systems for ultra-sharp far-field sig-
nal manipulation [19]. In the present work, we en-
hance the filter’s tunability by adding a magnetic
potential to internal channels and varying trans-
mission amplitude via é-type boundary conditions
at junctions. This results in a flux-tunable angular
filtering device.

Transmission properties are analysed using the
scattering language of quantum graph theory, first
applied to metamaterials in [20] and validated
against COMSOL simulations [1] and acoustic ex-
periments [21]. This theory examines the spectra of
graph structures with one-dimensional self-adjoint
differential operators and variable junction condi-
tions [22, 23], as the thin-channel limit of net-
works [24-26]. Originally formulated for the study
of the Schrédinger equation, it applies to quan-
tum chaos [23, 27], quantum random walks [28, 29],
and lattice wave communication [30]. It extends to
other operators, including the wave equation [21],
linearized Korteweg—de Vries equation [31], and
beam/plate equations [32, 33]. But most rele-
vant to this work is the magnetic Schrodinger
equation [27, 34], where magnetic potential
shifts effective wave numbers non-reciprocally for
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Panel (a) shows a schematic of the filter placed between two semi-infinite half spaces (shown in grey),

where waves are free to travel. Illustrated via an arrow is a wave of amplitude 1 with incidence angle 6 scattering
at the filter into a reflected wave with amplitudes r, and a transmitted wave with amplitude ¢,. Panel (b)
shows a schematic of the filter itself, which is formed of an array of vertices with period ¢ and discrete index m
coupled to the scattering environment by leads to the left ‘I’ and right ‘r’ of the vertex and to one another
in the down ‘d’ and up ‘v’ directions via a bond of length ¢,,, here ;x = 1. The connected bonds form a helix
through which a solenoid is placed, which will induce a magnetic potential through the bonds. Panel (c) shows
a side view of the filter, where the solenoid is a constant distance r away from the graph bonds; emphasised
are the local edge wave amplitudes heading in and out of vertex m.

forward/backward propagation, breaking time-
reversal symmetry. This formalism applies to anal-
ogous non-reciprocal wave transport contexts, such
as non-reciprocal optical waveguides [35-44] and
acoustic crystals with magnetochiral phonon prop-
agation [45]. Additionally, such effects have been
shown in time-varying metamaterials where the
breaking of time reversal symmetry can be achieved
via the Doppler effect [46].

The paper is structured as follows. In Sect. 2,
we determine the scattering properties of the filter
in terms of a quantum graph model and derive an
analytic equation for the transmission coeflicients
of the graph influenced by a magnetic potential. In
Sect. 3, the resulting scattering properties of the fil-
ter are analysed and demonstrated numerically for
a variety of filter configurations. Finally, in Sect. 4,
the work is concluded.

2. Modelling the filter via quantum graph
theory

The aim of this section is to determine the re-
flection r, and transmission ¢, coefficients of the
preposed filter, illustrated in Fig. la. The filter,
modelled as a metric graph T'(V, &, L) embedded
in R3, is constructed from an infinite set of ver-
tices V placed along the Y-axis with period ¢ and
discrete index m € Z, coupled by an infinite set
of bidirectional edges &£, each with metric length
L ={l. € R" | e € £}. The set of edges with finite
length will be called bonds B, while the set of edges
with semi-infinite length will be called leads £, with
union £ = L U B. Each vertex m is coupled up ‘v’
and down ‘d’ to vertices m &+ p for ;1 € N by bonds
of length ¢,, = {4 := {,,. The graph is made open by
coupling leads along the X-axis to the left ‘I’ and
right ‘r’ of the vertex, which will later be coupled
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to the scattering environment, as shown in Fig. 1a.
The set of edges coupled to a given vertex m form
a sub set of £; we define it as the star of the ver-
tex Sy = {lm, Tm, dm, um . For each edge e € S,
we introduce an edge coordinate z,,. with origin
chosen to be at vertex m, which spans the domain
Zmi € [0,00), Zmyr € [0,00) and zpm,q € [0,£,],
Zmu € [0,£,]. Note the use of z as an edge coor-
dinate instead of the traditional Euclidean coordi-
nates X,Y, and Z. We emphasise that in this de-
scription, each edge in the filter admits two param-
eterizations, namely z,, , /4 With the vertex labelled
m at the origin and 2,4, 4/, With vertex m located
at £,,. These parameterizations satisfy the condition
Zmtp,d/u = E,u — Zm,u/d-

