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1. Introduction

In the recent years, investigations of exact solutions to
nonlinear partial differential equations (PDEs) play an
important role in the study of nonlinear physical phe-
nomena such as fluid mechanics, hydrodynamics, optics,
plasma physics, solid state physics, biology and so on.
Several methods for finding the exact solutions to non-
linear equations in mathematical physics have been pre-
sented, such as the inverse scattering method [1], the Hi-
rota bilinear transform method [2], the truncated Pain-
levé expansion method [3-6], the Bécklund transform
method [7, 8], the exp-function method [9-11], the tanh-
function method [12, 13], the Jacobi elliptic function
expansion method [14-18], the (G’/G)-expansion met-
hod [19-25], the modified (G’/G)-expansion method [26],
the (G'/G, 1/G)-expansion method [27-30], the modified
simple equation method [11, 31-33|, the multiple exp-
function algorithm method [34, 35], the transformed ra-
tional function method [36], the local fractional series
expansion method [37], the first integral method [38-40],
the generalized Riccati equation mapping method [17, 18,
41, 42], the soliton ansatz method [11, 33, 43-54], the
new ansatz method [55, 56], the complex amplitude an-
satz method [57, 58|, the variational method [59, 60|, the
extended trail equation method [61], the Lie symmetry
analysis [62, 63|, the F-expansion method [64], the met-
hod of undetermined coefficient [65] and so on.

The objective of this article is to use two mathematical
tools, namely the first integral method and the rational
(G’ /@) -expansion method to find the exact solutions and
the solitary wave solutions of the Biswas—Milovic equa-
tion [66—69]:
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i(q™) + a(q™)ew + 0F (la*) g™ =0, (1.1)

where ¢g(z,t) is a complex valued function. The coef-
ficients a and b represent the group-velocity dispersion

and nonlinearity, respectively. The function F' (\q|2 qis

considered to be j-times continuously differentiable, e.g.
F (|q\2) ge U 9 ((=n,n) x (=m,m); R2). (1.2)
m,n=1

The independent variables x and ¢ represent the spatial
and temporal variables, respectively. The nonlinearity
parameter m > 1 makes Eq. (1.1) a generalized version
of the nonlinear Schrédinger equation (NLSE). If m = 1,
then Eq. (1.1) collapses to NLSE that arises in nonlinear
optics, fluid mechanics, plasma physics, and several other
areas. In this paper, we consider the case

F(u) = u™ + ku®, (1.3)
where the parameter n indicates the power law nonli-
nearity, while k is the coefficient of the nonlinear term.
The restriction 0 < n < 2 is considered to avoid soliton
collapse and in particular n # 2 in order to eliminate
self-focusing singularity in nonlinear optics [70]. Now,
Eq. (1.1) reduces to the Biswas—Milovic equation with
dual-power law nonlinearity

i)+ ala™)ew + b (JaP" + Kl ™) g™ = 0. (1.4)

Equation (1.4) has been discussed in [66] using the soli-
ton perturbation theory, in [67] using the extended tanh-
function method, in [68] using the generalized Kudryas-
hov method and in [69] using a special kind of (G'/G)-
expansion method, where its exact solutions have been
presented.

This article is organized as follows. In Sect. 2, the des-
cription of the first integral method is given. In Sect. 3,
the description of the rational (G'/G)-expansion method
is obtained. In Sect. 4, we apply these two methods to
construct the exact solutions and the solitary wave so-
lutions of Eq. (1.4). In Sect. 5, some conclusions are
illustrated.

(240)
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2. Description of the first integral method

Feng [71] has presented this method originally, which
is based on the ring theory of commutative algebra. The
main steps [38—40, 71] of this method are summarized as
follows:

Step 1. Consider a general PDE in the form
) =0, (2.1)
where F' is a polynomial in v = u(z,t) and its partial
derivatives. We use the wave transformation

u(z,t) =U(E), & =ka+wt, (2.2)
to reduce Eq. (2.1) to the following ordinary differential
equation (ODE):

HU,U,U", ....)=0, (2.3)
where k,w are constants and H is a polynomial in U =
U(€), while its total derivatives, ' = d/d¢.

Step 2. Assume that the solution of Eq. (2
form

U(&) =X(6), (2.4)

and introduce a new independent variable Y =Y (£) such
that

Y (§)=X"(g).
Step 3. From (2.4) and (2.5), Eq. (2
verted into a system of nonlinear ODEs

X'(O=Y(©), Y(=FR(X(.Y(),
where Fj is a polynomial in X (£) and Y ().

If we can find the integrals to Egs. (2.6), then the gene-
ral solutions to Egs. (2.6) can be found directly. However,
in general, it is difficult for us to realize this even for one
first integral, because for a given plane autonomous sy-
stem, there is no systematic theory that can tell us how
to find its first integrals, or there is no a logical way for
telling us what these first integrals are. We will apply the
so-called Division Theorem to obtain one first integral to
Egs. (2.6) which reduces Eq. (2.3) to a first integral ODE.
Exact solutions to Eq. (2.1) are then obtained by solving
this equation.

