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In this study, we develop a novel matrix collocation method based on the Laguerre polynomials to find the
approximate solutions of some parabolic delay differential equations with integral terms subject to appropriate
initial and boundary conditions. The method reduces the solution of the mentioned equations to the solution
of a matrix equation which corresponds to system of algebraic equations with unknown Laguerre coefficients.
Besides, the error analysis together with numerical results are performed to illustrate the efficiency of our method
computationally.
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1. Introduction

Delay partial and partial integro-differential equations
play an important role in many scientific areas such as
biology, physics, and engineering [1–7]. Furthermore, the
approximation methods of these type of problems have
been developed by many authors [8–12]. Particularly, we
represent a novel approximation to solve a class of de-
lay partial functional differential equations with integral
terms in the form

ut(x, t) = uxx(x, t) + g(x, t) + a(x, t)u(x, αt)

+

∫ t

0

K(x, t, s)u(x, s)ds, (1)

under the initial and boundary conditions
u(x, 0) = f(x), ut(x, 0) = m(x), u(0, t) = h(t),

u(l, t) = n(t), 0 ≤ x ≤ l, 0 ≤ t ≤ T. (2)
The functions g, a, f , m, h, and n are continuous func-
tions; α is the arbitrary constant; and K is the kernel
function of the integral part of (1) on R2. We assume
the approximate solution of the problem (1)-(2) in the
truncated Laguerre series form

u(x, t) ∼=
N∑
n=0

N∑
p=0

an,pLn,p(x, t),

Ln,p(x, t) = Ln(x)Lp(t), (3)
where Ln(x) denotes the Laguerre polynomials

Ln(x) =

n∑
k=0

(−1)
k

k!

(
n

k

)
xk, n ∈ N, 0 ≤ x <∞ (4)

and an,p, (n, p = 0, 1, . . . , N) are unknown Laguerre
polynomial coefficients, and N is chosen as any positive
integer such that L0(x) = 1, L1(x) = 1− x, N ≥ 2.
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2. Fundamental relations and Laguerre
collocation method

In this section, we present an approximate solution in
terms of the Laguerre polynomials in the form (3). First
we can write (3) in the matrix form

[u(x, t)] = L(x)L̄(t)A; (5)

L(x) = [L0(x) L1(x) . . . LN (x)] ,

L̄(t) = diag(L(t),L(t), . . . ,L(t)),

A = [ai0 ai1 . . . aiN ]
T
,

where i = 0, 1, . . . , N , then, we use the matrix relation
L(x) = X(x)H and L̄(t) = X̄(t)H̄; (6)

where X(x) = [1 x . . . xN ];
X̄(t) = diag(X(t)X(t), . . . ,X(t)),

H =

(−1)0
0!

(
0

0

)
(−1)0

0!

(
1

0

)
(−1)0

0!

(
2

0

)
· · · (−1)0

0!

(
N

0

)

0 (−1)1
1!

(
1

1

)
(−1)1

1!

(
2

1

)
· · · (−1)1

1!

(
N

1

)

0 0 (−1)2
2!

(
2

2

)
· · · (−1)2

2!

(
N

2

)
...

...
...

. . .
...

0 0 0 · · · (−1)N
N !

(
N

N

)



,

H̄ = diag(H,H, . . . ,H)

[u(xαt)] = L(x)L̄(αt)A,

L̄(αt) = X̄(αt)H̄ = X̄(t)B̄(α, 0)H̄. (7)
Moreover, the matrices X(x), X̄(t) and their derivatives
X ′(x), X ′′(x) and X̄ ′(t), X̄ ′′(t) can be related as

X ′(x) = X(x)B, X ′′(x) = X(x)B2, X̄ ′(t) = X̄(t)B̄,
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X̄ ′′(t) = X̄(t)B̄2; (8)

B =


0 1 0 . . . 0

0 0 2 . . . 0
...

...
...

. . .
...

0 0 0 N 0

0 0 0 0 0

 ,
B̄(α, 0) = diag(B(α, 0),B(α, 0), . . . ,B(α, 0)),

B(α, 0) = diag
(
(α)0, (α)1, . . . , (α)N

)
.