The metric graph is turned into a quantum graph
by imposing a wave equation on each edge, as well
as enforcing a choice of boundary conditions on each
vertex. Here we consider the one-dimensional mag-
netic Schrodinger equation

)

2
<i + Am#’") wm,e(zm@) =K wmve(vae
(1)

where the real constant A, . represents a magnetic
potential along edge e connected to vertex m. This
term can be introduced physically into the system
in a myriad of ways, but for this work, we consider
the bonds to be wrapped around a solenoid, form-
ing a helix-like structure of constant radius r, as
shown clearly in Fig. 1b and c. We assume that the
solenoid is suitably far enough away from the leads
e =l /Tm and equal distance from all vertices such
that A, = Ay, = 0 and A, g = —Ap . The
general solution of (1) is a superposition of counter-
propagating plane waves

¢m,e

ei(rcymé—Am‘ezm‘e) aguteik2m7€+aic}1€—ikzm,,e )

(2)

O0Zm,e
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t/i .
Here, a2/ are the complex wave amplitudes

heading out of or into a given vertex on edge e, as
illustrated in Fig. 1c. The phase term el*v is the
Bloch phase [47], which arises as a consequence of
the lattice periodicity. The Bloch wave number &,
defines the angle 6 of a wave incident on the filter.
The effective wave numbers k — A, . and k+ A, ¢
induce different momenta in the waves that propa-
gate along each edge. This leads to non-reciprocal
wave transport, thus breaking time-reversal symme-
try. Indeed, any non-reciprocal effect on wave prop-
agation can be modelled by the presence of an ef-
fective potential that modifies the wave equation on
the edge so that the travelling wave solutions sat-
isfy (1).

Next, we consider the vertex boundary conditions
that couple waves on different edges. In principle,
one can consider a wide range of options, includ-
ing those of resonant cavities [48], those that break
time-reversal symmetry [49], or the most general
forms that preserve self-adjointness [50]. One could
even forgo self-adjointness entirely, such that energy
is not conserved, as in the case of leaky vertices.
Here, however, we focus on d-type boundary condi-
tions, since they allow us to tune the filter’s trans-
mission coefficient using a single parameter. Such
d-type boundary conditions must satisfy the follow-
ing conditions:

(i) the wave functions on connected edges e and

e’ are continuous at their shared vertex v,,,
parameterized at 0,

wm,e(o) = 1pm,e’ (0)7 (3)
(ii) the outgoing momenta of the wave function

on each adjacent edge e to vertex m is given
as a constant function [27],

o —iAm>e> ,(/)ﬂ”L,e(O) = )\wm@(o)'
(4)

Here, )\ is a free parameter that we choose for an
ideal transmission profile. We introduce the gauge

transformation
) wm,e(zm,e)7

o) e i | ®

integrating from the vertex with metric position 0
on e to 2, ¢, the potential can be removed from (1)
so that the waves propagate with equal and oppo-
site momenta. The new vertex conditions for the
gauge-transformed wave function ¢,, . are

¢m,e(0) = ¢m,e/(0)
from (3), and
Z %(0) - /\¢m,e(0)

z
e€ESH, m.e

Zm,e

dzm,e Am,e

(6)