Division Theorem [72, 73]: Suppose that P (w, z) and
Q (w, z) are polynomials in the complex domain C |w, z];
and P (w, z) is irreducible in C'|w, z]. If Q (w, z) vanishes
at all zero points of P (w, z), then there exists a polyno-
mial G (w, z) in C [w, 2] such that

Q(w,z) = P(w,2)G(w,2).

F(u7u$7ut7uw$7uttauwt7 ..

.3) has the

(2.5)
.3) can be con-

(2.6)

(2.7)

3. Description of the rational (G'/G)-expansion
method

The main steps of the rational (G'/G)-expansion met-
hod used in our paper can be found in [74] which are
different from that obtained in [ 19-25], describing as
follows:

Step 1. We consider Eqs. (2.1)—(2.3) of Sect. 2.

Step 2. We assume that the formal solution of the
ODE (2.3) can be written in the following new rational
form:

_ Sr,aQi©) _ AQE)]
VO =S 5006 = Blo©) S
where Q(§) = &, A[QE©)] = Ti,@Qi(©) and

BlQ(&)] = 271y b;Q7(€). The function G = G () sa-
tisfies the second order linear differential equation in the
form

G" + )\1G/ 4+ u G =0, (32)
where A\ and p; are constants. It is easy to see that

Q =—(Q*+MQ+pu). (3.3)
Taking into consideration (3.1), we obtain
A'B — AB’

U'(€) = = (Q°+ MQ + ) {BQ} ) (3.4)

A'B — AB’
06 = 2@+ 2) (@ + 1w+ m) | FEAE
Q2+ MQ+m)” (3.5)
B(A"B — AB") — 2A'B'B + QAB’T
B3 ’

and similar for higher order differentiation terms.

Step 3. Under the terms of the given method, we sup-
pose that the solution of Eq. (2.3) can be written in the
following form:

U(e) = ap + a1Q + a2Q” + ... + a, Q"
bo +b1Q + Q2+ ...+ b, QM
To calculate the values m and n in (3.6) that is the pole
order for the general solution of Eq. (2.3), we progress
conformably as in the classical Kudryashov method on
balancing the highest order nonlinear terms and the hig-
hest order derivatives of U(&) in Eq. (2.3) and we can
determine a formula of m and n. We can receive some
values of m and n.

Step 4. We substitute (3.1) into Eq. (2.3) to get a
polynomial R(Q) of @ and equate all the coefficients of
Q' (i=0,1,2,...) to zero, to yield a system of algebraic
equations for a; (¢ =0,1,...,n) and b; (=0,1,...,m).

Step 5. We solve the algebraic equations obtained in
Step 4 using Mathematica or Maple, to get k, A, A1, 1
and the coefficients of a; (i = 0,1,...,n) and b; (j =
0,1,...,m).

Step 6. It is well known [22] that the ratio (G'/G)
has the following forms: if A2 — 4p; > 0

cvsinh (36327 = 4jar) + 3 cosh (36y/AF — 41 )
v cosh (56y/NF = 4jur ) + ez sinh (263/NF — 4pur )
if A2 —4p1 <0
c1 cos (%éW ) — casin (36/Am — X7
exsin (56/Bm — A7) + e2cos (3B — A7)

(3.6)

(3.7)

Y

(3.8)

X
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if)\%—4u1:0
IS
GO "2 Tatal (3.9)

where ¢y and ¢, are arbitrary constants.

Step 7. We substitute the values a;, b;,k, A\, Ay and
w1 as well as the ratios (3.7)—(3.9) into (3.1) along with
(2.2), we have the hyperbolic, trigonometric and rational
function solutions of Eq. (2.1).

4. Mathematical analysis

In order to apply the first integral method and the
rational (G’/G)-expansion method for finding the exact
solutions of Eq. (1.4), we first suppose that the solution
of Eq. (1.4) can be written in the complex form

Q(xat) = (b(f) exXp (10) , =oAL,

0=k — wt,
where \, k1 and w are constants.
Substituting (4.1) into Eq. (1.4) and equating the real
part and the imaginary part to zero, we get

a(¢™)" +m(w — amk?)p™

(4.1)

+bHT 4 DR = 0, (4.2)
and

A = 2amk;. (4.3)
Balancing (¢™)” with ¢*"*™ in (4.2), we have the ba-
lance number

1

N=— 4.4
- (44)

which is non-integer. In this case, we take into conside-
ration the transformation

0(6) = [0(€)] . (45)
Substituting (4.5) into Eq. (4.2) we have the ODE:

2amnov” + am(m — 2n) (V') + 4mn®(w — amk?)v?
+4bn?v® + 4bknv? = 0. (4.6)
4.1. On solving Eq. (1.4) using the first integral method

In this subsection, we apply the first integral met-
hod [73] to solve Eq. (1.4). To this aim, we set