Then, we organize the matrix relations of derivative
forms of u(x, t) with (5), (6) and (8)

[ux(x, t)] = L′(x)L̄(t)A = X(x)BHL̄(t)A,

[uxx(x, t)] = L′′(x)L̄(t)A = X(x)B2HL̄(t)A,

[ut(x, t)] = L(x)L̄′(t)A = X(x)HL̄′(t)A. (9)
On the other hand, the function K(x, t, s) can be ex-
pressed by the truncated Taylor series

K(x, t, s) =

N∑
p=0

N∑
q=0

N∑
r=0

kpqrx
ptqsr,

kpqr =
1

p!q!r!

∂p+q+rK(0, 0, 0)

∂xp∂tq∂sr
, K = [kpqr] ,

p, q, r = 0, 1, . . . , N

and the matrix forms of u(x, s) and K(x, t, s) become
[u(x, s)] = X(x)HX̄(s)H̄A = X(s)HX̄(x)H̄A∗,

[K(x, t, s)] = X(x)X̄(t)KXT (s). (10)
By using (10), the matrix form of integral part is ob-
tained as follows:

t∫
0

K(x, t, s)u(x, s)ds =∫ t

0

X(x)X̄(t)KXT (s)X(s)HX̄(x)H̄A∗ds =

X(x)X̄(t)KQ(t)HX̄(x)H̄A∗, (11)

Q(t) =

∫ t

0

XT (s)X(s)ds = [qmn(t)] ,

m, n = 0, 1, 2 . . . , qmn(t) =
tm+n+1

m+ n+ 1
;

A∗i = [a0i a1i . . . aNi]
T
,

A∗ = [A∗0 A∗1 . . . A∗N ]
T
.

By substituting the relations (9) and (11) into Eq. (1),
we have the matrix form of (1):{

X(x)HL̄′(t)−X(x)B2HL̄(t) (12)

− [a(x, t)] X̄(t)B̄(α, 0)H̄
}
A

−
{
X(x)X̄(t)KQ(t)HX̄(x)H̄

}
A∗ = [g(x, t)] .

Similarly, we organize the matrix forms for the initial and
boundary conditions (2) by using (9):

[u(x, 0)] = L(x)L̄(0)A = X(x)HL̄(0)A, [f(x)] = λ,

[ut(x, 0)] = L(x)L̄′(0)A = X(x)HL̄′(0)A,

[m(x)] = µ, [u(0, t)] = L(0)L̄(t)A, [h(t)] = γ. (13)
By putting the collocation points

xi =
l

N
i, i = 0, 1, . . . , N, tj =

T

N
j, j = 0, 1, . . . , N,

h =
l

N
(14)

into Eq. (12), then we have the fundamental matrix equa-
tion as{

X(xi)HL̄′(tj)−X(xi)B
2HL̄(tj) (15)

− [a(xi, tj)] X̄(tj)B̄(α, 0)H̄
}
A−

{
X(xi)X̄(tj)

×KQ(ti)HX̄(xi)H̄
}
A∗ = [g(xi, tj)] = G;

G = [G1 G2 . . . GN ]
T
, Gi = [gi0 gi1 . . . giN ]

T

and briefly
W (xi, tj)A−W ∗(xi, tj)A

∗ = G.

If we follow the same procedure for the initial and bound-
ary conditions (13), we have

UA = λi, V A = µi, ZA = γj , NA = ηj . (16)
Consequently, to obtain the solution of Eq. (1) under
the conditions (2), by replacing the row matrices (16)
by the last rows of the augmented matrix (15), we have
the required augmented matrix. Then, Eq. (15) becomes[
W̃ ; W̃ ∗; G̃

]
. The augmented matrix system is solved

to find the unknown Laguerre coefficients. Thus, the ap-
proximate solution u(x, t) is found in the form (3).

3. Error estimation
In this section, the error estimation for Eq. (3) is given.

We define the error function for the selected points x =
xα, t = tβ ∈ [l, 0]× [0, T ], α, β = 0, 1, . . .

