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The in�uence of �uid rheology on the onset of thermal convection in a hybrid nano�uid layer subjected
to a vertical alternating current electric �eld is investigated using linear stability theory with stress-free
boundary conditions. The analysis incorporates the Buongiorno model for nanoparticle transport and
the Maxwell model to describe non-Newtonian rheology, accounting for both thermophoresis and Brow-
nian motion e�ects. Hybrid nano�uids � engineered by dispersing dissimilar nanoparticles in a base
�uid � exhibit enhanced thermal conductivity and complex �ow behaviour. An eigenvalue problem
governing the onset of convection is formulated and solved analytically using a single-term Galerkin
method, resulting in exact expressions for the critical thermal Rayleigh number for both bottom�heavy
and top�heavy con�gurations. The comparative stability behaviour of ordinary nano�uids and hybrid
nano�uids is examined, with articular emphasis on the enhancement of thermal transport properties.
The e�ects of key dimensionless parameters � such as the Lewis number, nanoparticle Rayleigh num-
ber, electric Rayleigh number, and the modi�ed di�usivity ratio � on the threshold for stationary
convection are analysed both analytically and numerically. These values are numerically computed
using software Mathematica 12. Results reveal the signi�cant role of rheology and electric �elds in
modulating the convective stability of hybrid nano�uids, o�ering insights for thermal management in
advanced electrohydrodynamic systems.
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1. Introduction

The interaction between thermal and electrohy-
drodynamic (EHD) processes has been widely ex-
plored through experiments involving dielectric �u-
ids exposed to external electric �elds. This approach
is crucial for improving heat transfer e�ciency and
evaluating system stability. Incorporating electric
�elds into thermal systems o�ers signi�cant advan-
tages, such as reduced energy consumption, lower
operational costs, and enhanced performance. Nu-
merous studies have investigated the e�ects of elec-
tric �elds on natural convection in dielectric �uids,
where spatial variations in permittivity and electri-
cal conductivity give rise to electroconvection � a
phenomenon comparable to Bénard convection [1].
This occurs when a horizontally extended �uid layer
experiences both gravitational forces and an al-
ternating current (AC) electric �eld, with electro-
convection emerging due to the interplay between
thermal buoyancy and electric body forces.

A considerable number of analytical and exper-
imental e�orts have focused on the stability of di-
electric �uid layers under the in�uence of an elec-
tric �eld. While classical thermal convection is com-
monly associated with bottom-heated con�gura-
tions, instances of convection have also been re-
ported when the �uid layer is heated from above in
the presence of a uniform electric �eld [2]. Further
developments include investigations incorporating
temperature-dependent dielectric constants [3], as
well as the combined e�ects of weak unipolar injec-
tion and thermal gradients on stability behavior [4].
Expanding upon these �ndings, several comprehen-
sive studies have provided deeper insights into the
governing mechanisms and conditions for electro-
convection [5�9].

Nano�uids, formulated by dispersing nanoscale
particles such as metal oxides, carbides, nitrides,
pure metals, or carbon-based structures (e.g. nan-
otubes), into conventional base �uids like water
or ethylene glycol, have demonstrated consider-
able enhancements in thermal conductivity [10].
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These advanced �uids are utilized in a variety of
�elds, including nanocomposites, enhanced oil re-
covery systems, pharmaceutical formulations, and
e�cient thermal management systems. Commonly
used nanoparticles such as Al2O3, CuO, ZnO, and
TiO2 possess distinct thermal and optical proper-
ties that contribute to nano�uid performance. Early
theoretical work on predicting thermal conductivity
in colloidal dispersions was presented in [11]. Com-
putational strategies (including the lattice Boltz-
mann method) have been adopted to examine heat
transfer mechanisms in nano�uids [12].
An in�uential model, incorporating e�ects like

Brownian motion and thermophoretic di�usion, was
introduced to analyze the thermal instability in
such �uids [13], and this framework has been ex-
tended to investigate convective phenomena in var-
ious thermal environments [14, 15]. Research has
also been conducted into electrothermal convection
in dielectric nano�uids, focusing on the in�uence
of parameters such as cell geometry and the AC
electric Rayleigh�Darcy number [16]. Additionally,
the role of electric �elds in modifying the thermal
performance of nano�uids inside grooved heat pipe
systems under steady-state heating conditions has
been explored [17].
Numerous investigations have focused on under-

standing how various parameters in�uence the ther-
mal performance of hybrid nano�uids. Reviews of
entropy generation in these �uids have empha-
sized their potential to enhance thermal system
e�ciency [18]. Improved heat transfer, attributed
to the combined e�ects of di�erent nanoparticles,
has been reported in �ow scenarios involving step-
shaped geometries [19]. The stability characteristics
of horizontal nano-liquid layers have been explored,
with attention to the roles of nanoparticle distribu-
tion and buoyancy-driven coupling. These studies
indicate that thermo-nano�uid Lewis numbers can
destabilize convection when heavier particles accu-
mulate near the top surface, while they have a stabi-
lizing e�ect when located near the bottom. In both
con�gurations, the concentration Rayleigh number
acts to promote convective motion [20].
Further research has investigated the e�ects

of electromagnetic �elds on the �ow and ther-
mal transport characteristics of hybrid nano�u-
ids, revealing notable in�uences on the system
behavior [21]. Studies involving solutal gradients
and thermal loading have demonstrated enhanced
convective responses in systems where particles
are concentrated near the upper boundary [22].
Comparative evaluations of di�erent thermal con-
ductivity models have shown that mechanisms such
as nanoparticle clustering and the formation of in-
terfacial nano-layers contribute to improved heat
conduction, especially in speci�c nano�uid formu-
lations [23].
Non-Newtonian �uids are characterized by a

nonlinear relationship between shear stress and
shear rate, resulting in complex �ow behaviors that