_ax

wE) = X(©), VO = "G =Y, (4.1.1)
and hence Eq. (4.6) reduces to
v/ — _(m— 2n)Y2 _ 2n(w — amk%)X B 2b7nX2
2nX a am
L . (4.1.2)
am
Set X = %, where 7 is a new variable, then we have
X X 1 dX
_4X _dXdr1dX (4.1.3)
d¢ dr d¢ X dr
dy dY d 1 dY
r=0 =50 5T (4.1.4)

T dE T dr dé X ar
Now, we deduce that

dX
— = XY, 4.1.5
X xv, (115)
and Eq. (4.1.2) becomes
a (m —2n) ve_ 2n(w — amk%)X2 Qb—nXS
dr 2n a am
2
_ 2Ok (4.1.6)
am

According to the first integral method, we assume that
X(7) and Y () are nontrivial solutions of (4.1.6), and

QX,Y) = Ziﬂio a; (X) Y is an irreducible polynomial
in the complex domain C [X,Y] such that

M
QX,Y)=) a;(X)Y' =0, (4.1.7)
=0
where a; (X) (¢ =0,1,..., M) are polynomials in X (7)
and a; (X) # 0. Due to the Division Theorem, there ex-
ists a polynomial h (X)+¢ (X) Y, in the complex domain
C'[X,Y] such that
dQ  dQ dX
dr — dx dr

B (X) +9 ()Y ai (X) V',

aQay _
dy dr

(4.1.8)

Let us now discuss the following cases.
Case 1. M =1.
In this case, we deduce that
Q(X,Y) = ap (X) + a; (X)Y = O,
and

(4.1.9)

(m —2n) v 2n(w — amk?)

2n a

+ay (X) [ X2

[ (X) +9(X)Y][ao (X) +ar (X)Y].  (41.10)
Equating the coefficients of Y (i = 2,1,0) on both sides
of (4.1.10), we get

Y2, XdiXal (X) - W“l (X) =
9(X) a1 (X), (4.1.11)
1. d _
YhX a0 (X) =
B(X)ar (X) +9(X) ao (X), (4.112)
yo. —ay (X) [WXQJF%XSJF%Zqu
=h(X)ao(X). (4.1.13)
From (4.1.11), we have

(4.
a1 (X) = ¢1 exp (/)1( [g(X) + (m;n?")] dX) ,

where ¢ is a constant. Choose
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m
X)=1- —
g(X) 5

then a; (X) is a constant. For simplicity, we take
a; (X) = 1. Balancing the degrees of h (X) and ag (X),
we conclude that deg (h (X)) = deg (ap (X)) = 2 only.
Suppose that

h(X)= Ao+ A1 X + A X3, (4.1.16)
ao (X) = By + B1 X + By X2, (4.1.17)

where A;, B; (i =0,1,2) are arbitrary constants, such
that As # 0 and Bs # 0.

Substituting (4.1.16) and (4.1.17) into (4.1.12) and
equating the coefficients of powers of X (7) on both
sides of Eq. (4.1.12), we obtain

2
X2IA2:BQ (m+ n),
2n
XA =B (5,
2n
m —2n
2n ’
Consequently, (4.1.16) becomes

h(X) = By <m2—nZn) + B (%) X

m # 2n, (4.1.15)

XOZA0:B0<

- (4.1.18)

Substituting (4.1.17) and (4.1.18) into (4.1.13) and
equating the coefficients of powers of X (7) on both sides
of Eq. (4.1.13), we obtain a system of algebraic equations

2bkn m+ 2n
Xt - =Bj
am 2 ( 2n > ’

2bn +
x3. -2~ BB, (m ”)
am n

x2, MW am) _ popg, (T) + B2 (ﬁ) :
n n

X': ByBy (m_”) =0,
n

m—2n
XO:B§< 5 ):0.

Since m # 2n, and by solving algebraic equati-
ons (4.1.19), we get the results

(4.1.19)

_n2
By=0, B = M, (4.1.20)
amk (m +n)
—4n? 2
By— n2bk o amk? b(m+ n)Q’
am (m + 2n) 4k (m +n)

provided that abk < 0.
Now, (4.1.17) reduces to
_n2b 9
n2b (m + 2n) x

a(X) ==+ amk (m +n)?

—4n2bk

P (4.1.21)

From (4.1.1), (4.1.9) and (4.1.21), we deduce that

_ Qb 2
V(g =7 [t 2 ((:j:n;‘) o(©)
—4n2bk
am (m + 2n)

v2(€). (4.1.22)

In order to solve Eq. (4.1.22), we refer to the Bernoulli
equation
V(&) = lw(€) + 1P (€), (4.1.23)
where 1,15, 8 € R,l1ls # 0,8 # 1. Its general solution is
well-known [75] and has the form

