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In this article, we introduce a framework for quantum state tomography of qutrits by projective mea-
surements. The framework is based on photon-counting with measurement results distorted due to the
Poisson noise and dark counts. Two different measurement schemes are investigated numerically and
compared in terms of their efficiency for distinct numbers of photons per measurement. The accuracy of
state reconstruction is quantified by figures of merit which are presented on graphs versus the amount

of noise.
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1. Introduction

Quantum state tomography (QST) aims at de-
termining the accurate representation of a physi-
cal system. This can be done by repeating var-
ious measurements, provided the source contin-
ues to produce identical copies of an unknown
quantum state. The ability to efficiently achieve
the complete knowledge of a quantum system is
relevant to the development of modern quantum
technologies [1].

In particular, photonic tomography relies on the
ability to measure a specific number of counts for
each type of measurement [2]. The obtained photon
counts are used to determine the probabilities cor-
responding to selected measurement settings. From
a mathematical point of view, the quantum state
that best describes the observed system can be de-
rived from the probability formula, which is called
the Born rule [3].

In general, any quantum measurement is de-
scribed by a collection of operators {Z,,}. Assum-
ing we measure quantum state |¥) € H, the prob-
ability of the outcome m is given as

p(m) = (¥| Z}, Zn | ¥) .
Let us introduce

(1)

M, = Z:an, (2)
which is a positive operator. Since the probabil-
ities should sum to one, we have ) M, = I,

where I denotes the identity operator. A set of
such measurement operators {M,,} is referred to
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as a positive operator-valued measure (POVM) [4].
If a POVM comprises such measurement oper-
ators {M,,} that are sufficient for state recon-
struction, it is called an informationally complete
POVM (IC-POVM) [5].

Usually, special attention is paid to a particular
class of POVMs that is called a symmetric, informa-
tionally complete, positive operator-valued measure
(SIC-POVM) [6]. Originally, SIC-POVMs are con-
structed from rank-one projectors, but their general
properties have also been excessively studied [7].
The key property of SIC-POVMs relates to their
maximum efficiency in QST, i.e., such measurement
schemes can be called optimal as far as the number
of distinct measurement setups is considered.

On the other hand, mutually unbiased bases
(MUBS) can be employed as an overcomplete mea-
surement scheme [8, 9]. Such measurement opera-
tors are believed to perform better under noisy mea-
surements.

These types of measurements are commonly
implemented in experiments involving photons.
An example of such an experiment is a measure-
ment of quantum interference of a three-photon
state [10]. Moreover, it was experimentally pos-
sible to teleport a photonic qutrit [11].  Fur-
thermore, it was demonstrated empirically that
high-dimensional quantum states, such as qutrits,
could facilitate quantum key distribution (QKD)
schemes [12, 13]. Qutrits can also be useful in quan-
tum computing, see e.g., [14-16].
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The abundance of experiments prompts us to in-
vestigate QST of qutrits. Three-level states can
be realized on photons by exploiting different de-
grees of freedom, for example, spatial [17] or tem-
poral [18], which justifies the need for efficient to-
mographic techniques. In our approach, we focus
on projective measurements of photons with results
disturbed by dark counts and the Poisson noise.
Similar problems were considered on qubits [19] and
ququads [20]. However, in the above works, the
task was tackled in the context of the frame theory,
whereas, in the present manuscript, we analyze the
problem within the quantum mechanical formalism.
The main goal of this work is to compare two sets
of measurements, i.e., a SIC-POVM and MUBs, in
terms of their performance in QST of qutrits with
noisy data, involving different numbers of photons
per measurement.

In Sect. 2, we present the framework of quan-
tum tomography for a general qutrit state along
with assumptions concerning the noise introduced
into the measurements and figures of merit to quan-
tify the accuracy of state reconstruction. Then, in
Sect. 3, the results are introduced and analyzed.
We investigate qutrit state reconstruction with two
distinct POVMs — one defined by the elements
from the MUBs [21] and the other involving the
SIC-POVM |[22]. The figures of merit, which allow
one to compare the two sets of measurement op-
erators, are presented graphically with error bars.
The average fidelity, purity, and entropy for two
selected numbers of photons versus the amount of
dark counts are shown. The article is summarized
by a discussion in Sect. 4.