signi�cantly impact heat transfer e�ciency and
the onset of convective instabilities. Among the
various rheological models, Maxwell �uids are of
particular interest due to their viscoelastic prop-
erties, which vary with time. Recent research
has explored the thermal performance of hy-
brid nano�uids incorporating non-Newtonian base
�uids, showing notable improvements in both
heat transfer and �ow stability. Studies indicate
that the inclusion of hybrid nanoparticles en-
hances thermal transport, and that a higher vol-
ume fraction of nanoparticles can amplify these
improvements.
Investigations focussing on electrothermal con-

vection in dielectric nano�uids governed by
Maxwell-type rheology have identi�ed oscillatory
patterns in both top�heavy and bottom�heavy par-
ticle distributions. The presence of an electric �eld
has been shown to lower the critical Rayleigh num-
ber, thereby promoting the earlier onset of insta-
bility [24]. Comparable behaviors have also been
documented in other non-Newtonian models, such
as Oldroyd �uids, where the interplay between rhe-
ological properties and electric forces leads to accel-
erated instability development [25].
Recent advancements in �uid mechanics con-

tinue to drive interest in hybrid nano�uids, partic-
ularly those formulated from non-Newtonian base
�uids, due to their enhanced thermal transport
and tailored viscous behavior. A notable com-
putational investigation examined bio-convective
magnetohydrodynamic �ow of a hybrid nano�uid
within a non-Newtonian medium over both con-
ical and �at geometries, integrating re�ned mod-
els that incorporate thermal and solutal relaxation
times for improved accuracy in describing energy
and mass transport in complex systems [26�29].
In parallel, studies on tri-hybrid nano�uid sys-
tems applied to solar-powered residential technolo-
gies have underscored the role of entropy minimiza-
tion in achieving optimal energy utilization [30].
Furthermore, boundary layer �ow analyses of non-
Newtonian hybrid nano�uids past horizontal cylin-
ders have shown that increasing the concentrations
of nanoparticles, such as titanium oxide (TiO2) and
copper oxide (CuO), enhances the thermal bound-
ary layer thickness and boosts the energy transfer
rates [31].
Building upon these developments, the current

study focuses on examining the onset of thermal
convection in a hybrid nano�uid layer character-
ized by Maxwell-type rheology under the in�uence
of an alternating electric �eld. Unlike prior stud-
ies, which largely overlook the combined e�ects of
rheology, electric �elds, and nanoparticle synergy in
such con�gurations, this work aims to �ll this gap.
Speci�cally, it investigates the thermal stability of a
hybrid nano�uid layer heated from below, providing
a detailed analysis that incorporates essential phys-
ical and thermodynamic interactions previously un-
explored in the literature.
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Fig. 1. Geometric con�guration of the system.

2. Mathematical formulation

Consider an incompressible, electrically conduc-
tive, horizontal layer of a hybrid nano�uid that
is modelled as a Maxwell-type viscoelastic �uid.
This layer is bounded between two in�nite, parallel
planes spaced by a distance d. The lower boundary
is uniformly heated, and both the temperature and
volume fraction distributions of hybrid nanoparti-
cles at the boundaries are T0 and ϕ10, ϕ20 at z = 0
and T1 and ϕ21 at z = d, respectively, as shown
in Fig. 1.
The nanoparticle distribution along the vertical

direction is generally non-uniform due to Brown-
ian motion and thermophoresis, which alter the lo-
cal density pro�le and the buoyancy forces that
drive convection. In the present study, a hybrid
nano�uid layer is considered with such a non-
uniform nanoparticle distribution, speci�cally ex-
amining the bottom�heavy condition (ϕ10 > ϕ11

and ϕ20 > ϕ21), where the lower region has a higher
particle fraction of the two types of nanoparti-
cles, and the top�heavy condition (ϕ11 < ϕ10 and
ϕ20 < ϕ21), where the upper region has a higher
particle fraction of the same two nanoparticle types.
These con�gurations form the basis for subsequent
analysis.
The physical system under consideration is sub-

jected to gravitational acceleration g = (0, 0,−g)
and a uniform alternating current (AC) elec-
tric �eld, both aligned along the vertical
z axis. The lower boundary is electrically
connected to a circuit, while the upper boundary

maintains a root mean square (RMS) electric po-
tential, φ. For the sake of analytical tractability, all
thermophysical properties are treated as constant,
with the exception of �uid density, which may vary
with temperature and concentration.
The present study develops a generalized elec-

trohydrodynamic convection model for hybrid
nano�uids by extending the conventional vis-
coelastic framework. The current analysis adopts
the Maxwell viscoelastic model, which retains
only the dominant relaxation mechanism and is
more suitable for moderate relaxation times and
weak retardation behaviour. Accordingly, the mo-
mentum equation is modi�ed by applying the
Maxwell operator (1 + λ1

∂
∂t ) to both the in-

ertial and stress terms. This re�nement simpli-
�es the rheological structure of the model while
preserving the essential elastic nature of the
�ow.
In addition, the nanoparticle concentration and

energy balance equations were extended to account
for two nanoparticle components, thereby captur-
ing both the Brownian di�usion and thermophoretic
transport phenomena. These modi�cations provide
a more comprehensive and physically consistent
representation of hybrid nano�uid convection under
the in�uence of electrohydrodynamic. The govern-
ing conservation equations for the mass, momen-
tum, nanoparticle concentration, and energy (after
incorporating the changes and modi�cations) take
the following generalized form ([13, 22, 24, 32, 33]),
respectively,

∇ · v = 0, (1)

ρf

(
1+λ1

∂

∂t

)[
∂v

∂t
+ (v · ∇)v

]
=

(
1+λ1

∂

∂t

)
(−∇P − fe) + µ∇2v +

(
1+λ1

∂

∂t

)[
ϕ1ρp1 + ϕ2ρp2

+(1−ϕ1−ϕ2) ρf

(
1− β (T−T0)

)]
g, (2)

320



Electric Field-Induced Instability in a Non-Newtonian. . .