711/[2 :|[-J—1
4.1.24
{foexp (h(1=p)¢+1 ( )
1
_ ,(1-8 In B-1
{2— [1+tanh( La=Ble 2§°>]} )
if & > 0,
1
_ _ I1(1—8 In(—¢ B-T
(3t 1 o (12 )]},
if & <0,
(34)7" =0
If we choose I;= F %7 lo=7F \/%

and 8 = 2, then the solution v(§) of Eq. (4.1.22) can be
found. From (4.1) and (4.5), we obtain the solitary wave
solutions of Eq. (1.4) as follows: if &, > 0

q(z,t) = {m 1+ (4.1.25)
. [—n2b(m+2n) In & %
tanh (2 m (x — 2amkqt) — ;)] }
o <1 [m_ (amk? N b<m+2n>2> tD |
4k (m +n)
if& <0
q(x,t) = {m 1+ (4.1.26)

—n?b(m +2n) (z — 2amkt) — hl(jO))] }2"

amk (m +n)?

coth <;

o <i [m_ (amk% N b(m+2n)2> t] }
4k (m +n)
if & =0
g(z,t) = {M}% (4.1.27)
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) I b(m + 2n)
Xexp<1 [klx ( k1+4k(m+n)2>t]>'

The constraint conditions for the existence of the soli-
ton solutions (4.1.25)—(4.1.27) are k < 0 and ab > 0.

Note that the solutions (4.1.25) and (4.1.26) are equiva-
lent to that obtained in [67, 68] using different methods,
but the solution (4.1.27) is new.

Case 2. M =2.

In this case, we deduce from (4.1.7) and (4.1.8) that

Q(X,Y)=ap(X)+a (X)Y +as (X)Y? =0,

(4.1.28)

and

d d , d
ﬁao (X) —‘rYﬁal (X) +Y ﬁa@ (X):| XY

(m —2n)

2n
2w — amk:%)X2 B 21)7nX3 _ 2bkn

a am am

+ a1 (X) +2a2 (X)Y] |- y?

x| -

[h(X) +9(X) Y] [ao (X) + a1 (X)Y +as (X)V?].

(4.1.29)

Equating the coefficients of Y (i = 3,2,1,0) on both si-
des of (4.1.29), we have

. d (m —2n) B
Y3 X5 (X) — a (X)=g(X)as (X),
(4.1.30)
. d (m —2n) B
Y2 X 5o (X) — W (X)=h(X)ay (X)
+9(X) a1 (X), (4.1.31)
Yt X%ao (X) + 2as (X)
% {_ 2n(w _aamk%))@ _ %X:a _ 25:171)(4] _
h(X) a1 (X) +g(X)ao (X), (4.1.32)

_ 2
YO —ay (X) {2n(w amkl)X2+2an3+2ban4]
a am am

=h(X)ap(X).
From (4.1.30), we have

a5 (X) = 3 exp (/)1( [g(X) + (m_n%)] dX) ,
(4.1.34)

(4.1.33)

where ¢5 is a constant. If we choose

g(X):2—%7 m # 2n, (4.1.35)

then as (X) is a constant. For simplicity, we take
az (X) = 1. Balancing the degrees of ag (X), a1 (X) and
h(X), we conclude that deg (h (X)) = deg (a1 (X)) = 2,
and deg (ag (X)) = 4 only. Therefore, we assume that

h(X)=Co+C1 X +CoX?, (4.1.36)
a1 (X) = By + B1 X + By X?, (4.1.37)

ao (X) = A() +A1X+A2X2 +A3X3
+A.X4, (4.1.38)
where C;, B; (i =0,1,2) and A; (=0,1,...,4) are ar-

bitrary constants, such that Cy # 0, By and A4 # 0.
Now, (4.1.31) reduces to
(32 =1) Bo+o-BiX + (1+
2n 2n
Co+ C1X + Cy X2 (4.1.39)

Equating the coefficients of powers of X (7) on both
sides of Eq. (4.1.39), we obtain

m

) ByX? =
2n

P
X2102:B2 <m;_n n),
m
xXtion=mi(g,),
—9
XO:COBO<m2n ”)

Consequently, (4.1.36) becomes

h(X) = By <m2_n2") + B (%) X

(4.1.40)

Also, (4.1.32) reduces to
(2 s (2 1) 2

+

TAQ _dn(w — amk%)} x2
n a

r 4b
+ (m+1)A3—n}X?’
[\ n am
r Abk
+ (m+2)A4—n}X4=
L n am
—9 _
Bg(m n)—i—BoBl (m ”)X
2n n
+-2 [B? 4 2ByB,] X> + BB, (m+") X3
2n n
m+ 2n
B2 —=— | x4
#5357

Equating the coeflicients of powers of X (7) on both
sides of Eq. (4.1.41), we have

(4.1.41)

4bkn?
X' A =1B+ ————
£z 2+am(m—i—2n)7

4bn?
X3: A3 = BB _—
3 1 2+am(m+n)’

4n?(w — amh3
X?: Ay = 1B} + BoBy + ——= 17U (“am"m D
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)(1 ZAl = BQBl,

X0: Ay =183
Consequently, (4.1.38) becomes
ao (X) = 3B§ + BoB1 X

+ |3Bf + BoB: +

4n?(w — amk?) X2
am

+ | B1Bs +

4bn? 3
am (m+n)
[ 4bkn?
i1Bi+ ————— | X"
* 1272 * am(m—|—2n)]
Substituting (4.1.37), (4.1.40), and (4.1.42) into
(4.1.33) and equating the coeflicients of powers of X (1)

on both sides of Eq. (4.1.13), we obtain a system of alge-
braic equations, which can be solved to get the results

—4n2b (m + 2n)

amk (m+n)*

—16bkn? b 2
[k i - 220
am (m + 2n) 4k (m +n)

provided that abk < 0.