2. Framework for state reconstruction

2.1. Methods

The framework for qutrit tomography is based
on single-photon counting with measurements in-
fluenced by the Poisson noise and dark counts. We
assume that our source generates photons, prepared
in the same quantum state described by a vector
from the 3-dimensional Hilbert space. If M}, stands
for the arbitrary measurement operator (M > 0)
and N denotes the average number of photons per
measurement, we obtain a formula for the expected
photon count

nf = N Tr (Myp), (3)
where p is the density matrix which represents an
unknown state of the photon. Since we assume
that the experimenter has no knowledge about the
state in question, we follow the Cholesky decompo-
sition [2, 23]:

T'T 4
- Tr (TT)’ (4)
where 7" denotes the lower triangular matrix, which
in the case of qutrits takes the form

p
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ty 0 0
ty+its to 0
ts+ity to+ ity ts
Thus, the problem of state reconstruction for qutrits
can be translated into finding the real numbers:
t1,ta,...,t9. The Cholesky factorization guarantees
that the result of the QST framework must be phys-
ical, i.e., p is the positive semidefinite, Hermitian,
of trace one.

T= (5)

The measured photon counts, n{c” , are generated

numerically by utilizing a standard parametrization
of a pure qutrit state

[
COS 3 5
%)

5 sin g el

cos g el
where 6,6 € [0, 7] and @12, @13 € [0,27). We select
a sample of 5184 qutrits such that the parameters
cover the full range. Then, in order to make the
framework realistic, we impose dark counts, which
means that the detector, apart from the intended
state produced by the source, receives a background
noise modeled by the maximally mixed state. Thus,
the received state takes the form

p
Pin = (]- _p) |win> <win| + §ﬂ3a (7)
where I3 stands for the 3 x 3 identity matrix and
p € [0,1] is referred to as the dark count rate. Next,

we can introduce a formula for the measured pho-
ton counts

ny = Ni Tr (Mypin) (8)
where NV}, denotes a number generated randomly for
each measurement operator from the Poisson dis-
tribution characterized by the mean value /. In
this way, we impose the Poisson noise [24], which
is a typical source of errors in protocols based on
photon-counting, see also [18, 19].

sin 2

sin (6)

Finally, in order to estimate the unknown state
(4), we apply the method of least squares and search
for the minimum value of the function

o) ), (9)

> (nf =y

k=1
where « gives the number of measurement operators
involved in the scenario. By minimizing the func-
tion (9) we determine the parameters {¢i,...,%9}
that fit optimally to the noisy measurements.

frs(ti,ta, ...

2.2. Definition of measurements

Projective measurements implemented in the
framework are defined by two sets of operators:
the SIC-POVM and MUBs. For dimH = 3, the
SIC-POVM is generated by means of nine vec-
tors [22], namely

I®=%WHW7W=%WWMM
w:%wmwm, (10)
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) = 5+ 12, )= %mm +112)),
vh) = %m 1) +712)), (11)
V) = %um ), )= %wm +712)),
v3) = %mm +n[2)), (12)
where {|0),]1),]2)} denotes the standard basis
in H, n = exp((2/3)7i), and Z is used for

the complex conjugate of z. These vectors al-
low one to define the measurement operators:
II7 = (1/3) |v]) (]|, which satisfy all the necessary
conditions for a SIC-POVM.

