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Our study focuses on isoscattering quantum graphs and their eigenvalues. Contrary to the prevailing
assumption that isoscattering graphs are isospectral, we present a new example of non-isospectral
isoscattering graphs and study their properties. Additionally, we expanded our research to include
dissipative graphs that can be realized and studied experimentally using microwave networks.
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1. Introduction

The inverse problem is a key issue in many �elds
of physics and other sciences [1�4]. Reconstruct-
ing systems based on observations of their behav-
ior (emission, scattering) is a great challenge for
physicists and mathematicians. Quantum graphs,
due to their relative simplicity and very well-
developed mathematical methods describing them,
are excellent tools for studying matters related to
spectral inverse problems [5�9]. Another impor-
tant feature of quantum graphs is the ability to
simulate them using microwave networks, which
allows for experimental veri�cation of theoretical
�ndings [10�12].
Quantum graphs Γ are metric graphs, formed

from one-dimensional edges connected at ver-
tices, equipped with a self-adjoint Laplace opera-
tor L(Γ ) = −d2/dx2 acting in the Hilbert space of
square-integrable functions, and with certain vertex
conditions [5]. It is common that standard vertex
conditions (continuity and sum of normal deriva-
tives equal zero) are used at the vertices. In this
case, the Laplace operator on the graph is uniquely
determined by the metric graph; it plays the same
role as the Laplace�Beltrami operator on manifolds.
One may refer to its spectrum as the spectrum of
the (metric) graph. If the metric graph is formed
by �nitely many compact edges, then the spectrum
of the graph is discrete and all eigenvalues are non-
negative [5, 7].
It is worth noting that quantum graphs are the

paradigm of quantum chaotic systems [13]. Their
properties are very well characterized by the ran-
dom matrix theory (RMT) ensembles, such as the

Gaussian orthogonal ensemble (GOE) [14�16], the
Gaussian unitary ensemble (GUE) [17�19], or the
Gaussian symplectic ensemble (GSE) [20�23].
The spectral inverse problem for quantum graphs

involves reconstructing the topology and geome-
try of the graph knowing its eigenvalues. It was
shown by Gutkin�Smilansky [24] and Kurasov�
Nowaczyk [25] that the reconstruction is possible in
an unambiguous manner if the edge lengths (ℓ) of
the graph are incommensurable. Opening graphs by
attaching leads (semi-in�nite edges) allows the com-
putation of scattering matrices (poles/resonances).
In this case, the inverse problem involves determin-
ing the topology and geometry of the graph using
the scattering matrix or just its singularities (res-
onances). Despite the fact that metric graphs are
generically uniquely reconstructable from the scat-
tering matrix (for example, all graphs with ratio-
nally independent edge lengths), wide families of
graphs with equal scattering matrices exist. (One
may increase reconstructability of metric graphs by
considering spectral data dependent on magnetic
�uxes; this approach was proposed in [26] and ac-
complished in [7], but we do not consider magnetic
�uxes in the current paper.)
As mentioned above, when the edge lengths are

commensurable � for example, if some of their
edges have equal lengths � then it is possible to
�nd a pair of graphs having exactly the same spec-
trum, called isospectral. Looking at the scattering
matrix, we call two graphs with the same scatter-
ing matrix isoscattering.
Relations between isoscattering and isospectral

graphs were �rst discussed in [27], where no-
tions of isopolar and isophasal graphs were intro-
duced. Interesting connections between isospectral
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Fig. 1. Panels (a) and (b) show graphs Γa and Γb,
respectively, with standard vertex conditions at all
vertices and edge lengths indicated. Contact ver-
tices are denoted as `CV'. Each network is con-
nected to an in�nite lead, denoted as L∞. The com-
pact parts of both networks have the same total
length Ltot = 10ℓ.