(4.1.42)

Now, (4.1.42) becomes

2p 2 4bn?
a (X) =~ OmEI) o AT
amk (m + n) am (m +n)
4 2
__AbknT (4.1.44)
am (m + 2n)

On solving Eq. (3.1.24), we have
Y = —la1 + 3\/a? — 4ao. (4.1.45)

It is easy to show that a? —4ay = 0, and consequently,
we have

—n2b(m + 2n) —4bkn?
amk (m + n)? am (m + 2n)
(4.1.46)
From (4.1.1) and (4.1.46), we deduce that
—n2b(m + 2n) —4bkn?
amk (m +n)* am (m + 2n) !
(4.1.47)

which is the same form as (4.1.22) obtained when M = 1.
Therefore, we have the same solutions (4.1.25)—(4.1.27).
Finally, we note that the two cases M =1 and M = 2
give the same exact solutions of Eq. (1.4). For the case
M > 3, the discussions become more complicated, which
are omitted here and are left as an open problem for the
researchers.

4.2. On solving Eq. (1.4) using the rational (G'/G)-expansion method

In this subsection, we solve Eq. (1.4) using the rational (G'/G)-expansion method. To this aim, balancing vv” and

v* in (4.6), then the following relation is attained:

(n—=m)+(n—m)+2=4n—-m)=n=m+ 1. (4.2.1)
If we choose m = 1 and n = 2, then the formal solution of Eq. (4.6) has the form
_ap+a1Q 4 axQ?
oy = DML T (12.2)
and consequently,
ey — (2 (a1 4+ 2a2Q) (bo + b:1Q) — by (ao +a1Q + 02Q2)
V(€)= = (Q° + MQ + 1) o4 0.0 : (4.2.3)
(a1 +2a2Q) (bo + b1Q) — b1 (ap + a1Q + a2Q?)
" — A 2 by
v(6) = (2Q + M) (QF + MQ + ) (o1 510
(@ M0+ M1)2 2 (bo + b1Q) [az (bo + b:1Q) — by (a1 + 26;2)] + 267 (ap + a1Q + a2Q?) . (4.2.4)
(bo +61Q)

Substituting (4.2.2)—(4.2.4) into (4.6), collecting the coefficients of each power of Q%, (i = 0,1,...,8) and setting
each of the coefficients to zero, we get a system of algebraic equations, which can be solved using the Maple, to get
the following sets:

Set 1

(m 4+ 2n)

bp =0 it A i
o= @ by k(m+n)

o =0, b1 [—am(m+ 2n) n [4a1

= s )\ = —
2n kb ! / —am(m+2n)
kb

:|a a; = ag,
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b1 2a1k b(m+ 2n)
= —2a,bn? = K ———— 2 b =b 4.2.5
f o [amb%(m—&-n) ambf(m-i—Qn)} e am 1+4k(m+n)2’ PO (4.2.5)
provided that abk < 0.
Substituting (4.2.5) into (4.2.2) yields
ai 1 [—am(m+2n) (G'(§)
- =4 = . 4.2.6
vO =5 3, kb G(6) (4.2.6)

From (4.5),(4.1),(3.7) and using (4.2.6), we have the hyperbolic solution of Eq (1.
~ (m+2n) ¢y sinh (%\//\% — 4u1£> + ¢9 cosh (%\/x\f — 4u1€
— | 1 £

4k (m + n) ¢ cosh (%\/)\% — 4,ulf> + ¢ sinh (%\/)\% — 4u1§

. 5 b(m+2n)
X exp (1 [k‘lx — (amk‘l + T - n)2> t‘|> , (4.2.7)

—n’b(m+2n) > 0, provided that ab > 0 and k < 0.

amk(m4n)?