[
∂v

∂t
+ (v · ∇)v

]
ϕ1 = DB1∇2ϕ1 +

DT1

T0
∇2T, (3)

[
∂v

∂t
+ (v · ∇)v

]
ϕ2 = DB2∇2ϕ2 +

DT2

T0
∇2T, (4)

and

(ρc)f

[
∂

∂t
+ (v · ∇)

]
T = (ρc)p1

[
DB1

(∇ϕ1) · (∇T ) +
DT1

T0
(∇T ) · (∇T )

]
+ (ρc)p2

[
DB2

(∇ϕ2) · (∇T )

+
DT2

T0
(∇T ) · (∇T )

]
+ kf∇2T, (5)

where v = (u, v, w), µ, ρf , p, T , β, and g de-
note �uid velocity, viscosity coe�cient, base �uid
density, pressure, temperature, adverse tempera-
ture gradient, and gravitational acceleration, re-
spectively. Furthermore, ρp1 and ρp2 denote the
densities of hybrid nanoparticles; (ρc)f and (ρc)p1

as well (ρc)p2 are the heat capacity of the �uid and
hybrid nanoparticles, respectively; ϕ1 and ϕ2 are
the volume fraction of hybrid nanopartcles; λ1 is
the stress relaxation; DT1

, DT2
and DB1

, DB2
are

the thermophoretic coe�cients and Brownian dif-
fusion coe�cients of hybrid nanoparticles, respec-
tively; and kf is the thermal conductivity.

The parameters P and fe in (2) represent the
modi�ed pressure and electric origin force, respec-
tively, and they are expressed as

P = p+
ρf
2

(
∂γ

∂t

)
E2 (6)

and

fe = ρeE − 1

2
E2 ∇γ +

1

2
∇
(
ρf

∂γ

∂t
E2

)
, (7)

where ρe, γ and E represent the charged particles
density, dielectric constant and electric �eld, respec-
tively. Regarding the dielectric constant and �uid
density, these can be described as

γ = γ0
′
[
1− e0 (T−T0)

]
,

ρf = ρ0

[
1− α (T−T0)

]
,

(8)

where e0 > 0 denotes the dielectric constant coef-
�cient with very small relative temperature varia-
tions, and α and ρ0 represent the volume expansion
coe�cient and the �uid density in the lower layers,
respectively.

When an AC electric �eld is applied to a hybrid
nano�uid, the suspended charged nanoparticles ex-
perience an electrohydrodynamic force that drives
them along the electric �eld lines, thereby transfer-
ring momentum to the surrounding base �uid. This
interaction gives rise to a coupled electrostatic�
hydrodynamic behaviour, which governs the over-
all �ow and transport processes in the hybrid
nano�uid. The electric �eld distribution in such
a system is by Maxwell's electrostatic equations,

which for a dielectric hybrid nano�uid are expressed
as

∇ · (γE) = 0, ∇×E = 0. (9)

The electric �eld is derived from the scalar poten-
tial φ, represented by E = −∇φ. Using this relation
in (9), one gets

∇2φ = 0, (10)

where φ denotes the electric potential (root mean

square value). Note that (9) and (10) retain the
same mathematical form for both nano�uids and
hybrid nano�uids. This is because Maxwell's �eld
equations describe the fundamental electrostatic be-
haviour of dielectric media and are independent of
the speci�c �uid composition. The in�uence of hy-
bridization appears only through the e�ective ma-
terial properties, such as permittivity, conductivity,
and viscosity, rather than through any modi�cation
of the governing electrostatic equations. Retaining
this conventional formulation ensures consistency
with the electrohydrodynamic framework and ac-
curately captures the coupling between the electric
�eld distribution and �uid motion in the hybrid
nano�uid system. The relevant boundary condi-
tions, when z = 0 and z = d, are

w = T = ϕ1 = ϕ2 =
∂2w

∂z2
=

∂φ

∂z
= 0. (11)

By introducing the following dimensionless vari-
ables

(u, v, w)αm = (u∗, v∗, w∗) ,

(x, y, z) d = (x∗, y∗, z∗) ,

t d2

αm
= t∗, p

(µαm)

d2
= p∗,

φ

eE0βd
= φ∗,

ϕ∗
1 =

ϕ1 − ϕ10

ϕ10
, ϕ∗

2 =
ϕ2 − ϕ20

ϕ20
,

T =
T ∗ − T1

T0 − T1
, αm =

kf
(ρc)f

,

(12)

in the partial di�erential equations (2)�(5) and (10),
after using (12), the dimensionless form (dropping
asterisks for simplicity) of the equations is obtained

∇ · v = 0, (13)
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1

Pr

(
1+λ1

∂

∂t

)∂v
∂t

=(
1+λ1

∂

∂t

)[
Re

(
T−∂φ

∂z

)
+RaT−Rm−∇P

]
−
(
1+λ1

∂

∂t

)[
Rn1

ϕ1 +Rn2
ϕ2

]
+∇2v, (14)

∂T

∂t
+(v · ∇)T = ∇2T +

NB1

Ln1

(
(∇T ) · (∇ϕ1)

)
+

2NA1NB1

Ln1

(∇T )
2
+

NB2

Ln2

((∇T ) · (∇ϕ2))

+
2NA2

NB2

Ln2

(∇T )
2
, (15)

∂ϕ1

∂t
+(v · ∇)ϕ1 =

1

Ln1

∇ · (∇ϕ1)+
NA1

Ln1

∇ · (∇T ) ,

(16)

∂ϕ2

∂t
+(v · ∇)ϕ2 =

1

Ln2

∇ · (∇ϕ2)+
NA2

Ln2

∇ · (∇T ) ,

(17)

E = −∇φ, (18)

with the following dimensionless parameters:

� thermal Prandtl number Pr=µ/(ρ0α),

� Rayleigh number due to electric �eld
Re=γ0 e

2
0E

2
0β

2d2/(µαm),

� basic density-Rayleigh number Rm=
gd3[ϕ10 ρP1+ϕ20 ρP2+ρf (1−ϕ10−ϕ20)]/(µαm),

� thermal Rayleigh number
Ra=αρf g d

3∆T/(µαm),

� stress-relaxation time λ1=λ1 α/d
2.