and isoscattering graphs were discussed. Di�er-
ent kinds of symmetries played important roles in
these examples. Until recently, experimental [28, 29]
and numerical studies [27, 30, 31] dealt with
multi-port variants of isoscattering graphs that
were isospectral. A departure from this idea has
been presented in [32], in which a transformation
from non-isoscattering and non-isospectral graphs
to isoscattering but non-isospectral graphs was
demonstrated. In this article, we will present an an-
alytical and numerical analysis of a pair of metric
graphs, characterized by single-port scattering ma-
trices that are isoscattering but not isospectral. In
our studies, we shall always examine compact met-
ric graphs formed by a �nite number of compact
edges and extended (non-compact) graphs obtained
by attaching in�nite leads to compact graphs. When
we say that two graphs are isospectral, we mean
that the compact parts have the same spectrum;
when we say that two graphs are isoscattering, we
mean that the extended graphs have the same scat-
tering matrix. Physical intuition says that eigen-
values of the compact core should produce reso-
nances of the scattering matrix associated with the
extended graphs.
The Titchmarsh�Weyl M -functions [7] will be

used as a powerful tool to identify isoscattering
graphs and explain the reason for their isoscatter-
ing behavior. The existence of vertices of di�erent
graphs having equalM -functions is a necessary and
su�cient condition for the extended graphs to be
isoscattering.

2. Analytic approach

2.1. Strategy

Consider the two graphs presented in Fig. 1.
We claim that:

� the extended graphs have the same scattering
matrix, in other words, the Titchmarsh�Weyl
M -functions associated with the contact ver-
tices on the compact graphs coincide;

� the compact graphs are not isospectral.

The M -function is completely determined by the
spectra of compact graphs and boundary values of
the corresponding eigenfunctions at the contact ver-
tices (see formula (17.26) in [7])

MΓ (λ) = −

( ∞∑
n=1

〈
ψst
n

∣∣
∂Γ
, ·
〉
ℓ2(∂Γ)

ψst
n

∣∣
∂Γ

λstn − λ

)−1

. (1)

Here, λstn are the eigenvalues of the standard Lapla-
cian on a compact metric graph Γ , and ψst

n are
the corresponding normalized eigenfunctions. The
formula (1) explicitly shows that the M -functions
are determined by the spectrum and the values of
the eigenfunctions at the contact vertices. It takes a
slightly simpler form in the case of a single contact
vertex v0, namely

MΓ (λ) = −

( ∞∑
n=1

∣∣ψst
n (v0)

∣∣2
λstn − λ

)−1

. (2)

Only eigenfunctions that are not equal to zero at
v0 contribute to theM -function, i.e., if ψst

n (v0) = 0,
then the corresponding eigenvalue is not a zero of
theM -function (provided, of course, that there is no
other eigenfunction with the same eigenvalue and
non-zero value at v0).
Thus, to prove that the graphs are isoscattering

but not isospectral, it is enough to show that the
graphs Γa and Γb are not isospectral, but the eigen-
functions with non-zero values at the contact vertex
correspond to the same eigenvalues and have the
same values at the contact vertex.
Our proof of these two statements will be based

on internal symmetries of the two graphs. We pro-
ceed as follows:

(i) The two graphs are invariant under re�ection
J with respect to the horizontal lines. The
eigenfunctions can be separated into symmet-
ric and antisymmetric ones with respect to the
re�ection. We call this the �rst symmetry re-
duction.

(ii) Antisymmetric eigenfunctions are equal to
zero at the contact vertices and therefore can
be ignored when the M -function is calcu-
lated. Of course, these eigenfunctions should
not be ignored when the spectra of the met-
ric graphs are calculated to show their non-
isospectrality.
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Fig. 2. The graphs Γa′ and Γb′ support symmetric
eigenfunctions of the graphs Γa and Γb, respectively.
Symbols used: N � Neumann boundary condition,
CV � contact vertex.

Fig. 3. Stretching of the graph preserves
symmetric�symmetric eigenfunctions. Here, `st'
and N denote the standard and Neumann boundary
conditions, respectively.

