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In this paper we present a numerical solution of a one-dimensional anomalous subdiffusion equation with
a variable diffusion coefficient. The proposed method is an extension of the fractional Crank–Nicolson
method for a subdiffusion equation with constant diffusion coefficient. The work of the proposed
algorithm is illustrated by the results of numerical simulations.
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1. Introduction

Diffusion is a physical process in which sub-
stances mix due to the random motion of their
molecules from a region of high concentration to
one of lower concentration. As a result of col-
lisions between molecules of the diffusing sub-
stance and solvent molecules, they move in accor-
dance with the relationship 〈x2(t)〉 ∼ t (Brown-
ian motions), where 〈x2(t)〉 is a mean squared dis-
placement of the diffusing molecule in the course
of time t.

However, it turns out that many phenomena oc-
curring in nature [1–3] can be described by a more
general relationship 〈x2(t)〉 ∼ tα that leads to the
anomalous diffusion equation.

Voller et al. [4] considered a more general model
of anomalous heat diffusion with a variable diffusion
coefficient x(2β−1)/β , which leads to the relationship
〈x2(t)〉 ∼ t2αβ , α, β ∈ (0, 1]. The variable diffusion
coefficient has its physical justification in sediment
mass transport [5].

The numerical method discussed in this paper
is an extension of the generalized Crank–Nicolson
method [6] for an anomalous diffusion equation with
a variable diffusion coefficient.

2. Preliminaries

Definition 1: The left-sided Riemann–Liouville
integral of order α, denoted as Iα0+, is given by the
following formula for Re(α) > 0:

Iα0+f(t) =
1

Γ (α)

t∫
0

f(u)du

(t− u)1−α
, (1)

where Γ is the Euler gamma function.

Definition 2: Let Re(α) ∈ (0, 1]. The left-sided
Caputo derivative of order α is given by the formula

CDα
0+f(t) =

 1
Γ(α)

t∫
0

f(u)du
(t−u)1−α , 0 < α < 1,

df(t)
dt , α = 1.

(2)

Property 3: Let function f ∈ C1(0, b) . Then,
the composition rule for the left-sided Riemann–
Liouville integral and the left-sided Caputo deriva-
tive is given as follows:

Iα0+
CDα

0+f(t) = f(t)− f(0). (3)
Definition 4: Let Π = {(x, t) : x ∈ (0, l); t ∈

(0, t∗)} be a continuous region of solutions for the
partial differential equation and t∗ be a fixed value
of variable t. Then the set

Π ∗ =
{

(xi, tj) ∈ Π : xi = i∆x, i ∈ {0, ...m},

∆x =
l

m
; tj = j∆t, j ∈ {0, . . . n}; ∆t =

t∗

n

}
is called the rectangular regular mesh described by
the set of nodes.
Definition 5: Let γ > −1, δ ∈ C, z ∈ C. The two-

parameter Wright function is given by the following
series:

W (z; γ, δ) =

∞∑
k=0

zk

k!Γ (γk + δ)
.

3. Mathematical formulation
and numerical solution of the problem

Consider the following subdiffusion equation with
a variable diffusion coefficient

CDα
0+,tu(x, t) =

∂

∂x

(
x

2β−1
β

∂

∂x
u(x, t)

)
, (4)

supplemented with Dirichlet boundary conditions
u(0, t) = u0, u(l, t) = ul, t > 0, (5)
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and initial condition
u(x, 0) = ul, x > 0. (6)

The diffusion coefficient is a power function of the
spatial variable x, so Eq. (4) can be written in the
following form:

CDα
0+,tu(x, t) =

2β − 1

β
x

β−1
β

∂

∂x
u(x, t)

+x
2β−1

β
∂2

∂x2
u(x, t). (7)

Integrating Eq. (7) using the left-sided Riemann–
Liouville integral we get the following equation:

Iα0+,t
CDα

0+,tu(x, t) =
2β − 1

β
x

β−1
β Iα0+,t

∂

∂x
u(x, t)

+x
2β−1

β Iα0+,t
∂2

∂x2
u(x, t). (8)

Using Property 3 to Eq. (8), we obtain the integro-
differential equation in the form of

u(x, t) = u(x, 0) +
2β − 1

β
x

β−1
β Iα0+,t

∂

∂x
u(x, t)

+x
2β−1

β Iα0+,t
∂2

∂x2
u(x, t). (9)

We discretize Eq. (9) approximating: the first-order
derivative with the differential quotient(

∂u

∂x

)
i,j

=
ui+1,j − ui−1,j

2∆x
+ h((∆x)2), (10)

the second order derivative with the differential quo-
tient(

∂2u

∂x2

)
i,j

=
ui+1,j − 2uij − ui−1,j

(∆x)
2 + h((∆x)2).

(11)
The left-sided Riemann–Liouville integral is approx-
imated by the fractional trapezoidal rule

Iα0+,tu(xi, tk+1) ≈
k+1∑
j=0

cj,k+1ui,j , (12)

where

cj,k+1 =
(∆t)α

α(α+ 1)Γ (α)

×



(
kα+1 − (k − α) (k + 1)

α) for j = 0,(
(k − j + 2)

α+1
+ (k − 1)

α+1

−2 (k − j + 1)
α+1
)

for 1 ≤ j ≤ k,
1 for j = k + 1.