In the paper, ∇2
1 = ( ∂2

∂x2 + ∂2

∂y2 ) and ∇2 = ( ∂2

∂x2 +
∂2

∂y2 +
∂2

∂z2 ) are two- and three-dimensional Laplacian

operators, respectively.
In the case of hybrid nano�uids, the presence of

two or more types of nanoparticles introduces addi-
tional non-dimensional parameters to account for
their combined in�uence on convective transport
and stability. These parameters are:

� hybrid nano�uid Lewis numbers
Ln1

=αm/DB1
and Ln2

=αm/DB2
,

� increments in the particle density
NB1=(ρc)P1(ϕ11−ϕ10)(ρc)f

−1
and NB2=

(ρc)P2
(ϕ21−ϕ20)(ρc)f

−1
,

� concentration Rayleigh numbers
Rn1

=(ρp1
−ρf0)(ϕ11−ϕ10)gd

3/(µα) and
Rn2

=(ρp2
−ρf0)(ϕ21 − ϕ20)gd

3/(µα),

� modi�ed di�usivity ratios NA1=
DT1(T0 − T1)/[DB1T0(ϕ11 − ϕ10)] and NA2=
DT2(T0 − T1)/[DB2T0(ϕ21 − ϕ20)].

These parameters collectively capture the in�uence
of each nanoparticle type on density strati�cation,
buoyancy forces, and the onset of convection in the
hybrid nano�uid.

3. Primary �ow and disturbed equations

The base state of the system is considered to be
quiescent and steady, with no time dependence and
negligible sedimentation of suspended nanoparti-
cles. Under these conditions, temperature, pressure,
electric �eld, dielectric constant, and electric po-
tential are assumed to vary solely in the vertical
direction. The solutions for this base state, derived
from (13 �(18), are given respectively by

v = vb = 0, T = Tb (z) = T0 − βz,

ϕ1 = ϕ1b, ϕ2 = ϕ2b, p = pb (z) ,

φ = −E0 log (1 + e0β z)/(e0β) = φb (z) ,

γ = γ0 (1 + eβz) = γb (z) ,

E = E0/(1 + e0 βz) = Eb (z) ,
(19)

where β = (T0−T1)/d and E0 =
−φ1 e0 βz/log(1+e0βz) represent the adverse
thermal gradient andelectric �eld (root mean
square value) at z = 0 and subscript `b' indicates
basic state. The basic (primary) �ow pro�le is
similar for all considered �uids, including single-
component nano�uids and hybrid nano�uids.
However, in the case of hybrid nano�uids, the
volume fractions of the individual nanoparticles
(ϕ1, ϕ2) di�er, leading to modi�cations in the
e�ective density and thermal properties of the base
layer. These di�erences in nanoparticle concentra-
tions a�ect the density strati�cation and buoyancy
forces, thereby in�uencing the onset of convection.
In�nitesimal perturbations are superimposed to

the fundamental (basic) state �ow in order to check
the system stability, taken as

v = v′, T = Tb + T ′,

ϕ1 = ϕ1b + ϕ′
1, ϕ2 = ϕ2b + ϕ′

2,

p = pb + p′, γ = γ0 + γ′,

φ1 = φ1b + φ′
1, E = E +E′

(20)

where v′, ϕ′
1, ϕ

′
2, T

′, p′, E′, γ′
1 and φ′

1 denote the
disturbed physical quantities.
Substituting the perturbation expressions

from (20) into the governing relations, and us-
ing (19) in conjunction with (13)�(18), while
neglecting nonlinear terms arising from products of
perturbations and eliminating the pressure variable,
yields the simpli�ed linearized non-dimensional
equations

1

Pr

(
1+λ1

∂

∂t

) ∂

∂t

(
∇2w′

)
=(

1+λ1
∂

∂t

)[
Re∇2

1

(
T ′−∂φ′

∂z

)
+Ra∇2

1T
′
]

−
(
1+λ1

∂

∂t

)[
Rn1∇2

1ϕ
′
1 +Rn2∇2

1ϕ
′
2

]
+
(
∇4w′) (21)
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∂T ′

∂t
− w′ = ∇2T ′ +

NB1

Ln1

(∂T ′

∂z
−∂ϕ1

′

∂t

)
−2NA1

NB1

Ln1

∂T ′

∂z
+

NB2

Ln2

(∂T ′

∂z
−∂ϕ2

′

∂t

)
−2NA2

NB2

Ln2

∂T ′

∂z
, (22)

∂ϕ1
′

∂t
+ w′ =

1

Ln1

∇2ϕ1
′ +

NB1

Ln1

∇2T ′, (23)

∂ϕ2
′

∂t
+ w′ =

1

Ln2

∇2ϕ2
′ +

NB2

Ln2

∇2T ′, (24)

∇2φ′ + eE0
∂T ′

∂z
= 0, (25)

4. Normal mode method

The solution to the coupled di�erential equations
(21)�(25) is obtained by representing the perturbed
physical quantities as normal modes. This can be
described in the following form

(w′, T ′,Φ′, φ′) =

[W (z) ,Θ (z) ,Φ (z) ,Ψ (z)] eσt+i(kxx+kyy). (26)

Here, kx and ky represent the perturbation wave
numbers along the x and y axes, respectively, while
σ denotes the complex growth rate. The wave num-
ber corresponding to the solution is represented by
a =

√
k2x + k2x.