(iii) To calculate the symmetric eigenfunctions, it
is enough to consider one of the two halves
of the original graphs Γa and Γb. We denote
these new graphs as Γa′ and Γb′ and present
them in Fig. 2. The symmetric eigenfunctions
on Γa and Γb can be restored from their values
on the quotient graphs Γa′ and Γb′ using the
symmetry.

Symmetric eigenfunctions automatically sat-
isfy Neumann conditions at the intersection
points between the symmetry axis and the
metric graph. Hence, the restrictions of the
eigenfunctions to the quotient graphs satisfy
Neumann conditions at these vertices (having
degree one). These conditions turn into stan-
dard conditions in the case of higher-degree
vertices. We use the fact that two edges con-
nected at a degree two vertex with standard
conditions can be substituted by one longer
edge as shown in Fig. 3.

(iv) Obtained quotient graphs are symmetric
again, and we can repeat our trick, splitting
the eigenfunctions into symmetric and anti-
symmetric ones, with the following important
di�erence, namely that there is no reason for
all antisymmetric eigenfunctions to be equal
to zero at the contact vertex, since it does not
belong to the symmetry axis of the quotient
graphs.

Fig. 4. Splitting of the graph preserves
antisymmetric�symmetric eigenfunctions. Here,
D and N denote the Dirichlet and Neumann
boundary conditions, respectively.

In what follows, we shall adopt the following con-
vention: the eigenfunctions, which are symmetric or
antisymmetric with respect to the �rst symmetry,
will be called simply symmetric and antisymmetric,
respectively. The eigenfunctions that are in addi-
tion symmetric or antisymmetric with respect to the
second symmetry will be indicated by adding the
corresponding property in front. For example, an
antisymmetric�symmetric eigenfunction is an eigen-
function that is symmetric with respect to the �rst
symmetry and antisymmetric with respect to the
second one.

2.2. The graphs are isoscattering

To prove that the graphs are isoscattering, we
need to determine the spectra of the symmet-
ric eigenfunctions and their values at the contact
vertices for both graphs Γa and Γb. Using the
symmetry of the mentioned graphs, we have al-
ready reduced the problem to �nding the eigen-
functions for the reduced graphs Γa′ and Γb′ .
Now, using the symmetry of these graphs with
respect to the vertical axis, we shall perform
the second symmetry reduction, separately for each
graph.

2.2.1. Symmetry reduction for the graph Γa′

The graph Γa′ is again invariant; this time un-
der the re�ection with respect to the vertical axis.
Hence, all its eigenfunctions can be split into sym-
metric and antisymmetric (symmetric eigenfunc-
tions). The symmetric�symmetric eigenfunctions
coincide with the eigenfunctions of the graph given
in Fig. 3.
Calculating antisymmetric�symmetric eigenfunc-

tions, we obtain Dirichlet conditions at the inter-
sections between the vertical axis and the graph Γa′

(see Fig. 4). The Dirichlet conditions at the middle

S11



M. �awniczak et al.

Fig. 5. The graph Γb′ supports symmetric eigen-
functions of the graph Γb.

Fig. 6. Stretching of the graph preserves
symmetric�symmetric eigenfunctions.

vertex split the graph into two independent graphs.
Only eigenfunctions supported by the lower graph
contribute to the M -function of Γa′ (and hence
to the M -function of Γa). The antisymmetric�
symmetric eigenfunctions supported by the upper
graph are identically equal to zero near the contact
vertex.

