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In this study, we consider some nonlinear partial integro-differential equations. Most of these equations are
used as mathematical models in many problems of physics, biology, chemistry, engineering, and in other areas. Our
main purpose is to propose a new numerical method based on the Laguerre and Taylor polynomials, called matrix
collocation method, for the numerical solution of the mentioned nonlinear equations under the initial or boundary
conditions. To show the effectiveness of this approach, some examples along with error estimations are illustrated
by tables and figures.
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1. Introduction
Nonlinear partial integro-differential equations fre-

quently arise in many fields of engineering, mathematics,
physics, finance, biology, and related areas [1–8]. There
exists main challenges for solving these type of problems
due to large range of variables, nonlinearity, and multi-
dimensionality, and so on. Accordingly, the numerical
methods are developed [9–16]. In this study, we present
the Laguerre collocation method to solve certain nonlin-
ear partial integro-differential equations in the form

ut(x, t) = g(x, t) + a(x, t)uxx(x, t) + u2(x, t)

+

∫ t

0

K(x, t, s)u(x, s)ds (1)

under the initial and boundary conditions
u(x, 0) = f(x)ut(x, 0) = m(x), u(0, t) = h(t),

0 ≤ x ≤ l, 0 ≤ t ≤ T, (2)
where the functions g, a, f , m, and h are continuous
functions; and K is the kernel function. Then we assume
the approximate solution of the problem (1)–(2) in the
truncated Laguerre series form

u(x, t) ∼=
N∑
n=0

N∑
p=0

an,pLn,p(x, t),

Ln,p(x, t) = Ln(x)Lp(t)Ln(x) =

n∑
k=0

(−1)k

k!

(
n

k

)
xk, (3)

where n ∈ N, 0 ≤ x ≤ ∞ and an,p (np = 0, 1, . . . , N) are
unknown Laguerre polynomial coefficients, and N is any
integer such that N ≥ 2 [17, 18].
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2. Fundamental relations and Laguerre
collocation method

In this section, the approximate solution is presented.
Initially, the matrix form of (3) is given

[u(x, t)] = L(x)L(t)A;

L(x) = [L0(x) L1(x) LN (x)] ,

L(t) = diag(L(t),L(t), . . . ,L(t)),

A = [ai0 ai1 . . . aiN ]
T
, (4)

where i = 0, 1, . . . , N , and we use the matrix relation
L(x) = X(x)H and L(t) = X(t)H;

X(x) =
[
1 x . . . xN

]
; (5)

X(t) = diag(X(t)X(t), . . . ,X(t)),

H =

(−1)0
0!

(
0

0

)
(−1)0

0!

(
1

0

)
(−1)0

0!

(
2

0

)
· · · (−1)0

0!

(
N

0

)

0 (−1)1
1!

(
1

1

)
(−1)1

1!

(
2

1

)
· · · (−1)1

1!

(
N

1

)

0 0 (−1)2
2!

(
2

2

)
· · · (−1)2

2!

(
N

2

)
...

...
...

. . .
...

0 0 0 · · · (−1)N
N !

(
N

N

)



,

H = diag(H,H, . . . ,H)[
u2(x, t)

]
= L(x, t)L(x, t)A = L(x)L(t)L(x)L

∗
(t)A

= X(x)HX(t)HX(x)HX
∗
(t)H

∗
A; (6)

X
∗
(t) = diag(X(t),X(t), . . . ,X(t)),

(561)

http://doi.org/10.12693/APhysPolA.132.561
mailto:burcu_grbz@yahoo.com


562 B. Gürbüz, M. Sezer

H
∗
= diag(H,H, . . . ,H) A =

[
A0 A1 AN

]T
.

We also organizeX(x),X(t) and their derivativesX′(x),
X′′(x) and X

′
(t), X

′′
(t) as

X′(x) = X(x)B, X′′(x) = X(x)(B)2,

X
′
(t) = X(t)B, X

′′
(t) = X(t)(B)2; (7)

B =


0 1 0 . . . 0

0 0 2 . . . 0
...

...
...

. . .
...

0 0 0 N 0

0 0 0 0 0

 ,
B(α, 0) = diag(B(α, 0),B(α, 0), . . . ,B(α, 0)),

B(α, 0) = diag((α)
0
, (α)

1
, . . . , (α)

N
).

Then, the matrix relations of derivative forms of u(x, t)
is found with (4), (5), and (7):

[ux(x, t)] = X(x)BHL(t)A,

[uxx(x, t)] = X(x)B2HL(t)A,

[ut(x, t)] = X(x)HL
′
(t)A. (8)

Besides, K(x, t, s) can be expressed by the Taylor se-
ries as

K(x, t, s) =

N∑
p=0

N∑
q=0

N∑
r=0

kpqrx
ptqsr,

kpqr =
1

p!q!r!

∂p+q+rK(0, 0, 0)

∂xp∂tq∂sr
,

K = [kpqr] , p, q, r = 0, 1, ..., N

and the matrix forms are
[K(x, t, s)] = X(x)X(t)KXT (s),

[u(x, s)] = X(x)HX(s)HA =

X(s)HX(x)HA∗. (9)
Then, the matrix form of integral part is obtained by (8):

t∫
0

K(x, t, s)u(x, s)ds =∫ t

0

X(x)X(t)KXT (s)X(s)HX(x)HA∗ds =

X(x)X(t)KQ(t)HX(x)HA∗, (10)

Q(t) =

∫ t

0

XT (s)X(s)ds = [qmn(t)] m,n = 0, 1, 2.,

qmn(t) =
tm+n+1

m+ n+ 1
;

A∗i = [a0i a1i . . . aNi]
T
,

A∗ = [A∗0 A∗1 A∗N ]
T
.