Using (26) in (21)�(25), we get a set of linearized
ordinary di�erential equations, namely

(
D2−a2

) [ (
D2−a2

)
− σ

Pr
(1+λ1σ)

]2
W −

[(
D2−a2

)
− σ

Pr
(1+λ1σ)

]
a2
[
(Ra+Re)Θ − (Rn1Φ1 +Rn2Φ2)

+ReDΨ
]
= 0, (29)

W+
[ (

D2−a2 − σ
)
+

NB1

Ln1

D +
NB2

Ln2

D − 2NA1
NB1

Ln1

− 2NA2
NB2

Ln2

]
Θ −

(NB1

Ln1

+
NB2

Ln2

)
DΨ = 0, (28)

W−NA1

Ln1

(
D2−a2

)
Θ −

[ 1

Ln1

(
D2−a2

)
+ σ

]
Φ2 = 0, (29)

W−NA2

Ln2

(
D2−a2

)
Θ −

[ 1

Ln2

(
D2−a2

)
+ σ

]
Φ2 = 0, (30)(

D2 − a2
)
Ψ +DΘ = 0. (31)

Here, D = d/dz denotes di�erentiation with re-
spect to the vertical coordinate. After utilizing (26),
the boundaries (11) (at z = 0 and z = 1) yield

W = D2W = Θ = Φ1 = Φ2 = DΨ = 0. (32)

5. Method of solution

The Galerkin weighted residuals method
(GWRM) is applied to evaluate approximate
solutions of the ordinary di�erential equations
(27)�(31) satisfying the boundary conditions (32).
The choice of trial function (W,Θ ,Φ1,Φ2,Ψ)
depends on the the type of boundary conditions.
For these functions, we postulate the following
form

W =
∑M

j=1
AjWj , Θ =

∑M

j=1
BjΘj ,

Φ1 =
∑M

j=1
Cj1Φ1j , Φ2 =

∑M

j=1
Cj2Φ2j ,

Ψ =
∑M

j=1
DjΨj ,

(33)

where Aj , Bj , Cj1, Cj2, Dj (for j = 1, 2,M) are con-
stants (unknown). Using (33) in (27)�(31) and mul-
tiplying the equations by Wj , Θj , Φ1j , Φ2j , Ψj ,
respectively, and then integrating them between
the limits 0 and 1 (i.e., 0 < z < 1) with the use
of the boundary conditions (32), a system of
4M homogeneous equations with 4M unknowns
Aj , Bj , Cj1, Cj2, Dj is obtained. Using the condition
of orthogonality and making the determinant of the
coe�cient matrix of the system of equations equal
zero for non-trivial solutions, we obtain the charac-
teristic equation with the thermal Rayleigh number
as eigen value.
For M = 1, the exact solutions of (27)�(31) using

the GWRM satisfying boundary conditions (32) are
taken as
W = A1 sin (πz) , Θ = B1 sin (πz) ,

Φ1 = C1sin (πz) , Φ2 = C ′
1sin (πz) ,

Ψ = D1cos (πz) .
(34)

Using the solutions (34) in (27)�(31) and applying
the boundary conditions given in (32), the following
matrix is obtained
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
(J2 + σ

pr
JK1) −a2(Ra +Re)K1 a2Rn1

K1 a2Rn2
K1 −Rea

2πK1

1 −J − σ 0 0 0

1
NA1

Ln1
J J

Ln1
+ σ 0 0

1
NA2

Ln2
J 0 J

Ln2
+ σ 0

0 −π 0 0 −J




A1

B1

C1

C ′
1

D1

 = 0,

(35)

where J = (a2+π2), K1 = (1+λ1σ). From (35) one can obtain

Ra =
Jσ(J + σ)

a2pr
+

(−J+π2)σ2Ln1Ln2Re

J(J+σLn1
)(J+σLn2

)
+

(
−J+π2

) [
J+σ (Ln1

+Ln2
)
]
Re

(J + σLn1
) (J + σLn2

)
+

J2 (J + σ)

a2 (1 + σλ1)

−
(J+σLn2)

[
(J+σ)Ln1+JNA1

]
Rn1

(J + σLn1
) (J + σLn2

)
−

(J+σLn1)
[
(J+σ)Ln2+JNA2

]
Rn2

(J + σLn1
) (J + σLn2

)
. (36)

Equation (36) provides a comprehensive framework
to predict the critical conditions for the onset of
convection in hybrid nano�uid layers under an ap-
plied electric �eld.

6. Mathematical analysis

6.1. Oscillatory convection

The convection through pure oscillatory modes
is characterized by taking real part of σ zero. Then
putting σ = iω in (36) and after some mathematical
simpli�cations, we get

Ra = ∆1 + iω∆2, (37)

where

∆1 = − Jω2

a2pr
+

(−J + π2)

J
Re +

J2(J + ω2λ1)

a2(1 + ω2λ2
1)

−
[
Ln1

(J2 + ω2Ln1
) + J2NA1

]
J2 + ω2L2

n1

Rn1

−
[
Ln2(J

2 + ω2Ln2) + J2NA2

]
J2 + ω2L2

n2

Rn2
(38)

and

∆2 =
J2

a2pr
+

JLn1(Ln1+NA1−1)

J2 + ω2L2
n1

Rn1

+
J2(1−Jλ1)

a2(1 + ω2λ2
1)

+
JLn2

(Ln2
+NA2

−1)

J2 + ω2L2
n2

Rn2
.