If co = 0,¢1 # 0, then we have the dark soliton solution of Eq. (1.4):

q(z,t) = lm <1ﬂ:tanh (; (m )) exp (i lklx— (amk% + m> tD , (4.2.8)

which is equivalent to the dark soliton solution (4.1.25).
If ¢; = 0,cy # 0, then we have the singular soliton solution of Eq (1.4):

__—(m+2n) coth [ 2 2b(m—i—2n ox o amr? b(m + 2n)
al,t) = 4k (m +n) (1i th(2 amk (m +n)* >>1 P [kl < k1+4k(m+n)2>t1>’(4.2.9)

which is equlvalent to the singular soliton solution (4.1.26).
If ¢; = cg # 0, then we have the rational solution of Eq. (1.4):

g(z,t) = M] " exp (i [klx - <amkf + m> tD : (4.2.10)

4):

L
2n

q(x,t) =

where £ = ¢ — 2amkyt and )\% —4py =

which is equivalent to the rational solution (4.1.27).
The constraint conditions for the existence of the soliton solutions (4.2.8)—(4.2.10) are k < 0 and ab > 0.
Set 2

—bn? (m + 2n) 2a2k (m +n) —bn? (m + 2n) dark (m +n)
a =4/——————5 |Gt 57—~ = 2 |1 bo=0, a2 =0,
amk (m +n) by (m + 2n) amk (m +n) by (m + 2n)
—2a1bn? 1 2a1k 5 b(m+2n)
= = k = = by =0b 4.2.11
H amby [(m—i—n) by (m+2n)|’ w=amhy+ 4k (m+n)2’ = m b ( )

provided that abk < 0.
Substituting (4.2.11) into (4.2.2) yields

_ a —bn? (m+2n) [ 2a1k(m+n)} <G/(f)>
e {1 T\ amk (m+n)’ T (m+2n) / Ge ) (4.2.12)
From (4.5),(4.1),(3.7) and using (4.2.12), we have the hyperbolic solution of Eq. (1.4):

1
2n
oz, t) = a ), 2[b1 (m + 2n) + 2a1k (m + n)]
’ b c1 sinh l\/)\2—4 co cosh l\/A2—4
! dark (m+n)+by (m+2n) (1F - (21 . #1£)+2 : (f . #15)
c1 cosh(§\/)\f—4u1§)+02 51nh(§\/>\f—4u1§)
b 2
exp [ 1 [k — | amk? + M tl]. (4.2.13)
4k (m +n)
where )\% — 4y = % > 0, provided that a1b; > 0 and abk < 0.

If ¢ =0, ¢; # 0, then we have the dark soliton solution of Eq. (1.4):
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i

2[by (m + 2n) + 2a1k (m + n))

b dark (m+n) + by (m+2n) (1 tanh (4 /75020 )

. 5 b(m+2n)
X exp (1 [klx - (amkl + (o m)? (m+ n)2> t‘|> . (4.2.14)

If ¢; = 0,c2 # 0, then we have the singular soliton solution of Eq. (1.4):

ay 2[b1 (m+ 2n) + 2a1k (m + n)]
q(z,t) = b L- —n2b(m+2n)
1 4a1k(m+n) +b1 (m+2n) |:1:FCOth (% mé’)}
2
wexp [ i [kiz — | amk? + M tl). (4.2.15)
4k (m +n)

If ¢y = ¢a # 0, then we have the same rational solution (4.2.10).
The constraint conditions for the existence of the soliton solutions (4.2.14) and (4.2.15) are a1b; > 0 and abk < 0.
Set 3

— 2 2 —bn?2 2
=0, a= $ambo b(m+2n) b (m+2n) R bn? (m + 712)
2nb amk 2k (m +n) amk (m +n)
b 2
bO = bO> a9 = 0, M1 = O, w = amk% + (m + n) bl = bl, (4216)

provided that abk < 0.
Substituting (4.2.16) into (4.2.2) yields

|: ambg [ —b(m+2n) bl(m+2n)] (G’(g))
+ 2nb amk 2k(m+n) G(&)

G’ (&)
bo + b1 ( el3) )
From (4.5),(4.1),(3.7) and using (4.2.17), we have the hyperbolic solution of Eq. (1.4):

1

:l:ambo \/W + bi(m+2n) 1— “ Sinh<%)\1€) te2 COSh(%Alé) o
2nb amk 2k(m+n) c1 cosh(%/\lf) +co sinh(%)\lf)
2bo (mn) b 1 c1 sinh(%)\1§>+cz cosh(%)\lﬁ)
4pq/ =blmt2n) 1 c1 COSh(%A1£)+Cg sinh(%)q&)

amk

xexp | i|kiz— | amk? M
p( lkl ( k1+4k(m+n)2>tb' (4.2.18)

If co = 0,c¢1 # 0, then we have the dark soliton solution of Eq. (1.4):
e/ 4 e 1 - cann (3 S
2bo (m+n) 1 /—n2b(m+2n)

o /OLTL) —h {1 — tanh (5 \ amk(min)? 5)}

. N wmr? b(m + 2n)
X exp (1 [klx ( ki + Tl m? (m 1 n)2> t]) . (4.2.19)

If ¢; =0, c2 # 0, we have the singular soliton solution of Eq. (1.4):
by /| —b(m+2n) by (m+2n) —n2b(m+2n)
|:i agrLLbU amk + 2k(m+n) :| |:1 — coth (% amk(m+n)? E):I

q(z,1) = _2bo(min) [1 — coth (% Mé)]

1n /7!)(771.«{»2”) amk(m+n)?

