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In this work fractal dimension of the dendritic deposits was studied. These dendritic deposits were
formed in the electrolysis process at various values of the applied voltage and various molar con-
centration of the CuSO4 or the ZnSO,4 electrolytes. The formation of dendrites was determined by
Diffusion Limited Aggregation process occurring during electrolysis of these solutions. Morphology
of the obtained deposits was strongly dependent on the molar concentration and voltage applied to
the electrodes. In addition, computer simulation was carried out for these deposits using an algorithm
based on cellular automata. Theoretical calculations of the fractal dimension value gave the result
of 1.7. Experimentally found average values of the fractal dimension were equal either to 1.55 for CuSOy4

or to 1.59 for ZnSO4.
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1. Introduction

Aggregation, i.e., the process during which single
molecules stick together to form clusters (macro-
particles), has been known for a long time. It is
commonly found both in nature and in many ar-
eas of science and technology, such as engineer-
ing materials, polymer chemistry or immunology.
Recently, the concepts derived from fractal geom-
etry [1] added a new impetus to researches with
respect to this phenomenon. The most interesting
structure development is observed in the process of
diffusion limited aggregation (DLA). In this pro-
cess, molecules stick to each other to form the den-
dritic fractal structure. One of the experiments,
as a result of which the fractal dendritic struc-
ture can be easily received, is the electrodeposition
process [2-4]. This process was used in the pre-
sented study to obtain aggregates of copper and
zinc, the morphology of which depends mainly
on two control parameters: the concentration of
the electrolyte, and the potential difference be-
tween the electrodes. Under certain conditions
(e.g., for either a very thin layer of electrolyte or
the electrolyte covered with an additional layer of
n-butyl acetate) the aggregation process becomes
two-dimensional (2D). Moreover, if the electrolytic
deposition is controlled by a single process 0 — dif-
fusion, the metallic deposits exhibit self-similarity,
that means they are fractals [2].
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2. Experimental technique and simulation

The experimental system designed for studying
the electrolytic deposition consisted of a cylindri-
cal Petri dish with a diameter of about 50 mm
and a depth of 1.5 mm, filled with a thin layer
of an aqueous solution of copper or zinc sulfate;
the copper anode in the form of a ring was mounted
on the periphery of the vessel, while the graphite
cathode was placed in the dish center and touched
the electrolyte. The voltage applied to the elec-
trodes was controlled by means of an adjustable
power supply. The deposition of metal at the cath-
ode and the sprawling of a cluster was filmed using
the Sony DCR 106E and photographed by means
of the Nikon Coolpix 3200 camera. The forma-
tion of clusters was examined under the voltage val-
ues within the range 0-12 V and various values of
the molar concentration of the electrolyte (up to
1 M solution). Figure la—c present the scheme of ex-
perimental system, the Petri dish, and an image of
dendritic structure for copper deposit, respectively.

Mathematical modeling of electrolytic deposition
of metallic fractal structures is based on Brownian
motion: the metal ions (e.g., Cu?*, Zn%*) move
randomly in solution (the movement is described
by the random walk model) to be caught by the at-
tracting cathode [2, 4]. The highest probability of
attachment of metal ions occurs in top regions of
the dendrites.
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Fig. 1. Scheme of the experimental system (a),
Petri dish with connected electrical wires (b), an
example of the fractal structure of copper de-
posit (0.01 M solution of copper sulfate, voltage
equal to 4 V).

DLA aggregation type can be simulated using
the cellular automata concept and the Mathematica
software package developed by Wolfram Research
company.

The simulation procedure is as follows [3]:

1. We start with a square array of cells, n x n
in size, all of them of zero value except for
the central element of the array, which is given
the value of two (it is a nucleus of dendritic
crystallization);

. We establish the process rules: the process
will run in a circular region, and the current
neighborhood is the von Neumann neighbor-
hood (four possible directions of motion);

. We place an element of the value of unity (the
free particle) on the edge of the array and let
it randomly move over the array;

. There are two scenarios for a free particle: ei-
ther the particle leaves the area of the array —
then we forget it and release a new particle at
the randomly selected edge point, or the parti-
cle stays within the array moving in a chaotic
way until it meets the crystallization nucleus
— in this case it changes its value from one
to two and becomes a part of the immovable
nucleus;

. We place the next free element of the value
of unity on the edge of the array at a random
location and the process begins again.

3. Results

Figure 2 presents the different stages of dendritic
crystal growth obtained by computer simulation:
black cells represent the molecules forming a crys-
tal, the gray color is used to mark the free particle.
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Fig. 2. Simulation of cluster development accord-
ing to the DLA model for an array of 30 x 30 size.

Fig. 3.
gate [5].

