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Two-Band Model for Coherent Excitonic Condensates
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We consider the excitonic correlations in the two-band solid state system composed of the valence band and
conduction band electrons. We treat the phase coherence mechanism in the system by presenting the electron
operator as a fermion attached to the U(1) phase-flux tube. The emergent bosonic gauge field, related to the
phase variables appears to be crucial for the coherent Bose–Einstein condensation of excitons. We calculate the
normal excitonic Green functions, and the single-particle density of states functions being a convolution between
bosonic and fermionic counterparts. We obtain the total density of states as a sum of two independent parts. For
the coherent normal fermionic density of states, there is no hybridization-gap found in the system due to strong
coherence effects and phase stiffness.
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1. Introduction

The excitonic quasiparticles, in the solid state materi-
als lead to very rich and interesting physical phenomena,
one of which is the excitonic insulator (EI) state predicted
many years ago by Keldysh and Kozlov [1–3]. Anoher
fascinating phenomenon that should be mentioned is the
Bose–Einstein condensation (BEC) of excitons at cryo-
genic temperatures. Despite many experimental efforts
to obtain the coherent excitonic condensates [4–8] there
is not yet a definitive evidence for such states. The low
density system of excitons behaves like the usual Bose
gas, while the high density system of bound e–h pairs
behaves like the system of weakly coupled Cooper pairs.
Thus the resulting BCS–BEC crossover [9–14] represents
an interesting theoretical problem typical for the exci-
tonic systems.

The importance of the phase coherence in the excitonic
pair plasma is discussed recently in Refs. [9, 15] and also
in Ref. [16]. The author, in Refs. [15, 16], shows from
general considerations that the coherent BEC transition
critical temperature should differ from the excitonic pair
formation critical temperature. More stronger theoreti-
cal demonstration of this fact is given in Ref. [9], where
it is shown that the excitonic insulator state is an ex-
citonium state, where the incoherent e–h bound pairs
are formed, and furthermore, at lower temperatures, the
BEC of excitons appears in consequence of reconfigura-
tion and coherent condensation of the preformed exci-
tonic pairs. In the whole BCS–BEC transition region
the e–h mass difference leads to a large suppression of
the BEC transition temperature, which is proved to be
not the same as the excitonic pair formation tempera-
ture [9].

The particle coherence in the usual sense of hybridiza-
tion between the conduction band electron and valence
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band holes is discussed in many works [10–14] within the
three-dimensional (3D) extended Falicov–Kimball model
(EFKM) with a dispersive f -band electrons at half-filling.
It is shown recently [17] that the EI state is unstable when
the case of pure Falicov–Kimball model (FKM) [18] (with
fully localized bands) is approached.

In the present paper we will employ the EFKM model
with the f -band hopping mechanism to study the coher-
ent excitonic condensation in the 3D system of correlated
excitons. We show how the local and nonlocal excitonic
correlations govern the EI state and the coherent exci-
tonic condensate state respectively. We derive the EI
state as a local contribution from on-site e–h interactions,
while the coherent condensation of excitons occurs only
when the nonlocal excitonic correlations are included and
the phase stiffness is achieved in the whole system.

2. Model

For the study coherent excitonic mechanism in 3D ex-
citonic systems we have chosen two-band EFKM. The
Hamiltonian of the EFKM model is given by

H = −tc
∑
〈r,r′〉

[c̄(r)c(r′) + H.c.]− µ̄
∑
r

n(r)

−tf
∑
〈r,r′〉

[
f̄(r)f(r′) + H.c.

]
+
εc − εf

2

∑
r

ñ(r)

+U
∑
r

1

4

[
n2(r)− ñ2(r)

]
. (1)

Here f̄ (r) (c̄(r)) creates an f (c) electron at the lat-
tice position r, the summation 〈r, r′〉 runs over pairs
of nn sites of 3D lattice. The density type short hand
notations are introduced n(r) = nc(r) + nf (r) and
ñ(r) = nc(r) − nf (r). Next, tc is the hopping ampli-
tude for c-band electrons and εc is the corresponding on-
site energy level. Similarly, tf is the hopping amplitude
for f -band electrons and εf is the on-site energy level
for f -orbital. The on-site (local) Coulomb interaction
U in the last term of the Hamiltonian in Eq. (1) plays
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the coupling role between the electrons in the f and c
bands. The chemical potential µ̄ is µ̄ = µ − ε̄, where
ε̄ = (εc + εf ) /2. We will use tc = 1 as the unit of en-
ergy and we fix the band parameter values εc = 0 and
εf = −1. For the f -band hopping amplitude tf we con-
sider the values tf = −0.3 and tf = −0.1. Throughout
the paper, we set kB = 1 and ~ = 1 and lattice constant
a = 1.