(39)

By comparing the real and imaginary parts
of (37), we obtained the oscillatory thermal
Rayleigh number

Rosc
a = − Jω2

a2pr
+

(−J + π2)Re

J
+

J2(J + ω2λ1)

a2(1 + ω2λ2
1)

−
[
Ln1

(J2 + ω2Ln1
) + J2NA1

]
J2 + ω2L2

n1

Rn1

−
[
Ln2

(J2 + ω2Ln2
) + J2NA2

]
Rn2

J2 + ω2L2
n2

(40)

with the general polynomial form of the equation
under study

a1ω
6 + a2ω

4 + a3ω
2 + a4 = 0 (41)

where

a1 = J2L2
n1
L2
n2
λ2
1,

a2 = J
[
a2Ln1L

2
n2
(NA1 − 1)prRn1λ

2
1 + J3L2

n2
λ2
1 + L2

n1

(
a2Ln2(NA2 − 1)prRn2λ

2
1 + J3λ2

1

+ L2
n2

[
J + pr

(
J − J2λ1 + a2(Rn1 +Rn2)λ

2
1

)])]
,

a3 = J
[
a2Ln1 (NA1−1) prRn1

(
L2
n2

+ J2λ2
1

)
+ L2

n1

(
J3 + pr

[
J3 − J4λ1

+ a2
(
Ln2

(
Ln2Rn1 + (Ln2+NA2−1)Rn2

)
+ J2Rn1λ

2
1

)])
+ J2

(
a2Ln2(NA2 − 1)prRn2λ

2
1 + J3λ2

1

+ L2
n2

[
J + pr

(
J − J2λ1 + a2Rn2λ

2
1

)])]
a4 = J3

[
J3 + pr

[
a2
(
Ln1

(Ln1
+NA1

−1)Rn1
+ Ln2

(Ln2
+NA2

−1)Rn2

)
+ J3(1− Jλ1)

]]
.

(42)
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6.2. Stationary convection

The initiation of stationary convection in the
marginal state is determined by substituting σ = 0
into (36), which provides the thermal Rayleigh num-
ber for the non-oscillatory mode, Rs

a, expressed as

Rs
a =

(
a2+π2

)3
a2

− (Ln1
+NA1

)Rn1
− a2Re

a2 + π2

−(Ln2
+NA2

)Rn2
. (43)

From (43), it is apparent that Rs
a depends on non-

dimensional parameters: a, Ln1
, NA1

, Rn1
, Re, Ln2

,
NA2 and Rn2 . Let us now consider two special cases.

Case I: For nano�uid without electric �eld (when
Re = 0), (43) reduces to

Rs
a=

(
a2+π2

)3
a2

−(LN1+NA1)RN1−(LN2+NA2)RN2 ,

(44)
which resembles with earlier result [20].

Case II: For rheological regular �uid (when
Ln1

=NA1
=Rn1

=Ln2
=NA2

=Rn2
= 0), (44) reduces

further to

Rs
a =

(
a2 + π2

)3
a2

, (45)

which coincides with the prior result [29].

Di�erentiating (43), we get

dRs
a

dRe
= − a2

(a2 + π2)
, (46)

dRs
a

dLn1

= −Rn1
, (47)

dRs
a

dNA1

= −Rn1 (48)

dRs
a

dRn1

= − (NA1 + Ln1) , (49)

dRs
a

dLn2

= −Rn2
, (50)

dRs
a

dNA2

= −Rn2
, (51)

dRs
a

dRn2

= − (NA2
+ Ln2

) . (52)

From (46), it is evident that the derivative of its
expresion with respect to Re is negative across all
wave numbers, indicating that Re exerts a desta-
bilizing e�ect on the system. For nanoparticles
with bottom�heavy or top�heavy distributions (cor-
responding to negative or positive values of Rn1

and Rn2), both the nano�uid Lewis numbers Ln1

and Ln2 and the modi�ed di�usivity ratios NA1

and NA2 contribute to the stabilization or destabi-
lization of the system, as indicated by (48) and (51).
Furthermore, in the context of the concentration
Rayleigh number, it can be observed from (50)
and (52) that the derivatives of their expresions

Fig. 2. E�ect of Ln1 on neutral stability curves in
bottom/top�heavy arrangements.

with respect to Rn1 and Rn2 are consistently nega-
tive when (NA1

+ Ln1
) > 0 and (NA2

+ Ln2
) > 0,

respectively. Typically, for most nano�uids, the
values of NA1

and NA2
for both top�heavy and

bottom�heavy con�gurations lie within the ranges
(1 ≤ NA1

, NA2
≤ 10) and (−1 ≤ NA1

,NA2
≤ −25),

respectively, while the values of Ln1
and Ln2

are
generally in the order of magnitude from 103 to 106.
This suggests that both Rn1

and Rn2
consistently

have a destabilizing e�ect on the onset of station-
ary convection. Consequently, the typical parame-
ter ranges indicate that nanoparticle di�usion and
buoyancy e�ects control the onset of convection,
providing a means of optimizing thermal transport
in applications such as heat exchangers, solar col-
lectors, and electronic cooling.

7. Numerical discussion

The thermal Rayleigh numbers for both oscilla-
tory and stationary modes with stress-free bound-
aries are given by (40) and (43), respectively. The
values are numerically computed using Mathemat-
ica 12 software. In the present study, the bottom�
heavy and top�heavy con�gurations refer to the
vertical distribution of nanoparticles in the hybrid
nano�uid layer. A bottom�heavy arrangement cor-
responds to a higher concentration of nanoparti-
cles near the lower heated boundary, resulting in a
denser base layer. This stabilizes the �uid layer and
delays the onset of convection. Conversely, a top�
heavy con�guration has more nanoparticles near the
upper surface, making the top layer denser than the
bottom one. This destabilizes the layer, promoting
earlier initiation of convective motion. These de�ni-
tions apply to all �uids, but are particularly ampli-
�ed in hybrid nano�uids due to the combined e�ects
of multiple nanoparticle types.
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Fig. 3. E�ect of LN2 on neutral stability curves in
bottom/top�heavy arrangements.

