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1. Introduction

Recently one can observe an increasing interest in vari-
ous approaches to risk measures. One of them consists on
listing a desirable properties (axioms) that such a risks
measure should satisfy and then on deriving their func-
tional representations. The axiomatic approach has been
propagated by Artzner et al. [1], who introduced the
notion of a coherent risk measure and by Follmer and
Schied [2], who have investigated convex risk measures.
Roughly speaking, a risk measure is a functional, assign-
ing a real number to the random variable, describing the
risk related to some financial position. In Ref. [3] a new
measure of riskiness has been introduced. In order to
define the measure, we shall assume that A is a family
of all finitely-valued random variables X, defined on a
given probability space, such that P(X < 0) > 0 and
E(X) > 0. In what follows, by (z1,p1;%2,D2; ... ; Tn,Dn)
we denote a random variable taking the values z1,...,z,
with probabilities p1, ..., p,, respectively. Furthermore,
we set

L(X):=-minX for X €A, (1)
that is, L(X) is a maximal loss related to X. In Ref. [3]

it has been proved that for every X € A there exists a
unique real number R(X) > L(X) such that

B (1 (14 505 ) ) =0 )

A functional R : A — R defined in this way is called
a Foster—Hart measure of riskiness. Foster and Hart [3]
have proved the following result. Suppose that W; > 0 is
a decision maker’s initial wealth. At every period n € N,
the decision maker with a current wealth W,, is offered
a gamble X, € A. If he accepts X,,, then his wealth
in the next period is W, 41 = W,, + X,,; otherwise it is
Wypt1 = W,. If, for every n € N, the decision maker
accepts a gamble if and only if W,, > R(X,), then he
avoids bankruptcy almost surely. For the general (not
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necessarily finitely-valued) random variables, the Foster—
Hart measure has been considered by Riedel and Hell-
mann [4]. A dynamic extension of the measure has been
investigated in [5].

Let us illustrate this concept with the following sim-
ple example. Suppose that, at some period n € N, a
decision maker has to decide to buy or not a risky as-
set which offers, with equal probabilities, the payoffs
—90 and 108. Such an asset is represented by a ran-
dom variable X,, = (—90,0.5;108,0.5). Moreover, as
P(X, <0)=PX, =-9) =05 >0and E(X,) =
0.5 % (—90) + 0.5 x 108 =9 > 0, we have X,, € A. Ac-
cording to (2), the Foster—Hart measure of X, is a unique
solution R(X,) > L(X,) = 90 of the equation

90 108
5l 1-— 5l 1+ —— | =0.
05“( R(Xn>)+05“< +R<Xn)> 0

A standard calculation shows that R(X,,) = 540. So, if
the decision maker’s wealth at the considered period is at
least 540, he should buy the asset; otherwise, he should
reject it.

In Ref. [3] several properties of the functional R has
been proved. In particular, it has been shown there that:

e R is positively homogeneous, i.e.
R(AX) =AR(X) for X € A, X € (0,00),

e R is subadditive, i.e.
R(X+Y)<R(X)+R(Y)
e R has the dilution property
R(axX)=R(X) for X € A,a €][0,1],
where, for every a € [0,1] and X =

(T1,P1522,P25 - - - ;Tn, Pn) € 4,
axX = (L1, ap1; T, apa; .. Ty, aPp; 0,1 — ).

for X,Y € A,

The aim of this note is to prove the existence and to
study the above properties of the Foster—-Hart measure
of riskiness under the cumulative prospect theory. The
cumulative prospect theory is a model of decision making
under risk. The theory has been created by Tversky and
Kahneman [6] on a base of several experiments, show-
ing that, making decisions under risk, people set a refer-
ence point and consider the lower outcomes as losses and
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larger as gains. Furthermore, people distort probabilities.
In general, the probabilities of gains and losses are dis-
torted in different ways. According to their observations,
Tversky and Kahneman introduced the generalized Cho-
quet integral and applied it to describe the mathematical
foundations of the cumulative prospect theory.