Finally, we obtain the implicit numerical scheme
ui+1,k+1

(
−w1

i,k+1,k+1 − w2
i,k+1,k+1

)
+ui,k+1

(
1 + 2w2

i,k+1,k+1

)
+ui−1,k+1

(
w1
i,k+1,k+1 − w2

i,k+1,k+1

)
= ui,0

+

k∑
j=0

ui+1,j

(
w1
i,j,k+1+w2

i,j,k+1

)
− 2w2

i,j,k+1ui,j

+ui−1,j
(
w2
i,j,k+1 − w1

i,j,k+1

)
, (13)

where the weights w1
i,j,k+1 and w2

i,j,k+1 are defined
in the following form:

w1
i,j,k+1 =

(2β − 1) cj,k+1

2β∆x
x

β−1
β

i , (14)

w2
i,j,k+1 =

cj,k+1

(∆x)
2x

2β−1
β

i . (15)

The numerical method (13) can be written as a sys-
tem of linear equations in the matrix form

AUk+1 = B, (16)
where A and B are defined as follows:

A =



a2 a3 0 0 · · · 0 0 0

a1 a2 a3 0 · · · 0 0 0

0 a1 a2 a3 · · · 0 0 0
...

...
...

...
. . .

...
...

...
0 0 0 a1 a2 a3 0 0
...

...
...

...
. . .

...
...

...
0 0 0 0 · · · a1 a2 a3

0 0 0 0 · · · 0 a1 a2


, (17)

B =



b1 − a1u0,k+1

b2
b3
...
bi
...

bm−2
bm−1 − a3um,k+1


. (18)

The elements of matrices A and B are defined by
the formulas

a1 = w1
i,k+1,k+1 − w2

i,k+1,k+1,

a2 = 1 + 2w2
i,k+1,k+1,

a3 = −w1
i,k+1,k+1 − w2

i,k+1,k+1, (19)

bi = ui,0 +

k∑
j=0

ui−1,j
(
w2
i,j,k+1 − w1

i,j,k+1

)
(20)

−2ui,jw
2
i,j,k+1 + ui+1,j

(
w1
i,j,k+1 + w2

i,j,k+1

)
.

4. Numerical examples

We will now present the results of three numerical
simulations to demonstrate the proposed method.
In all considered cases, the following parameters of
the mathematical model and the rectangular mesh
were adopted: u0 = 1, ul = 0, l = 10, ∆t = 0.005,
∆x = 0.2. In addition, the first simulation also
assumed α = 1 and β = 0.6.

Figure 1 presents the numerical solution to
the initial-boundary value problem formulated by
Eqs. (4)–(6), which is consistent with the solution
of the model described by the partial differential
equation with derivatives of integer order with a
non-linear flux (we observe super diffusive behavior
because αβ = 0.6).
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Fig. 1. Numerical solution of the initial-boundary
value problem for α = 1 and β = 0.6.

Fig. 2. As in Fig. 1, but for α = 0.53 and β = 0.5.

Fig. 3. Comparison of the results of the first and
second simulation with the solution of the parabolic
equation (α = 1 and β = 0.5).

In the second simulation, the parameters α =
0.53 and β = 0.5 were selected so as to obtain an
equivalent solution (areas under the curves for t = 2
in Figs. 1 and 2 are almost equal) to the solution
from the first simulation. The received numerical
results are shown in Fig. 2. The choice of parame-
ters indicates that the solved equation is an anoma-
lous diffusion equation with a constant diffusion co-
efficient (we observe strong sub-diffusion behavior
because αβ = 0.265).

Figure 3 presents a comparison of the results from
the first and second simulation in relation of the re-
sults of the third simulation obtained for α = 1

Fig. 4. As in Fig. 1, but for α = 1 and β ∈
{0.45; 0.5; 0.55}.

Fig. 5. As in Fig. 1, but for α ∈ {1/3; 2/3; 1} and
β = 0.5.

and β = 0.5 (classical diffusion because αβ = 0.5).
In order to determine the surface of the red color,
the difference of the solution from the first simu-
lation and the solution from the third simulation
was calculated at each point of the Π ∗ mesh. The
values between nodes have been interpolated. The
surface marked in blue was created in the same way,
as a difference of the solution from the second sim-
ulation and the solution from the third simulation
at each point of the Π ∗ mesh.

The solution obtained in the first simulation, de-
spite the super diffusion nature, has values smaller
than the solution in the third simulation. This is
due to the special arrangement of boundary and
initial conditions, for which a significant part of the
non-zero solution is for x ∈ (0, 1), where 3

√
x < 1.

The opposite behavior is observed for the solution in
the second simulation (subdiffusion), which results
directly from inequality t < t0.53 for t ∈ (0, 1).

The results in Fig. 4 indicate that for the consid-
ered initial-boundary value problem modeled dis-
placement of diffusive molecules is a decreasing
function of the β parameter. This observation re-
sults directly from the form of the diffusion coeffi-
cient for which we observe the relationship x2/11 <
1 < x2/9 for x ∈ (0, 1).

The closed analytical solution (only if β = 0.5)
expressed in terms of the Wright function

u(x, t) = W
(
− x

tα/2
;−α

2
, 1
)

(21)
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obtained by Gorenflo et al. [7] allowed partial val-
idation of the method proposed in Sect. 3. The
results of the comparison are shown in Fig. 5 and
allow us to state that in this particular case the
numerical scheme works correctly.

5. Conclusions

In this paper, we developed a numerical scheme
for solving a one-dimensional anomalous diffusion
equation with a variable diffusion coefficient. The
proposed method is an extension of the fractional
Crank–Nicolson method. The problem of testing
the stability of the method was not discussed in the
paper and will be the subject of further research.
However, it has been noticed that the method is not
always stable and the unknown stability condition
strongly depends on the parameter β.
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