2.2.2. Symmetry reduction for the graph Γb′

The metric graph Γb′ supporting symmetric
eigenfunctions for the graph Γb is presented
in Fig. 5. As before, we use the symmetry of Γb′

and consider the eigenfunctions symmetric and an-
tisymmetric with respect to the vertical axis.
The quotient graph supporting symmetric�

symmetric eigenfunctions can be seen (as in the
previous case) as the interval graph with Neumann
conditions at both end points.
Figure 6 shows the quotient graph used to de-

termine the symmetric�symmetric eigenfunctions of
Γ′
b, with Neumann boundary conditions at both

ends.
The quotient graph corresponding to anti-

symmetric�symmetric eigenfunctions has Dirich-
let conditions at two vertices, which separate it
into three non-connected metric graphs. Figure 7
presents this splitting of the graph carrying
antisymmetric�symmetric eigenfunctions of Γ′

b, di-
vided into three disconnected parts by the Dirichlet
vertices.

Fig. 7. Splitting of the graph preserves
antisymmetric�symmetric eigenfunctions.

Fig. 8. The graphs whose eigenfunctions deter-
mine symmetric and antisymmetric�symmetric
eigenfunctions of Γa′ and Γb′ contributing to the
M -functions of Γa and Γb.

Only eigenfunctions supported by the graph
shown in Fig. 4 contribute to the M -function of Γa′

(and hence to theM -function of Γa). This graph co-
incides with the graph supporting antisymmetric�
symmetric eigenfunctions on Γa′ and contributing
to the M -function. The antisymmetric�symmetric
eigenfunctions supported by the two upper graphs
are identically equal to zero near the contact
vertex, and therefore do not contribute to the
M -functions.

2.2.3. Sum up

We see that the graphs Γa and Γb have the same
M -function determined by the eigenfunctions of the
graphs presented in Fig. 8.
The corresponding eigenvalues λn = k2n are as

follows

λn =


(
2π

5ℓ
n

)2

, n = 0, 1, 2 . . . ,(
π

ℓ

(
1

2
+ n

))2

, n = 0, 1, 2 . . . .
(3)

The corresponding eigenfunctions coincide and
therefore trivially have precisely the same values at
the contact vertices. Formula (2) implies that the
M -functions coincide.
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2.3. The graphs are not isospectral

We have just calculated the common spectra of
the two graphs corresponding to eigenfunctions,
which are not equal to zero at the contact ver-
tices. In what follows, we shall calculate the remain-
ing eigenvalues, but we will start with the proof of
the non-isospectrality of the presented graphs using
their Euler characteristics.

2.3.1. Non-isospectrality via Euler characteristic

The easiest way to see that the graphs Γa and Γb

are not isospectral is to look at their Euler charac-
teristics [32�37], i.e.,
χ(Γa) = Va−Ea = 4− 7 = −3,

χ(Γb) = Vb−Eb = 5− 9 = −4, (4)
where V and E are the number of vertices and
edges of these graphs. The Euler characteristic is
uniquely determined by the spectrum λn(Γ ) = k2n
(see [34, 35] or formula (9.1) in [7]), i.e.,

χ(Γ ) = 2 + 2 lim
t→∞

∑
kn ̸=0

cos(kn/t)

[
sin(kn/2t)

kn/2t

]2
.

(5)
Two isospectral graphs, in fact, must have the same
Euler characteristic; however, the graphs Γa and Γb

do not.

2.3.2. Symmetric eigenfunctions

We start with symmetric eigenfunctions on Γa

and Γb. We need to examine just the eigenfunc-
tions that are equal to zero at the contact ver-
tices. These eigenfunctions are the eigenfunctions
supported by graph in Fig. 4 for Γa′ and the eigen-
functions supported by the two graphs in Fig. 7
for Γb′ .
For the �rst graph, these eigenvalues coincide

with the Dirichlet�Dirichlet eigenvalues on the in-
terval of length 1.5ℓ, thus

λn =
( π

1.5ℓ
n
)2
, n = 1, 2, . . . . (6)

For the second graph, these eigenvalues coincide
with the Dirichlet�Dirichlet eigenvalues of the inter-
val of length ℓ and Dirichlet�Neumann eigenvalues
of the interval of length 1

2ℓ, thus

λn =


(π
ℓ
n
)2
, n = 1, 2, . . . ,(π

ℓ

(
1 + 2n

))2
, n = 0, 1, 2, . . . .