Let us recall that the Choquet integral with respect to a
probability distortion function g, that is a non-decreasing
function ¢ : [0,1] — [0, 1] with g(0) =0 and ¢(1) =1, is
defined in the following way:

B,(X) = [ (o(P(X > 1) - 1y

— 0o

+ /OOO g(P(X > t))dt. (3)

The generalized Choquet integral, related to the distor-
tion functions g (for gains) and h (for losses), is defined
as follows:

Egh(X) = Eg(max{X,0}) — Ep(max{—X,0}). (4)
2. Results

In this section we assume that g and h are proba-
bility distortion functions for gains and losses, respec-
tively and A is a family of all finitely-valued random vari-
ables X, defined on a given probability space, such that
P(X < 0) > 0and E,n(X) > 0. We begin with the re-
sult concerning the existence of the Foster—Hart measure
of riskiness under the cumulative prospect theory.

Theorem 2.1: For every X € A there exists a unique
real number R(X) > L(X) such that

Egn (In (1+ X/R(X))) = 0. ()

Moreover, for every t € (07 ﬁ), we have

Egp(In(14tX)) >0 if and only if ¢t <

1

In the next results we present the properties of the
Foster—-Hart measure under the cumulative prospect the-
ory.

Proposition 2.2: The Foster—Hart measure of riski-
ness under the cumulative prospect theory is positively
homogeneous.

Proposition 2.3: Assume that g is a convex function
and h(p) =1 — g(1 —p) for p € [0,1]. Then the Foster—
Hart measure of riskiness under the cumulative prospect
theory is subadditive.

Remark 2.4: From Propositions 2.2 and 2.3 it follows
that if g is a convex function and h(p) = 1 — g(1 — p)
for p € [0,1], then the Foster—Hart measure of riskiness
under the cumulative prospect theory is convex.

Theorem 2.5: If g(p) > 0 for p € (0,1] and the
Foster-Hart measure of riskiness under the cumulative
prospect theory has the dilution property, then there ex-
ists an r € (0, 00) such that

g(p) = h(p) =p" for p € [0,1]. (7)
Conversely, if (7) holds with some r € (0,00), then the
Foster—Hart measure of riskiness under the cumulative
prospect theory has the dilution property.

Remark 2.6: As we have already mentioned, Foster
and Hart [3] have proved that if at every period n € N
the decision maker, with a current wealth W,,, accepts
a game X, if and ounly if W,, > R(X,,), then he avoids
bankruptcy almost surely. It is an open problem, if the
same result is true in the case of the Foster—Hart measure
of riskiness under the cumulative prospect theory.

3. Conclusion

In Ref. [3] a new operational measure of riskiness has
been introduced. It has been proved there that the mea-
sure has several interesting properties. In this paper we
introduce the analogous measure of riskiness under the
cumulative prospect theory. First, we prove the exis-
tence of such a measure. Then, we show that under the
cumulative prospect theory, the Foster—Hart measure is
positively homogeneous. Moreover, it is subadditive pro-
vided the probability distortion functions for gains and
loses satisfy some additional assumptions. Finally, the
measure has the dilution property if and only if the prob-
ability distortion functions for gains and losses are equal
and both are the power functions.

4. Proofs

Every X € A can be expressed in the form X
(x1,p1; T2, p2; ... ; Tn, pr) with some n € N and
Ta < ... < x,. Then the condition P(X < 0) >
implies that 1 < 0 and so, in view of (1), we get

L(X) = —=y. (8)
Furthermore, as the Choquet integral is monotone and
Egn(c) = ¢ for ¢ € R, from the assumption Eg,(X) > 0
it follows that x, > 0. Thus,

kE:=min{i € {2,...,n}:x; > 0} (9)
is well defined. Moreover, we have

<
0

s=1

k—1
max{X,0} = (07Zps;mk,pk;xk+1,pk+1;-~-;xn,pn> :

] 1

max{—X,0} = (O, z":
s=k—

Ps; =Tk—2,Pk—25-- -5 _x15p1>

whenever z3,_1 =0

and
n
max{—X, 0} = (072195; L1, Dh—15 - —:cl,m)
s=k

whenever x,_1 < 0.