The other set of measurement operators is ob-
tained from MUBs, which in the case of qutrits can
be represented as [21]:

€y =10y, ey =), 1€) =10y,
1 1
@, _ 1 @y _ L
Ifl > - \/g 1 ) |€2 > - \/g Z 9
7
1 n
@y _ L[ _ @y _ L
|§3 >_ \/3 77 ) |£1 > \/g ]- )
n 1
1
@, _ 1 @y _ L
|§2 > - \/g 717 ) |§3 > - \/?: 1 )
n
i 1
@, _ 1 @, _ 1| _
Ifl > - \/g 1 ) |£2 > - \/g 7]1] )
R 1 (13)
3 \/g ﬁ

The vectors from (13) are used to define projec-
tive measurements: Pi(]) = (1/4) |§i(j)> (553) |, which
span the space of the linear operators in H and sum
to 13 (thanks to the normalization constant). By
means of the MUBs, we can define 12 measurement
operators which can be considered an information-
ally overcomplete POVM.

2.3. Performance analysis

In our QST framework, we perform qutrit re-
construction by noisy photon counts as introduced
in Sect. 2.1 with two sets of measurement operators
given in Sect. 2.2. To quantify the efficiency of the
framework, we introduce three figures of merit.

First, every estimate, p, obtained by the tomo-
graphic technique is compared with the original
state produced by the source, i.e., |1, ) given in (6),
by computing quantum fidelity [25, 26]:
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Fo= (Tr VB ) (W ﬁ>2~ (14)

Then, the average fidelity over the sample is cal-
culated to evaluate the accuracy of the framework.
This figure can be treated as a function of the dark
count rate and, for this reason, is denoted as F,y (p).

Since the framework is restricted to pure states, it
is justified to measure the purity of the estimates [4]
in the following way:

y = Tr (p?) (15)
and the von Neumann entropy
S:=—-Tr(plnp). (16)

Analogously as in the case of fidelity, the average
purity (entropy) of the estimates is computed over
the sample and denoted by 7.y (p) or Say(p), respec-
tively.

The three figures of merit allow us to study the
average performance of the framework versus the
amount of noise quantified by p. Each figure of
merit is computed for a sample of input states along
with the standard deviation (SD), which is used to
evaluate the amount of variation in the sample.

3. Results and analysis

First, a sample of 5184 qutrit states was se-
lected according to (6), such that the parameters
range over the full scope. Then, each input state
goes through the framework, which means that
we numerically generate measured photon counts
as defined in (8). Next, by the method of least
squares (9), we obtain the estimate of our quan-
tum state. This procedure is repeated for each state
from the sample, for distinct values of the param-
eters describing the setup. To be more specific,
we consider two different sets of measurements, i.e.,
the SIC-POVM and MUBs as defined in Sect. 2.2,
and two average numbers of photons, i.e., N = 10
(single-photon scenario) and A/ = 10000 (many-
photon scenario). The dark count rate is treated as
an independent variable.

In Fig. 1, one can observe Fy,(p) for different
measurement settings. One can track how the accu-
racy of state reconstruction degenerates as we add
more dark counts into the scheme. In particular,
for /' = 10 we notice that even in the absence
of dark counts (i.e., p = 0) we reach the average
fidelity ~ 0.9, see Fig. la. This proves that the
single-photon scenario is more vulnerable to the
Poisson noise. At the same time, we can detect
a minor advantage of the MUBs for lower values
of the dark count rate (for p < 0.4). Especially
with no dark counts, we have F(0) = 0.91 £ 0.09
by the MUBs, whereas for the SIC-POVM we ob-
tain F(0) = 0.90+£0.09. In such circumstances, the
MUBs appear to be more robust against the Poisson
noise. However, the difference is not sufficiently sig-
nificant to announce that the MUBs are a preferable
scheme if we utilize few photons per measurement.
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Fig. 1. The average fidelity Fav(p) is shown for

the mean number of photons: N = 10 (a) and
N =10000 (b) in QST of qutrit systems with two
measurement schemes: the SIC-POVM and MUBs.
Error bars correspond to one SD.

The comparison of Fig. 1a and Fig. 1b shows how
the accuracy of QST depends on the average num-
ber of photons per measurement. By increasing the
number of photons up to 10000, we obtain perfect
accuracy in the absence of dark counts. To be more
specific, we have F(0) = 0.995 4+ 0.005 for both
measurement schemes. Then, as we boost the dark
count rate, the average fidelity declines linearly. In
Fig. 1b, there is no noticeable difference between
the measurement schemes.