(7)

We see that these spectra are di�erent, but to
complete our study, we need to prove that antisym-
metric eigenfunctions on Γa and Γb cannot compen-
sate for the non-isospectrality.

2.3.3. Antisymmetric eigenfunctions

Antisymmetric eigenfunctions satisfy Dirichlet
conditions at the intersections with the horizontal
line. Figure 9 shows the quotient graphs Γa′ and Γb′

that support the antisymmetric eigenfunctions of Γa

and Γb, respectively. Therefore, the same quotient
graphs Γa′ and Γb′ can be used to calculate the anti-
symmetric eigenfunctions, but with Dirichlet vertex
conditions at the vertices coming from the intersec-
tion points.
The quotient graphs are again symmetric with

respect to the re�ection in the vertical axis. The
spectra determined by symmetric and antisymmet-
ric eigenfunctions on the quotient graphs are deter-
mined by the equations presented below for:

� the graph Γa′

� for symmetric�antisymmetric eigenfunc-
tions
We need to distinguish eigenfunctions
that are equal to zero at the central ver-
tex from those that are not. These equal
to zero at the central vertex eigenfunc-
tions are described by the equation

sin(kℓ) = 0. (8)

There are precisely two such eigenfunc-
tions for each solution of the trigonomet-
ric equation (8), i.e., one equal to zero on
the whole vertical axis and one equal to
zero on the horizontal axis. As a result,
we get the following spectral points

λ =

(
2π

ℓ
n

)2

, (9)

where n = 1, 2, . . ., multiplicity two. The
eigenfunctions equal to zero at the central
vertex are described by

3 cot(kℓ)+ cot(2kℓ)=0 ⇒ cos 2(kℓ)= 1
8

⇒


λ =

[
1
ℓ

(
arccos( 1√

8
)+πn

)]2
,

λ =
[
1
ℓ

(
π− arccos( 1√

8
)+πn

)]2
,

(10)
where n = 0, 1, 2, . . . ;

� for antisymmetric�antisymmetric eigen-
functions

sin(kℓ) = 0 ⇒ λ =
(π
ℓ
n
)2
, (11)

where n = 1, 2, . . . ;
� the graph Γb′

� for symmetric�antisymmetric eigenfunc-
tions

sin(2.5kℓ) = 0 ⇒ λ =
(

π
2.5ℓn

)2
, (12)

where n = 1, 2, . . . ;
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Fig. 9. The graphs Γa′ and Γb′ support antisymmetric eigenfunctions of the graphs Γa and Γb, respectively.

� for antisymmetric�antisymmetric eigen-
functions

sin(kℓ) = 0 ⇒ λ =
(
π
ℓ n
)2
, (13)

where n = 1, 2, . . . , double eigenvalues,
or

sin(k ℓ
2 ) = 0 ⇒ λ =

(
2π
ℓ n
)2
, (14)

where n = 1, 2 . . . .

Thus, the original graphs Γa and Γb are not
isospectral.

2.4. Numerical results of analytical solutions

Let us consider graphs Γa and Γb with the to-
tal length Ltot = 1 m, and ℓ = 0.1 m. In order
to summarize our calculations of the spectra kn of
the graphs, we will constrain ourselves to a k-vector
range of 0 to 41.92 m−1. In the context of a po-
tential microwave realization of quantum graphs,
this would require measuring the scattering matrix
of microwave networks within the frequency range
f ∈ 0�2 GHz. The eigenvalues of kn are presented
in Table I. The eigenvalues of the non-zero functions
at the contact vertices, whose equality means that
graphs are isoscattering, are marked in bold.
Thus, we show analytically that the graphs Γa

and Γb are isoscattering, have the sameM -functions
at contact vertices, but are not isospectral.