9  b(m+2n
X eXp (i [klx - (amk1 + W) t]) . (4.2.20)

(4.2.17)

v(§) =

q(z,t) =

s

Q('rvt) =

8-
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The constraint conditions for the existence of the soliton solutions (4.2.18)—(4.2.20) are k < 0 and ab > 0.

Set 4
amb; [—b(m + 2n) by |—bn?(m+ 2n)
ap 3 al 5 as + b amk ) 0 4 amk (m T n)2 ) M1 )
—bn? +2 b +2
M=l 2] g B2
amk (m +n) 4k (m +n)

provided that abk < 0.
Substituting (4.2.21) into (4.2.2) yields
o(e) = _ T [Zb(m+2n) (G’(@)Q/ L [Zbn?(mt2n) (G’(f))
From (4.5),(4.1),(3.7) and using (4.2.22), we have the hyperbolic solution of Eq. (1.4):
1
Lo sinh (3 21€) +e> cosh (3 0€) 1) >
) c1 cosh(%)\lg)Jﬂ:g sinh(%)\lﬁ)
cy sinh(%)\lg)Jﬂ:g COSh(%)\lf)
c1 cosh(%)\lg)+62 sinh(%/\lﬁ)

) Y b(m + 2n)
Xexp<1 [klx ( k1+4k(m+n)2>t]>'

If ca = 0,¢1 # 0, then we have the dark soliton solution of Eq. (1.4):

1

/ —n2b(m+2n) an
(m + 2n) (1 — tanh (i ariLk(’rrL—i—n)n2 5))
—n2b(m+2n
8k (m + n) tanh (i amkb((mij); g)

X exp (i [klx — (amkf + b(m+2n)2> t]) .
4k (m +n)

If ¢; = 0,co # 0, then we have the singular soliton solution of Eq. (1.4):
—n2b(m+2n)
(m + 2TL) (1 — coth (% amk(m+n 5))

SO ) | corh 3,/ )

5  b(m+2n
X exp (i [klx— (amkl + W)t > .

q(x,t) =

xexp |1 |kix— amk%JrM t
4k (m +n)

q(x,t) =

L
2n

Q(‘Tat) -

The constraint conditions for the existence of the soliton solutions (4.2.23)—(4.2.26) are k > 0 and ab < 0.

Set 5
—agn (m + 2n) —kb —kb
= bp =0, b =2 —
k(m+n) am (m + 2n)’ G2 a2, 0= E L m e (m+2n)’

ap = a1, a1 =

nb

= M1 = M1,
am (m +n) \ | ey

provided that abk < 0.

ampy ~ b(m+2n)

AL = )
! n? 4k (m 4 n)?

w = amk? +

(4.2.21)

(4.2.22)

(4.2.23)

(4.2.24)

(4.2.25)

(4.2.26)

(4.2.27)
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Substituting (4.2.27) into (4.2.2) yields
2
n(m+2n) / —kb G'(&) G'(&)
M1 — k(m-+n) am('mk-;Qn) (g,((i))> + (G(f) ) . (4228)
2n \/ am(m+2n) ( G(¢) )
Now, we consider the following cases.
Casel: From (4.5),(4.1),(3.7) and using (4.2.28), we have the hyperbolic solution of Eq. (1.4):

1

( bn?(m+2n) + ) 1_ clsinh(%\/)\f—&ul&)—o—qcosh(%\/)\%_zlﬂls) 2 2n
damk(min)? M1 1 cosh(%,/,\f—4mg)+cz sinh(%w//\f—@“{)

v(§) =

q(z,t) =
( ) o2 +n\/> c1 Sinh(%q/)\§74ﬂlg)+c2 COSh(%\/)\%*‘lHlE)
am(m+n) a1 cosh(%, /A%74ﬂ1§) tes sinh(%, //\%74;“&)
b 2
xexp |1 |kix — [ amk? + am2;11 + (m + n)2 t |, (4.2.29)
n 4k (m +n)
2 2 N 77}2 m 3
where ko = a2m5(2+n)2 + am‘t’::’_ﬁ%) >0and \2 —4py = % —4py > 0.

If ¢ =0, ¢; # 0, then we have the solution of Eq. (1.4):

1

bn?(m+42n) 2 (¢ [—n2b(m+2n) 2n
[W * “1] sech (’\/W - 4#1)
—bn? / —n2b(m-+2n
am(m+n) + nv/ky tanh ( \/W - 4#1)
b 2
xexp |1 [kix — [ amk? + ami (m + n)2 t . (4.2.30)
n? 4k (m +n)

If ¢; = 0,co # 0, then we have the solution of Eq. (1.4):

Q(xat) -

1

_ [M + m} csch? (;\/M _ 4u1)

damk(m+n)? amk(m+n)?
q(x, t) - —bn?2 /* —n2b(m+2n)
am(m+n) + ny/ky coth ( \/ amk(m+n)> 4M1)
. ampy — b(m+2n)
xexp | i |kiz— | amk? + + t| | . 4.2.31
( [1 ( ot ak(mn)’ ( )
The constraint conditions for the existence of the soliton solutions (4.2.30) and (4.2.31) are ko > 0 and Lm”"z) —
amk(m+n)