EN (xptq) =
∣∣ut(xp, tq)− uxx(xp, tq)− g(xp, tq)

−a(xp, tq)u(xp, αtq)−
∫ t

0

K(xp, tq, s)u(xp, s)ds
∣∣ ∼= 0,

where EN (xp, tq) ≤ 10−kαβ = 10−k (k is positive integer)
and the truncation limit N is increased until difference
EN (xp, tq) at each of the points becomes smaller than the
prescribed 10−k. On the other hand, we can use different
error norms

L2 − EN (xα, tβ) =

√√√√ n∑
i=1

(ei)2,

L∞ − EN (xα, tβ) = max(ei), 0 ≤ i ≤ n,

RMS− EN (xα, tβ) =

√√√√ n∑
i=1

(ei)2
/

(n+ 1),

where ei = u(xi, τ)− û(xi, τ); also u and û are the exact
and approximate solutions of the problem, respectively,
and τ is an arbitrary time t in [0, T ] [13, 14].
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4. Numerical experiments
In this section, we consider some illustrative exam-

ples to show the accuracy and efficiency of the presented
method. All results have been obtained by Maple 18 and
Matlab R2014b.

Example 5.1. We consider the parabolic partial
integro-differential equation [15]:

∂u(x, t)

∂t
=
∂2u(x, t)

∂x2
+ g(x, t) +

∫ t

0

u(x, τ)dτ

u(x, 0) = (1− x6) sin(x), u(0, t) = u(1, t) = 0, 0 ≤ xt ≤
1, where g(x, t) = (1−x6) cos(x) + 12x5 cos(x+ t) + (1 +
30x4−x6) sin(x+t) and the exact solution of the problem
is u(x, t) = (1− x6) sin(x+ t).

We suppose that u(x, t) is approximated by a
truncated Laguerre series in the form u(x, t) ∼=
N∑
n=0

N∑
p=0

an,pLn,p(x, t), 0 ≤ xt ≤ 1. By using the pro-

cedure in Sect. 2, the fundamental matrix relations for
the equation and conditions are computed and then the
Laguerre coefficients are found. Thhe comparison of ex-
act and approximate solution for N = 50 can be seen in
Fig. 1.

Fig. 1. Comparison of the exact and numerical solu-
tions for N = 50 of Example 5.1.
Example 5.2. We reach the Laguerre polynomial so-

lution u(x, t) in Eq. (3) by repeating the procedure in
Sec. 2.

∂u(x, t)

∂t
=
∂2u(x, t)

∂x2
+ 2e−t − e

t
2u(x, t/2)

+

∫ t

0

u(x, τ)dτ

u(x, 0) = x − x2, u(0, t) = u(1, t) = 0, 0 ≤ xt ≤ 1. The
exact solution of the problem is u(x, t) = (x−x2)e−t. Ta-
bles I–II show the comparison of absolute, L2, L∞ and
RMS errors for N = 40 for Example 5.1 and Example
5.2, respectively.

5. Conclusion
In this study, the approximate solutions of a class of

parabolic type delay partial differential equations with
some integral terms under the initial and boundary con-
ditions have been presented. The technique we used is
a new developed Laguerre collocation method and it can
be applied to problems connected with hyperbolic and
elliptic type delay partial differential equations with inte-
gral terms. Also, the method can be extended to nonlin-
ear delay problems; but some modifications are required.

TABLE IComparison of the errors of Example 5.1.

x, t Absolute Error analysis
error L2 L∞ RMS

0.0 5.212E-08 6.321E-09 3.417E-09 2.269E-09
0.2 2.653E-08 2.120E-09 9.854E-10 9.110E-09
0.4 2.544E-09 5.531E-10 8.761E-10 9.952E-10
0.6 4.159E-09 9.204E-11 7.029E-12 5.217E-11
0.8 6.852E-09 1.023E-10 4.157E-12 9.178E-10
1.0 3.258E-08 2.859E-09 3.114E-10 7.145E-09

TABLE IIComparison of the errors of Example 5.2.

x, t Absolute Error analysis
error L2 L∞ RMS

0.0 3.586E-4 8.613E-4 4.562E-6 5.426E-7
0.2 7.103E-4 6.125E-5 9.123E-8 2.931E-9
0.4 2.503E-6 6.297E-5 1.953E-7 9.513E-8
0.6 4.812E-4 2.038E-4 2.006E-7 6.200E-7
0.8 8.216E-4 9.256E-5 7.630E-8 2.230E-8
1.0 9.366E-4 1.956E-4 9.020E-6 4.920E-7

Hence, it would be very interesting to do research in this
direction.
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