(7)

from (4), achieving the conventional Kirchhoff—
Neumann conditions at v, in the parameteriza-
tion of edges that has v, at the origin; how-
ever, we note that when comparing the values of
the gauge-transformed wave function parameterized
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between vy, and v+, we have

on
exp <1/0 ) Qsm,e(f,u) = ¢miu,€(0)a (8)

dzm,e Am,e
which transfers the action of A, to a phase change
in waves that propagate around the solenoid in
a manner analogous to the Aharonov—Bohm effect.
Through substitution of (2) into (6) and (7) it is
trivial to show that the transmission 7 and reflec-
tion p coefficients between edges at a joining vertex
are given as
2ik

TN = ®)
where v = |S,| = 4 is the valency (number of
connected edges) at the vertex. See a line-by-line
derivation of these coefficients in [15]. Note that the
limits restore effective vertex boundary conditions,

0,

p(ka)‘) =T ]-7

Kirchhoff-Neumann boundary

A= conditions,

oo, Dirichlet boundary conditions. (10)

With that, we have everything needed to determine
the scattering properties of the filter.

Before we go on, a bit of bookkeeping is required,
given the large number of wave amplitudes we need
to keep an eye on. As such, we now sort out ingoing
and outgoing wave amplitudes on each bond B and

. t/i t/1 t/i
lead £ into vectors ajy' fin (ay" /in g0 /m)T

t/i t/i t/i .
a(zu fin _ (a?u /in_ gout/in , respectively, and relate

y T

them via the scattering matrices,

, and

)T
a%“t =Srr aiLn—FSLB aiél (11)
and

ay" = Spraf + Sps af. (12)

Here, S, is the scattering matrix that maps wave
amplitudes between leads, S,z is the scattering ma-
trix that maps wave amplitudes between bonds and
leads, Sp. is the scattering matrix that maps wave
amplitudes between leads and bonds, and Sgg is the
scattering matrix that maps wave amplitudes be-
tween bonds. Each matrix is constructed from the
vertex scattering coefficients 7 and p as

Sce = Sp =TEy — Iz (13)
and
Srp = Srep = 7Es. (14)

Of course, E, represents a matrix of all ones of di-
mension 2, and I is the identity matrix of equiva-
lent dimension. By evaluating the phase dynamics
along each bond, we write a phase matrix P that
performs the mapping,

all = P(k) (15)

By combining (11), (12), and (15), we determine
the lead scattering matrix S, and thus the scatter-
ing properties of the filter. Here, S, performs the
mapping

a(zut —

a%”t .

S, a®, (16)
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where
SM :SLL+SLB [H—PSBB]_l PSBL- (].7)

Now, we are left to define P. For this we consider
the particle that defines the wave function to have
unit charge and the vector potential A induces on
the particle by the solenoid is, in the Coulomb gauge
¢
2R
written in cylindrical coordinates (X,Y,Z) —
(R,Y, ©), and with @ equal to the magnetic flux
through the solenoid. We express the bond coor-
dinated in terms of the Euclidean axis (X,Y,Z2)
rather than the edge axis z,. and parametrize
7, : [0,¢,] = R3 in cylindrical coordinates (R, Y, )
T

as
,sl—( ) )

on edge u relative to vy, and r4(s) = r,(¢,—s). The
integral of A along the bond is always equal to sim-
ply the flux @ enclosed,

L
/AdTu:/ dZm7u Am,u
u 0
Ion
oo () (52) 5=
0

A=_"_0, (18)

2rR

by

2rs
y

(20)

d - il
5 2rR 4,

and consequently the gauge-transformed wave func-
tion must satisfy the conditions

ei ? ¢m,u(€u) = ¢m+u,d(0)a (21)
and
e ' ? bm,d(ly) = Sm—pu,u(0) (22)

that equate wave functions parameterized from dif-
ferent vertices, as in (8). In this way, any constant

J

2k 1,

b=t

2ik

A TV

n;q)