3. The excitonic insulator

Employing the imaginary-time fermionic path inte-
gral techniques, we introduce the fermionic Grassmann
variables f(rτ) and c(rτ) at each site r and for each
time τ , which varies in the interval 0 ≤ τ ≤ β, where
β = 1/T with T being the thermodynamic temperature.
The time-dependent variables c(rτ) and f(rτ) are sat-
isfying the anti-periodic boundary conditions x(rτ) =
−x(rτ + β), where x = f or c. The grand canonical par-
tition function of system of fermions written as a func-
tional integral over the Grassmann fields is

Z =

∫
[Dc̄Dc]

[
Df̄Df

]
e−S[c̄,c,f̄ ,f ], (2)

where the action in the exponent is given in the path-
integral formulation in the form

S[c̄, c, f̄ , f ] =
∑
x=f,c

SB[x̄, x] +

∫ β

0

dτH(τ). (3)

Next, SB[{̄, {] and SB[c̄, c] are the Berry actions for f and
c-electrons and they are defined as follows: SB[x̄, x] =∑

r

∫ β
0

dτ x̄(rτ)ẋ(rτ), where ẋ(rτ) = ∂τx(rτ) is the time
derivative. We perform the local gauge transformation to
new fermionic variables f̃(rτ) and c̃(rτ). For the elec-
trons of f and c orbitals, the U(1) gauge transformation
could be written as[

x(rτ)

x̄(rτ)

]
= Û(ϕ)

[
x̃(rτ)
¯̃x(rτ)

]
, (4)

where Û(ϕ) is the U(1) transformation matrix Û(ϕ) =

Î cosϕ(rτ) + i σ̂z sinϕ(rτ), where ϕ(rτ) are the new
phase variables, Î is the unit matrix, and σ̂z is the z
component of the Pauli matrix. Then, the decoupling of
the nonlinear density terms in the action is rather stan-
dard, and we do not present here the calculation details.
We give only the final form of the total action of the
system in the Fourier-space after the transformation in
Eq. (4) and the linearization procedure.

Seff

[
˜̄c, c̃, ˜̄f, f̃

]
=

1

βN

∑
kνn

[
¯̃ck(νn),

¯̃
fk(νn)

]

×G−1(k, νn)

[
c̃k(νn)

f̃k(νn)

]
. (5)

Here νn = π(2n+ 1)/β, n = 0,±1,±2, . . . are fermionic
Matsubara frequencies, and G−1(k, νn) is the inverse of
the Green function matrix, given by

G−1(k, νn) =

(
E c̃k(νn) −∆̄
−∆ Ef̃k(νn)

)
, (6)

where single-particle Bogolyubov quasienergies Ef̃k(νn)
and E c̃k(νn) are given as E c̃k(νn) = ε̄c̃ − iνn − tk,
Ef̃k(νn) = ε̄f̃ − iνn − t̃k. Next, tk and t̃k are band-
renormalized hopping amplitudes tk = 2tgBγk and t̃k =
2t̃gBγk, where gB is the bandwidth renormalization fac-
tor gB = 〈e− i [ϕ(rτ)−ϕ(r′τ)]〉

∣∣∣
|r−r′|=a

and γk is the 3D

lattice dispersion γk = cos(kx) + cos(ky) + cos(kz). The
quasiparticle energies ε̄f̃ and ε̄c̃ are of the Hartree-type
and they are defined in the theory by relation ε̄x̃ =
εx−µ+Unỹ+ i〈ϕ̇(rτ)〉, where ỹ means orbital, opposite
to x̃.