4pq > 0.
Case 2: From (4.5),(4.1),(3.8) and using (4.2.28), we have the trigonometric periodic solution of Eq. (1.4):

N e e N
% 411 — A2 )+C2COS( mf)

bn2(m+2n)
|:4amk(m+n)2 +M1:|

x,t) =
q( ) b2 i \/7 c1 cos (%\/4”1—)\ ) 25111( \4p1— >\2§)
n
am(m+n cy bm(% 4;1,17/\2 )+cz cos( A/ 4p— )\2£>
. amjiy b(m + 2n)
xexp | i|kiz— | amk? + + t |, 4.2.32
( [ ( U k) 22)
2,2 n2b(r
where ko = a2mf(m+n)2 + am‘t’:ign) <0and 4 — \? = % +4p; > 0.

If ¢; = 0,c0 # 0, then Eq. (1.4) have the following periodic wave solution:
1
bn?(m+2n) 2 (¢ n2b(m+2n) 2n
|:4amk:(m+n)2 + //[/1:| sec (2 \/umk(m—i—n)z + 4/,61)

. b(m + 2n)
xexp | i |kiz— | amk? + amin + t |, 4.2.33
P ( [ ! ( ! n?2 4k (m +n)? ( )

while, if ¢; = 0,¢1 # 0, then Eq. (1.4) have the following periodic wave solution:

Q(x’t) =
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1
bn?(m+2n) 2 (¢ n2b(m+2n) 2n
[4amk<m+n>2 *“1} ese (5 amk(mim? T 44

q(xv t) =
—bn?2 7 £ n2b(m+2n)
am(m+n) + nv/—kg cot <§ \/mnk(m-‘rn)2 + 4/11)
b 2
xexp |1 |kix — [ amk? + amfl + (m + n)2 t . (4.2.34)
n 4k (m +n)
The constraint conditions for the existence of the periodic wave solutions (4.2.33) and (4.2.34) are ko < 0 and
n2 m n
% +4pq, > 0.
2
Case 3: If \? — 41 = 0, that is to say b = %, then from (4.5),(4.1),(3.9) and using (4.2.28), we have
the rational solution of Eq. (1.4):
1
(m +2n) c ” , >
q(x,t) = exp (1 |k1x — amkit|), 4.2.35
(@) {4k(m+n) (c1 4+ c2€) [Hl (c1 +02§)—|—62‘/u1] ( [ ! 1 ]) ( )

The constraint conditions for the existence of the rational solution (4.2.35) are k > 0 and pu; > 0.
Note that the solutions (4.2.13)—(4.2.15), (4.2.18)—(4.2.20), (4.2.23)—(4.2.26), and (4.2.29)—(4.2.35) are new and not
published elsewhere.

(

5. Conclusion [8] C. Rogers, W.F. Shadwick, Bdcklund Transforma-
tions and their Applications, Academic Press, New
In this article, we apply two mathematical tools, na- York 1982.
mely the first integral method and the rational (G'/G)- [9] J.H. He, X.H. Wu, Chaos Solitons Fract. 30, 700
expansion method to find the exact traveling wave soluti- (2006).
ons, the optical bright-dark soliton solutions, some trigo- [10] S. Zhang, Chaos Solitons Fract. 38, 270 (2008).
nometric function solutions and rational solutions of the [11] E.M.E. Zayed, A.-G. Al-Nowehy, Optik 127, 4970
nonlinear Biswas—Milovic equation with dual-power law (2016).
nonlinearity (1.4). From our results, we conclude that the [12] E.G. Fan, Phys. Lett. A 277, 212 (2000).
Eitionfﬁ (g//tG?'iXPaIiSiOHt?eshOdo gives more solutions [13] S.Zhang, T.C. Xia, Appl. Math. E-Notes 8, 58 (2008).
an the first integral method. On comparing our re- .
sults obtained in this article using two different methods [14] é'o%l;én’ Q. Wang, - Chaos Solitons Fract. 24, T45
with the well-known results obtained in [66-69] using ot-

her different methods, we conclude that many results for [15] (82'0[6?)’ 2. Fu, 8. Liu, Q. Zhao, Phys. Lett. A 289, 69

Eq. (1.4) are new and not published elsewhere. Further,

the different methods used in this paper are very power- [16]  D. Lu, Chaos Solitons Fract. 24, 1373 (2005).

ful and effective techniques in finding the exact solutions [17] % Zh(};l}; Q. Zhu, Y;L Liu, H. Yu, P. Yao, A. Biswas,
and optical solitary wave solutions for a wide range of aser Phys. 25, 015402 @015)' ‘
nonlinear problem. Finally, our results obtained in this (18] Q. Zhou, Q. Zhu, Y. Liu, H. Yu, C. Wei, P. Yao,
article have been checked with the aid of the Maple by (AQ'(%E))BhraWy’ A. Biswas, Laser Phys. 25, 025402
putting them back into the original Eq. (1.4). ’
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