Here, p,q € Z and /—@Z(f) represents a discrete set

of tangential wave vectors. Note that the new am-
plitude scaling parameter 2ik/(2ik — \) is equiv-
alent to the transmission coefficient of a vertex of
valency v = 2, as defined in (9), effectively com-
pletely removing the filter, decoupling each vertex,
and replacing it with a single vertex with variable
transmission properties. Additionally, we see that
when A\ = @ = 0, we restore the solutions from the
previous work on this topic [1], where one has unit
transmission at discrete symmetrically-paired sets
of incidence angles determined solely by the graph
topology. By introducing non-zero A and ¢, we see
clearly that the discrete angle and amplitude of
transmission can be tuned arbitrarily, resulting in
a programmable steering device. See the filter in
action in Fig. 2 for two beams incident on the filter

if {,k — mpand Ky =K
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non-reciprocal effect can be modelled by travelling
wave solutions to (1) with an effective flux through
the loop. The above conditions can be written as a
matrix equation in the amplitudes,

ikl ( ‘450
e—l

ei'ﬁyﬂz
which describes the transfer of waves between con-
nected vertices in the filter bonds and thus de-
fines P. By substitution of (23) into (17), we define
the filter scattering matrix as,

eiQSefikay,u,E
0

al = ad't, (23)

. r. t .
agt = Syalf = ( " ) al, (24)
ty Ty
where the lead transmission coefficient is
. isin(kl,)
p)

cos(tiy pul— ) — cos(kl,,)+isin(kl,) (1-577)

(25)
with the reflection coefficient being trivially r,, =
t,—1. With that, we have derived the scattering
properties of the filter and gained a new tuning pa-
rameter @, which is a consequence of the introduc-
tion of the vector potential A in the quantum graph.
We will now show how this new parameter allows
ideal transmission or arbitrary angles.

3. Results — the scattering
properties of the filter

The transmission profile of the filter has the
rather odd property of being like a Kronecker delta
function scaled by some free parameter when at res-
onance. Formally,

(@) _

Y

P+mq
nl

)

(26)

0, if £,k — 7mp and Ky # Iiéq).

(

with angles §# = 0 and 7/4 radians. To see how
to couple discrete boundaries to semi-infinite scat-
tering environments and construct beam solutions,
see [51] and [20], respectively.

4. Conclusions

In this work, we introduce a filtering device that
enables discrete angular transmission at arbitrary
angles with tunable amplitude. Using the scatter-
ing framework of quantum graph theory, we analyt-
ically investigate its properties. The device’s graph
forms a periodic interface of thin channels (edges)
that couple boundary vertices in a non-trivial man-
ner, supporting bound states that block energy
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(a) The squared magnitude of the transmission coefficient from (25) for a filter with unit period £ = 1,

nearest-neighbour vertex connections (1 = 1), and bond length £, = 27 /k + ¢, where € = 0.01 (off-resonance).
The red curve corresponds to ¢ = A = 0, showing unit transmission at zero angle. The blue curve illustrates
the effect of changing the magnetic potential to ¢ = 1, while the green curve shows the effect of changing
the vertex parameter to A = 2. (b—d) Effects of different boundary configurations on two incident beams at
angles § = 0 and 7/4 radians. (b) Unit transmission is achieved for the zero-angle beam, while transmission
is excluded for the beam at incident angle § = 7 /4. (c) Unit transmission is achieved for the beam at incident
angle 0 = ©/4. (d) The transmission coefficient is chosen such that an ideal incident angle is split evenly at

the boundary.

transmission except at specific discrete angles. To
tailor these angles for unit transmission, we incorpo-
rate a magnetic potential by configuring the graph
bonds as a helix around a solenoid. The resulting
potential breaks time-reversal symmetry, rendering
the transmission angle a freely adjustable parame-
ter. Furthermore, we control the transmission am-
plitude by applying a J-type boundary condition
at the vertex connecting the filter to the environ-
ment; tuning the § parameter makes the amplitude
fully customizable. The outcome is a flux-tunable
angular filter that supersedes topology-limited pass-
bands with a programmable steering mechanism,
expanding possibilities in wave filtering and beam
shaping. We foresee applications in analogue wave
computing and edge detection, offering advantages
for medical imaging, non-destructive evaluation, re-
mote sensing, and related fields.
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