We get a set of coupled self-consistent equations for
the EI order parameter ∆:

1

N

∑
k

[
f(E+

k ) + f(E−k )
]

= 1, (7)

ñ =
1

N

∑
k

ξk
f(E+

k )− f(E−k )√
ξ2
k + 4∆2

, (8)

∆ = −U∆

N

∑
k

f(E+
k )− f(E−k )√
ξ2
k + 4∆2

. (9)

Here N is the total number of lattice sites, ξk = −tk +
ε̄c̃+ t̃k− ε̄f̃ is the quasiparticle dispersion and the energy
parameters E+

k and E−k are defined as:

E±k =
1

2

(
−tk + ε̄c̃ − t̃k + ε̄f̃ ±

√
ξ2
k + 4∆2

)
. (10)

In Fig. 1 the numerical results for the local excitonic order
parameter ∆ are presented. The region, where ∆ 6= 0
defines the EI phase in the system [11–14].

Fig. 1. The local excitonic order parameter ∆ normal-
ized to the c-band hopping amplitude t as a function of
the on-site Coulomb interaction parameter U/t. Differ-
ent values of t̃ are considered.
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4. Phase stiffness and condensation

In this section we integrate out the fermions in the
partition function in Eq. (2) and we obtain the bosonic
total phase action of the system. We will show how the
non-local fermionic correlations give the main contribu-
tion to the phase stiffness of the ensemble of excitons.
The partition function in Eq. (2) could be rewritten as

Z =

∫
[Dϕ] e−Seff [ϕ], (11)

where the effective phase action in the exponential is
Seff [ϕ] = − ln

∫
[D¯̃cDc̃]

[
D ¯̃
fDf̃

]
e−S[¯̃c,c̃,

¯̃
f,f̃ ,ϕ]. After ex-

panding the logarithm up to second order in the cumu-
lant series expansion (higher terms are not considered),
we find for the important part of the effective phase ac-
tion
Seff [ϕ] = S0[ϕ] + SJ [ϕ], (12)

where S0[ϕ] is the phase-only action after U(1) gauge
transformation

S0[ϕ] =
∑
r

∫ β

0

dτ

[
ϕ̇2(rτ)

U
− 2µ̄

iU
ϕ̇(rτ)

]
(13)

and SJ [ϕ] = − 1
2 〈S

2〉Seff . After calculating all averages in
the expression of SJ [ϕ] and after not complicated evalu-
ations we rewrite the action SJ [ϕ] in the form

SJ [ϕ] = −J
2

∫ β

0

dτ
∑
〈r,r′〉

cos 2 [ϕ(rτ)− ϕ(r′τ)], (14)

where the exciton phase stiffness parameter J is given by
the relation

J =
∆2tt̃

N2

∑
k,k′

γkγk′√
ξ2
k + 4∆2

[
Λ1(k,k′) tanh

(
βE+

k

2

)
−Λ2(k,k′) tanh

(
βE−k

2

)]
. (15)

The parameters Λ1(k,k′) and Λ2(k,k′) in Eq. (15) are
defined as:

Λ−1
1,2(k,k′) =

(
E±k − E

±
k′

) (
E±k − E

∓
k′

)
. (16)

The form of J in Eq. (15) indicates that the phase stiff-
ness in the system of excitonic pairs is characterized
by an energy scale proportional to ∆teth/(te + th) for
all the values of the Coulomb interaction parameter U
and it is related to the motion of the center of mass
of e–h composed quasiparticle, because teth/(te + th) ≈
(me + mh)−1 [9] implying that the exchange coupling
parameter becomes proportional to the excitonic BEC
critical temperature [9, 19]. The numerical evaluations
of J for the case T = 0 are shown in Fig. 2.

5. Coherent DOS spectra

We define here the c and f -band normal single-
particle excitonic Green functions Gx,x(rτ, r′τ ′) =
−〈x(rτ)x̄(r′τ ′)〉. After introducing the U(1) transfor-
mations, defined in Eq. (4), we will have the Green
function decomposition into two parts: purely fermionic
and bosonic correlation function: Gx,x(rτ, r′τ ′) =

Fig. 2. The excitonic phase stiffness parameter J given
in Eq. (15) as a function of the on-site Coulomb interac-
tion parameter U/t. Two different values of the f -band
hopping amplitude are considered.