The modi�ed di�usivity ratios NA1
and NA2

and
the concentration Rayleigh numbers Rn1

and Rn2

characterize the vertical distribution of nanoparti-
cles. Negative values indicate a bottom�heavy con-
�guration, where the denser layer resides near the
base, enhancing thermal stability and delaying con-
vection. Positive values correspond to a top�heavy
distribution, where the denser upper layer destabi-
lizes the �uid, promoting earlier onset of convective.
These parameters provide a quantitative measure of
the stabilizing or destabilizing e�ect of nanoparticle
strati�cation. The experimental values for the in-
volved parameters, as provided in [3, 22, 24, 25, 29],
are taken as Ln1

= 200, NA1
= ±3, Rn1

= ±0.4,
Ln2

= 300, NA2
= ±6, and Rn2

= ±0.6, Re = 100.
To fully understand the stability of convective be-
haviour in the nano�uid layer, stationary curves are
plotted in the Rs

a�a plane.
Figure 2 illustrates the neutral curves for di�erent

values of the Lewis number Ln1 = 100, 200 of the
�rst nano�uid, keeping the other parameters con-
stant. The results reveal a signi�cant trend. As the
�rst nano�uid Lewis number Ln1 increases, the sta-
tionary Rayleigh number Rs

a decreases. This indi-
cates a crucial impact on convection stability �
higher values of this parameter intensify destabi-
lization in a top�heavy distribution, while reinforc-
ing stability in a bottom�heavy distribution. This
interplay between thermal di�usion and nanoparti-
cle motion highlights the complex thermodynamic
behaviour of hybrid nano�uids in varying con�gu-
rations.
Moreover, the data reveal a striking contrast.

For the top�heavy hybrid nano�uids, the station-
ary Rayleigh number is signi�cantly lower than that
of the ordinary nano�uids, indicating that blending
two di�erent nanoparticles can reduce thermal sta-
bility compared to a single-nanoparticle system. In
contrast, for the bottom�heavy hybrid nano�uids,
the stationary Rayleigh number is higher than that
of the ordinary nano�uids, suggesting enhanced

Fig. 4. E�ect of Rn1 on neutral stability curves in
bottom/top�heavy arrangements.

thermal stability due to the synergistic interaction
between multiple nanoparticles. These results con-
�rm that under these conditions, a hybrid nano�uid
layer (containing two types of nanoparticles) ex-
hibits greater stability than a single-nanoparticle
�uid layer, which is consistent with the observations
reported in [20].
For ordinary (single-component) nano�uids, both

positive (top�heavy) and negative (bottom�heavy)
values of Rn1 and Rn2 and NA1 and NA2 were used
to calculate numerical values, which were then plot-
ted to generate stationary Rayleigh number curves.
While generating these curves, the parameters for
both nanoparticle types were assumed equal, i.e.,
Rn1

= Rn2
, NA1

= NA2
, Ln1

= Ln2
, to represent a

uniform single-nanoparticle system. All other pa-
rameters were kept constant across all �gures to
ensure a consistent and meaningful comparison be-
tween ordinary and hybrid nano�uids.
Figure 3 represents the dependence of Rs

a on a
for distinct values of the second nano�uid Lewis
number, Ln2

= 100 and 200, in the bottom/top�
heavy arrangements. The �ndings show that an
increase in the second nano�uid Lewis number,
Ln2

, also results in a decrease in the stationary
Rayleigh number, Rs

a, for the top�heavy con�gu-
ration. This con�rms a recurring trend that both
nano�uid Lewis numbers act as destabilizing agents
in the top�heavy distributions while promoting sta-
bility in the bottom�heavy con�gurations. These
observations underscore the crucial role of nanopar-
ticle di�usion in shaping the convective behaviour
of hybrid nano�uids.
The e�ects of the �rst and second concentra-

tion Rayleigh numbers, Rn1
and Rn2

, are ex-
amined with respect to nanoparticle distribution
(top�heavy and bottom�heavy) and the bound-
ary separation. Figures 4 and 5 illustrate the
variation of the stationary Rayleigh number Rs

a

with the wave number for various values of
Rn1 = 0.5, 0.6 and Rn2 = 0.5, 0.6, respectively. For
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Fig. 5. E�ect of Rn2 on neutral stability curves in
bottom/top�heavy arrangements.

both parameters, a top/bottom�heavy distribution
lead to a reduction in the stationary Rayleigh
number, indicating a destabilizing e�ect. In the
top�heavy con�guration, hybrid nano�uids exhibit
a lower stationary Rayleigh number than ordi-
nary nano�uids, indicating that the presence of
multiple nanoparticles can destabilize the sys-
tem and trigger convection earlier. Conversely, in
the bottom�heavy arrangement, hybrid nano�u-
ids display a higher stationary Rayleigh num-
ber compared to single-component nano�uids, re-
�ecting improved thermal stability arising from
the synergistic e�ect of the two nanoparticle
types.
The in�uence of the modi�ed di�usivity ratios

NA1 and NA2 on the onset of stationary convec-
tion in hybrid nano�uids is demonstrated in Figs. 6
and 7, respectively, for both top/bottom�heavy
nanoparticle distributions. The variations in the
di�usivity ratio for NA2 = 3 and 5 reveal that
the stationary Rayleigh number either increases or
decreases depending on the sign and magnitude
of NA1

. An increase in NA1
broadens the stabil-

ity range in bottom�heavy con�gurations, whereas
narrowing the stable regime in top�heavy distribu-
tions. Both NA1

and NA2
exhibit similar qualitative

trends, a�ecting the critical conditions for the on-
set of convection by altering the e�ective di�usiv-
ity of the hybrid nano�uid. Nonetheless, the overall
variation in the stability threshold remains modest,
suggesting that the modi�ed di�usivity ratios exert
only a minor in�uence on the initiation of stationary
convection.
Figure 8 displays the impact of distinct values of

electric Rayleigh number, Re = 0, 100, 200, 300, on
the stationary thermal Rayleigh number Rs

a as a
function of a. The �gure indicates a decrement in
Rs

a with increasing electric Rayleigh number, which
postpones the onset of convection for stationary
modes. Hence, the destabilization of a system is

Fig. 6. E�ect of NA1 on neutral stability curves in
bottom/top�heavy arrangements.