Furthermore, we can discuss the efficiency of the
QST framework in reference to statistical disper-
sion, which is quantified by the SD and presented
as error bars in Fig. 1a and b. Above all, we notice
that the results corresponding to the single-photon
scenario feature a great amount of variance. This
means that the results for the sample are scattered
along a wide interval, which makes it difficult to
predict the efficiency of the framework for a given
input. However, the value of the SD declines as
we increase p. On the other hand, the results ob-
tained for A" = 10000 display little variance, which
implies that the average fidelity is a reliable pre-
dictor of the accuracy of the framework. Since the
many-photon scenario is less vulnerable to the ran-
dom noise, it provides steady performance, and the
results for the sample are not dispersed.

In Fig. 2, the average purity and the von Neu-
mann entropy are shown. In Fig. 2b, these quanti-
ties overlap along the entire domain. As we increase
the dark count rate, the average purity declines to

213

120 t
IR R A
1.0 1o hd 1
@ =
oo > ® i 1
, 08 P— * + ® 7., SIC=POVM |
u»i 0.6 1 T & Vv MUB
= - % Le 8, SIC-POVM |
04 ® A
s Sow MUBY & & o
0 1
0.2 Pk
0.0L! J
0.0 0.2 0.4 0.6 0.8 1.0
p
L2
_ e © o OO
1.0+ T ) ®
— o ® 7 @ y, SIC-POVM
0.8 P e MUB
- A
“ 06 Ve, ® S, SIC-POVM
N pe 4, * S,MUB
0.4 ® SRR P
o
02} o
0.0l®
0.0 0.2 0.4 0.6 0.8 1.0
P
Fig. 2. The average purity 7av(p) and entropy

Sav(p) are shown for the mean number of pho-
tons: A" = 10 (a) and N/ = 10000 (b) in QST
of qutrit systems with two measurement schemes:
the SIC-POVM and MUBs. Error bars correspond
to one SD.

its minimal value, i.e., 1/3, whereas the von Neu-
mann entropy grows towards its maximum value,
which is In 3. On the other hand, in Fig. 2a some dif-
ferences when it comes to the measurement schemes
are shown. For lower values of the dark count rate,
the MUBs lead to quantum states that feature on
average more entropy. This result appears intrigu-
ing as compared with Fig. 1a, where the measure-
ment based on the MUBs was proved to deliver
slightly better accuracy. Nonetheless, just as in the
case of fidelity, the results for the single-photon sce-
nario are burdened with significant variance.

4. Discussion and summary

In the article, we studied the problem of quantum
state reconstruction of photonic qutrits for different
measurement scenarios. We demonstrated how the
Poisson noise and dark counts influence the accu-
racy of state estimation. Two measurement schemes
were compared with respect to their efficiency. One
was based on the SIC-POVM, whereas the other
was defined by the vectors from the MUBs. In par-
ticular, we discovered that in the absence of dark
counts the measurements with the MUBs slightly
outperform the other scheme if the single-photon
scenario is considered. Although this observation is
in agreement with earlier findings devoted to qubit
tomography [19], the difference does not appear to
be statistically significant.
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Additionally, the results provide deeper insight
and understanding of the statistical dispersion in-
volved with state estimation. In particular, we
discovered that the single-photon scenario features
a great amount of variance, which implies that the
results for particular states may vary significantly.
However, for the many-photon scenario, the results
are concentrated close to the mean value, which al-
lows one to precisely predict the accuracy of the
framework.

In the future, QST of multilevel quantum systems
with noisy measurements will be considered, while
special attention will be paid to entangled qutrits.
Theoretical research based on numerical simulations
can provide valuable insight into the performance
of tomographic techniques with imperfect measure-
ments. This knowledge can facilitate future exper-
iments and implementations of quantum protocols
since well-characterized quantum resources are re-
quired for reliable encoding of information.
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