3. Numerical results

The scattering matrices S(k) = |S(k)|e iφ were
calculated as a function of k for graphs Γa and
Γb, as shown in Fig. 10. The core of the analy-
sis involves computing the overall scattering ma-
trix S for each graph and evaluating their re�ec-
tion coe�cients S11(k) = S(k). In the calculations,
the pseudo-orbit method proposed by Exner and
Lipovský [39, 40] was applied.

Fig. 10. Panels (a) and (c) and panels (b) and (d)
show, respectively, the amplitudes |S(k)| and the
phases φ of the scattering matrices S(k) calculated
for the quantum graphs Γa (red solid line) and Γb

(blue broken line). The calculations were performed
in the k-vector range of 0�41.92 m−1. Di�erent lev-
els of dissipation are characterized by absorption
coe�cients β = 0.0001 and 0.0098 m−1/2. The posi-
tions of the eigenvalues kn are marked by red crosses
and blue lines for Γa and Γb, respectively. The mul-
tiplicities of the eigenvalues that are di�erent from
1 are marked by red and blue digits.

The propagation of an electromagnetic wave
through a segment of a microwave network is gov-
erned by a complex wave vector κ = kr + iki [30].
The real part of κ is de�ned as kr = k = 2πf/c,
where c is the speed of light, and its imaginary
component is given by ki = β

√
k. In Fig. 10a and c
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TABLE I
Eigenvalues kn of graphs Γa and Γb in the interval k ∈ 0�41.92 m−1.

Graph Γa

0 12.09 12.57 15.71 19.32 20.94 25.13 31.41 31.41 31.41 37.70 41.88

Graph Γb

0 12.57 12.57 15.71 25.13 25.13 31.41 31.41 31.41 31.41 37.70 37.70

and in Fig. 10b and d, we show, respectively, the
amplitudes |S(k)| and the phases φ of the scat-
tering matrices S(k) calculated for the quantum
graphs Γa (red solid line) and Γb (blue broken
line). As mentioned above, for practical reasons,
we constrained our calculations to a k-vector range
of 0 to 41.92 m−1. In the context of a poten-
tial microwave realization of quantum graphs, this
would require measuring the scattering matrix of
microwave networks within the frequency range
f ≤ 2 GHz. We investigated the e�ect of absorp-
tion on the system's response by performing simu-
lations with two absorption coe�cient values, i.e.,
β = 0.0001 m−1/2 and β = 0.0098 m−1/2.
The positions of the eigenvalues kn presented in

Table I are marked in Fig. 10 by red crosses and
blue lines for Γa and Γb, respectively. The multi-
plicities of the eigenvalues that are di�erent from
1 are marked by red and blue digits. It should be
noted that eigenvalue k = 31.42, although common
to both graphs, is not visible in the isoscattering
spectra because the eigenfunctions corresponding to
it are equal to zero at the CVs.
The agreement of the results of numerical calcu-

lations of the eigenvalues with the analytical results
is very good. Only k = 15.71 for the graph Γa was
not found.
A smaller value of the absorption coe�cient β

was chosen to demonstrate the strong dependence
of |S(k)| on β. For small β, the amplitude of the
scattering matrix |S(k)| is also very small. The
larger value of β was selected to be close to the ex-
pected value in the microwave realization of quan-
tum graphs. In this case, the amplitude of |S(k)| is
much larger, by an order of magnitude. For both
values of the absorption coe�cient β, the moduli
of the scattering matrices |S(k)| and the phases φ
are perfectly overlapping, demonstrating that the
graphs Γa and Γb are isoscattering. On the other
hand, the graphs Γa and Γb are not isospectral, as
is clearly shown by the calculated eigenvalues of the
graphs.

4. Conclusions

The answer to the question posed in the title of
this paper is negative. We have shown and stud-
ied the new example of non-isospectral isoscattering
quantum graphs. Using the M -function formalism,

we determined the conditions necessary for identify-
ing and constructing these graphs. We validated our
theoretical �ndings numerically by extending them
to quantum graphs and microwave networks with
dissipation.
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