Fig. 7. E�ect of NA2 on neutral stability curves in
bottom/top�heavy arrangements.

depicted by the electric Rayleigh number Re. This
occurs because the electrostatic energy of the phys-
ical system increases due to the larger electric �eld,
which makes it less stable in the top/bottom�heavy
arrangement of hybrid nanoparticles.
The observed minima in the stationary Rayleigh

number curves correspond to critical points where
stabilizing forces (viscous resistance and buoyancy)
balance destabilizing in�uences (density di�erences
and thermal gradients). In bottom�heavy con�gura-
tions, these minima indicate enhanced thermal sta-
bility, while in top�heavy con�guration, they sig-
nify conditions where convection is likely to initi-
ate earlier. The present analysis uncovers a new
and physically meaningful observation regarding
the convection of an electrically modulated hybrid
nano�uid. When an AC electric �eld is applied,
the distribution of nanoparticles within the hybrid
nano�uid � whether top�heavy or bottom�heavy
� plays a decisive role in determining the onset and
intensity of electrohydrodynamic instability. For a
top�heavy con�guration, where the nanoparticle
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Fig. 8. E�ect of Re on neutral stability curves in
bottom/top�heavy arrangements.

concentration is higher near the top boundary, the
stationary Rayleigh number decreases, indicating
an earlier onset of electroconvective motion. This
destabilization occurs because the accumulation of
conducting nanoparticles near the top ampli�es
the local electric �eld strength and thermophoretic
transport, thereby increasing the Maxwell stresses
and buoyancy-driven perturbations.
In contrast, for a bottom�heavy con�guration,

where nanoparticles are concentrated near the bot-
tom boundary, the stationary Rayleigh number
increases, demonstrating a stabilizing in�uence.
The combined e�ects of enhanced e�ective viscos-
ity, electrical polarization, and nanoparticle layer-
ing near the bottom wall suppress perturbation
growth and dampen the upward �ow. The dual
nanoparticle composition further strengthens this
stability through di�erential electrophoretic and
dielectrophoretic behavior, which resists electric
�eld-induced �ow distortion.
These contrasting e�ects con�rm that electric

�eld-induced convection in hybrid nano�uids is
tunable via nanoparticle strati�cation, providing a
controllable electro-thermal mechanism not present
in conventional nano�uids. Thus, by manipulat-
ing nanoparticle concentration pro�les and �eld in-
tensity, one can achieve either enhanced convec-
tive heat transfer � useful in electrohydrodynamic
pumps, heat exchangers, and energy systems � or
improved thermal stability, advantageous for insu-
lation and microelectronic cooling. This establishes
a new coupling mechanism between electric body
forces and nanoparticle strati�cation, forming the
theoretical basis for smart, tunable hybrid nano�uid
systems capable of adaptive thermal regulation un-
der external electric �elds.
A pseudo-homogeneous model was employed,

treating the hybrid nano�uid as a single, e�ective
medium with modi�ed thermophysical properties.
This approach assumes nanoparticles are well dis-
persed and move collectively with the base �uid,

simplifying the mathematical formulation while ac-
curately capturing the overall thermal and stability
behavior. It e�ciently incorporates parameters such
as concentration Rayleigh numbers, Lewis numbers,
and di�usivity ratios, making it suitable for hy-
brid nano�uid analysis without resorting to com-
plex two-phase particulate modeling.

8. Conclusions

The in�uence of an AC electric �eld on a rheo-
logical hybrid nano�uid layer is analyzed using the
viscoelastic Maxwell model for both top�heavy and
bottom�heavy nanoparticle distributions. The �nd-
ings reveal that:

� Hybrid nano�uids exhibit contrasting thermal
stability depending on particle arrangement.
In top�heavy con�gurations, the system is less
stable compared to single-particle nano�uids,
whereas bottom�heavy distributions of parat-
icles enhance stability due to the denser base
layer suppressing convective motion.

� In top�heavy arrangements, the Lewis num-
ber of the nano�uids enhances instability of
the system, whereas in bottom�heavy setups
it acts as a stabilizing parameter. Modi�ed
di�usivity ratios follow a similar qualitative
pattern, although their impact on the onset of
convection is relatively small. The concentra-
tion Rayleigh number consistently promotes
instability in both types of particle distribu-
tions. Furthermore, the electric Rayleigh num-
ber decreases the critical threshold for station-
ary convection, highlighting its destabilizing
in�uence as a result of increased electrostatic
energy in the system.

� Overall, this study provides novel insights into
the coupled e�ects of particle distribution, dif-
fusion, and electric �eld on hybrid nano�uid
stability, o�ering practical guidance for opti-
mizing nanoparticle selection, concentration,
and �eld parameters in thermal management
and micro�uidic applications. The results un-
derscore the importance of tailoring nanopar-
ticle arrangements to achieve desired stabil-
ity characteristics, enabling enhanced con-
trol over convective transport and heat trans-
fer performance in advanced hybrid nano�uid
systems.
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