2D simulation of the Witten-Sander aggre-

The main problem in this kind of simulation is its
duration — the process of formation of dendritic
crystals takes a long time for large arrays, so one
has to use various tricks to accelerate it. The most
time-efficient algorithm is based on the following
procedure [5]: the free particle is released at a dis-
tance Ry (which is a little larger than Ry), the latter
being the distance between the center of the crys-
tal cluster and the most distant cell belonging to
the cluster (see Fig. 3). If the free particle drifts
away farther than R ~ 3Ry, (trajectory ts), we for-
get it and release a new free particle at a random
point on the circumference of a circle of radius Ry,
which can possibly join the cluster (trajectory ti).

This approach demands for very careful deter-
mination of the appropriate Ry value. If the Ry
value is too small, it is quite likely that the clus-
ter will select the preferential direction of growth
during the formation of dendritic crystal, as shown
in Fig. 4.

Figure 5 shows the dendritic crystal growth for
Ry = 5. Further, we believe that it is the opti-
mum value of Ri. The 100 x 100 array was used
for simulation. The time required for generation of
such images by means of 1.8 GHz PC is approxi-
mately 15 min.

Fractal dimensions of the generated dendritic
structures were calculated in the course of com-
puter simulations. The fractal dimension is defined



The 100 years anniversary of the Polish Physical Society — the APPA Originators

Fig. 4. Computer-simulated image of the DLA ag-
gregate, too small value of Ry (Rj = 2) resulted in
the preferential direction of cluster growth. An ar-
ray of 50 x 50 size was used..

Fig. 5. The subsequent phases of dendritic crystal
growth for Ry = 5, the last figure presents the clus-
ter consisting of 700 particles, 100 x 100 array.

as D = In(N)/In(Ry), where N is the number
of molecules belonging to the cluster, and Ry is
the distance from the center of the cluster to its
farthest particle. The calculated values oscillated
around 1.71, which is the correct result for the two-
dimensional aggregates [3].

Figure 6 illustrates the experimental formation of
the metallic zinc during electrolysis, the aggregate
taking the form of a few dendrites. Then a series of
photographs shown in Fig. 7 presents the formation
of dendritic fractal structure from copper atoms.

The current flowing through the electrolyte and
the length of the longest aggregate were measured
in order to determine the fractal dimension of elec-
trolytic deposits. According to the first Fara-
day’s law, the mass m of the product deposited at
the electrode is proportional to the total electric
charge ¢ passed through the electrolyte, which in
turn can be calculated from the value of the cur-
rent I flowing in the time ¢:

m = kq

(1)

q=1It ()
where I denotes the current and ¢ is the flowing
time.
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Fig. 6. Experimentally observed zinc aggregation
process: (a) the growth time ¢ =90 s, (b) ¢t = 150 s,
(c) t =270 s. Molar concentration of ZnSOy4: 1 M,
the voltage between the electrodes 8 V.
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Fig. 7. Photographs of the copper deposit struc-
ture for various molar concentrations of CuSOg:
(a) 0.1 M, the growth time ¢ = 780 s, (b) 0.3 M,
t=1200s, (c) 0.5 M, ¢t =1050s, (d) 1 M, t = 480 s.
The applied voltage: 10 V.

Therefore:

m = kIt (3)
where k stands for the electrochemical equivalent
of an element. Taking into account that mass is
strongly related to radius of deposition, according
to following relation [1]:

m x RP , (4)
where m is the mass of the deposit, R denotes
the length of the aggregate radius, and D is the frac-
tal dimension. The number of deposited particles is
given by [1]:

N =CRP, (5)
where N is the number of particles in the aggregate,
and C is the proportionality constant.

In addition, the number of particles caught in
unit time is given by [1]:

AN = LA (6)
q

where I denotes the current, and ¢ = 3.2107!° C is
the electric charge of a single ion.

By converting both sides of (5) to the logarithmic
form, we obtain:

log(N) = Dlog(R) + log(C), (7)
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Number of particles and the radius of the aggregate
are known, therefore using linear regression we can
determine the fractal dimension D. The specified
fractal dimension averaged 1.55 and 1.59 for copper
and zinc deposits, respectively.

4. Conclusions

The conducted experiments offer an interesting
and accessible way to the understanding of such
phenomena as aggregation, electrolysis, randomness
in physical systems and Brownian motion. Addi-
tionally, the examination of structures of the ob-
tained deposits and of their morphological changes
allow for better understanding of the processes of
metal deposition on the cathodes of the various
types of batteries [1]. Such deposition is very harm-
ful and significantly shortens battery life. Experi-
mentally found values of the fractal dimension cor-
respond quite well to the theoretical value. The
morphology of the obtained deposits depends on
the electrolyte molar concentration and the voltage
applied to electrodes. The densely packed structure
or radial ordering was obtained for low molar con-
centrations and low voltage values. The dendritic
structure occurred for the voltage range 6-12 V and
the electrolyte concentration of 0.1 to 1 M.
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