−〈x̃(rτ)¯̃x(r′τ ′)〉〈e− i [ϕ(rτ)−ϕ(r′τ ′)]〉. For the fermionic
correlation function we get

G̃x̃,x̃ (k, iνn) =
Eỹk (νn)

Ex̃k (νn)Eỹk (νn)−∆2
. (17)
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Fig. 3. The total single-particle coherent DOS func-
tion given in Eq. (19). Different values of the Coulomb
interaction parameter are considered.

Indeed, the single-particle density of states is related
with the imaginary part of the retarded Green functions
ρx̃,x̃ (k, ν) = − 1

π ImG̃Rx̃,x̃(k, ν), thus we need to calculate
real retarded function, which corresponds to the normal
Matsubara–Green function G̃x̃,x̃ (k, iνn). This could be
done by the analytical continuation into the upper-half
complex semi-plane (νn > 0) of frequency modes iνn:
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G̃Rx̃,x̃(k, ν) = G̃x̃,x̃ (k, iνn) | iνn→ν+iη. (18)
The nonlocal phase-phase correlation function could be
calculated in the frame of the quantum rotor phase ac-
tion discussed in Sect. 4. We do not present here the
calculation details and we give only the final form of the
single-particle excitonic normal DOS function

ρx,x(ν) = |ψ0|2ρx̃,x̃(ν)− U
∫ +3

−3

ρ3D(x)dx

4
√
µ̄2 + 4UJ (3− x)

×{ρx̃,x̃ (ν − κ1 (x)) [n (κ1(x)) + f (ν − κ1(x))]

+ρx̃,x̃ (ν − κ2 (x)) [n (κ2(x)) + f (ν − κ2(x))]} ,(19)
where |ψ0|2 is the BEC transition probability function,
and the functions ρx̃,x̃ (ν) in Eq. (19) are given by

ρx̃,x̃ (ν) =

∫ +3

−3

dxρ3D(x)

[
ε̄ỹ − t̃(x)− ν

]2√
ξ2(x) + 4∆2

×
{

δ [ν − E+(x)]

|ε̄ỹ − t̃(x)− E+(x)|
+

δ [ν − E−(x)]

|ε̄ỹ − t̃(x)− E−(x)|

}
. (20)

The function ρ3D(x) in Eqs. (19) and (20) is the DOS
function for the 3D cubic lattice ρ3D(x) = 1

N

∑
k δ(x −

γk). The functions n (x) and f (x) in Eq. (19) are the
Bose–Einstein and Fermi–Dirac distribution functions re-
spectively. The parameters in the arguments of distribu-
tion functions, are κ1,2(x) = −µ̄ ±

√
µ̄2 + 4UJ (3− x).

The presence of singularities in the integration region in
Eq. (20) causes that we used an adaptive 21-point inte-
gration routine combined with the Wynn ε-algorithm [20]
to calculate those integrals numerically. The accuracy for
adaptive evaluations is achieved with a relative error of
order of 10−7. The resulting coherent DOS spectra is
given in Fig. 3, where we see how the strong coherence
effects in the excitonic system suppress the hybridization
gap [11–14] in the single particle DOS spectra. The gap-
less behavior of the single-particle DOS is a direct conse-
quence of the phase-stiffness mechanism of the excitonic
condensation.

6. Final remarks

We have considered the problem of excitonic conden-
sation within a two-band solid state model. The EI state
is derived in the form of the local excitonic gap parame-
ter. Then, considering the bosonic phase sector, we have
derived the excitonic phase stiffness parameter, which we
found as responsible for the excitonic condensation mech-
anism. The form of it suggests that it is related to the
motion of the center of mass of the e–h quasiparticle, thus
implying the relation with the coherent excitonic conden-
sate state. Furthermore, we have calculated the coherent
single-particle normal DOS spectra for different values of
the Coulomb interaction parameter. We have shown that
there is no hybridization gap in the system, and the DOS
spectra is gapless for all values of the Coulomb interac-
tion parameter U .
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