By using (6, 8, 10) we obtain the matrix form of (1):

{
X(x)HL

′
(t)− [a(x, t)]X(x)B2HL(t)

}
A

−
{
X(x)HX(t)HX(x)HX

∗
(t)H

∗}
A

−
{
X(x)X(t)KQ(t)HX(x)H

}
A∗ = [g(x, t)] .(11)

Correspondingly, we follow the same procedure for the
conditions (2) by using (8):

[u(x, 0)] = L(x)L(0)A = X(x)HL(0)A = [f(x)] = λ,

[ut(x, 0)] = L(x)L
′
(0)A = X(x)HL

′
(0)A = [m(x)] = µ,

[u(0, t)] = L(0)L(t)A = [h(t)] = γ. (12)
By substituting the collocation points

xi =
l

N
i, i = 0, 1, ..., N,

tj =
T

N
j, j = 0, 1, ..., N, h =

l

N
(13)

into Eq. (11), we have the fundamental matrix equation{
X(xi)HL

′
(tj)− [a(xi, tj)]X(xi)B

2HL(tj)
}
A

−
{
X(xi)HX(tj)HX(xi)HX

∗
(tj)H

∗}
A

−
{
X(xi)X(tj)KQ(tj)HX(xi)H

}
A∗

= [g(xi, tj)] = G;

G = [G1 G2 . . . GN ]
T
, Gi = [gi0 gi1 . . . giN ]

T
,

or simply
W (xi, tj)A−M(xi, tj)A

−W ∗(xi, tj)A∗ = G. (14)
Similarly, we have the initial and boundary conditions
(12) as

UA = λi, V A = µi ZA = γj . (15)
Subsequently, by replacing the row matrices (15) by
the last rows of the augmented matrix (14), we have
the required augmented matrix (14) as

[
W̃ ;M̃ ; W̃ ∗; G̃

]
.

By solving the system also by finding the Laguerre co-
efficients, the approximate solution u(x, t) is obtained
in (3) [19].

3. Error estimation

In this section, we give brief information about error
estimation and we define the error function for the in-
dicated points: x = xα, t = tβ ∈ [l, 0] × [0, T ], α, β =
0, 1, . . .

EN (xptq) =
∣∣ut(xp, tq)− g(xp, tq)− a(xp, tq)u(xp, αtq)

−u2(xp, tq)−
∫ t

0

K(xp, tq, s)u(xp, s)ds
∣∣ ∼= 0,

where EN (xp, tq) ≤ 10−kαβ = 10−k, (k > 0) and
the truncation limit N is increased till the difference
EN (xp, tq) at each of the points becomes less than 10−k.
Also, we can use different error norms

L2 − EN (xα, tβ) =
√∑n

i=1(ei)
2,
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L∞ − EN (xα, tβ) = max(ei), 0 ≤ i ≤ n,

RMS− EN (xα, tβ) =
√∑n

i=1(ei)
2
/
(n+1),

where ei = u(xi, τ) − û(xi, τ) where ei = u(xi, τ) −
û(xi, τ); also u and û are the exact and approximate so-
lutions of the problem, respectively, and τ is an arbitrary
time t in [0, T ] [20, 21].

4. Numerical experiments

In this section, we show the accuracy of the method
with respect to the numerical results which are calculated
by Maple 18 and graphed in Matlab R2014b.

Example 5.1. We consider the parabolic partial
integro-differential equation

ut(x, t) = g(x, t) +
x2(1− x)

2
uxx(x, t) + u2(x, t)

+

∫ t

0

(1− 2x)e(s−t)u(x, s)ds

with initial and boundary conditions u(x, 0) = x(1 −
x), u(0, t) = u(1, t) =, 0 ≤ xt ≤ 1. The exact solu-
tion of the problem is u(x, t) = x(1− x)e−xt.

Fig. 1. Comparison of the numerical solutions for ex-
act and N = 6 solutions of example 5.1.

In Fig. 1 we can see the comparison between exact and
N = 6 solutions. In Table I the error differences are seen
for the different L norms.

TABLE IComparison of the errors of Example 5.1.
for N = 3 and t = 0.2.

x, t Absolute Error analysis
error L2 L∞ RMS

0.0 1.8962E-04 1.2361E-05 3.0521E-06 1.0200E-07
0.2 1.1598E-03 3.5890E-04 4.0251E-05 2.1927E-06
0.4 3.1120E-04 4.2532E-04 1.0256E-04 8.0241E-05
0.6 6.7519E-04 2.0505E-03 9.9523E-03 3.3261E-04
0.8 4.2560E-03 2.2520E-04 2.0831E-05 2.0237E-05
1.0 1.0027E-03 4.0029E-03 2.2391E-05 3.9986E-05

5. Conclusion

Nonlinear partial integro-differential equations play a
key role on many different areas, recently. The certain
nonlinear partial integro-differential equations are solved
numerically with many methods [22, 23]. In this respect,
we have presented the Laguerre collocation method which
has remarkable advantages such as fast computation time

and reduced computational operations. Numerical re-
sults satisfied the applicability of the method. In conclu-
sion, the capability of the method is confirmed and the
presented method can also be extended to other type of
models, although some modifications are required.
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