Hence, adopting the convention Zf:l = 0 whenever
[ >k, in view of (3), we obtain

E,(max{X,0}) :/o g <§ps> dt
+z—:/xi+1g ( Z ps> 4 —
i=k VT

s=i+1
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n n—1 n
g (Z}%) Tr + Zg < Z p5> (SL’iJrl — :L'l)
s=k i=k  \s=it+1

Similarly, we get

k-1
Ep(max{—X,0})=h (Zps> (—xk—1)
k-1  /i—1 )
+ Z h (Zm) (—xi—1 +x4).
=2 s=1

Therefore, according to (4), we have

n k—1
X)=g <Zps> xy, +h (Zm) T
s=k s=1
+Z_:g < Z ps> (Tig1 — ;)

s=i+1

+Z h <z_: s) Ti—1— xi)' (10)

The followmg lemma plays a crucial role in the proof of
Theorem 2.1.

Lemma 4.1: Assume  that X =
(x1,p1;22,p2; - Tn,pn) € A, where n € N and
r1 < Ty <...<xy,. Leta function ¢ : (—w%, _971> — R
be given by

1 1
¢(t) = Egp, In(1 +tX)) forte (—, —) . (11)
In T

Then there exists a unique ¢y, € ( ’_371) such that
¢(to) = 0. Furthermore, for every t € (07 —%), it holds

¢(t) >0 if and only if ¢ € (0,t). (12)
Proof. Let k be defined by (9).
(,L ,L)’ we have

Ty’ ZT1
In(1+¢X) = (In(1 + txy),pr; (1 + taz), pa; . . .5

Since, for every t €

In(1 + tan), pn),
making use of (10) and (11), we obtain

o(t) =g (Zm) In(1 + twy)
s=k
= 1+ twi
DWIPAE-S
k—1
+h (ZPs) In(1 +twg—1)
s=1
k—1 1 1+t
r <2p> n () 12)

Hence, for every t € (—i, —i>, we get

z1

9 (Xsk Ps) T

(1) = 1+ tay,
n—1 n
+> g ( > ps>
i=k s=i+1

h (XA ps) @i

14+ tep_1

% Tit1 T +
1+ t$i+1 1+ ta?i

+L§h<§ps> <1+th ) 1ftx> (14)

=2

and

o' (t) = _g(Z@—kps

(1 + txk

Zg< > ps>

s=i+1

h(shoie) o3
(1-‘1-15.’];19,1)2

y i @ B
(1+t$i+1)2 (1+t.’L’Z‘)2

—I:Z;lh (Zips> < 1+t; 1)2_(1+ii;i)2)'

Furthermore, the straightforward calculations show that

2y a? .
(1+t$i+1)2 (1 +t$i)2
1
forie{k,...,n—1}t € <0,—)
Ty
and
2 2
i—1 _ Ly >0
(]. +t$i_1)2 (1 +tlL’2)2
1
forie{2,....,k—1},t € (O,—) .
T

Thus ¢"(t) <0 for t € (0, —i), that is ¢ is concave on

the interval (O, —-L ). Moreover, in view of (10), (13) and
(14), we obtain that ¢’'(0) = E,n(X) > 0 and ¢(0) =

Hence, a set T := {e > 0 : ¢(t) > 0 for ¢t € (0,¢)}, is
nonempty and bounded above. Let tg := supT. Then,
obviously, ¢(t) > 0 for ¢t € (0,t9). Furthermore, by

(13), we get lim, , 1 - ¢(t) = —oo. Hence 1y < i

1
and so, as ¢ is continuous, we conclude that ¢(tg) = 0.
Therefore, in order to complete the proof, it is enough

to show that ¢(t) < 0 for ¢t € (to, —%) To this end,
fixate (to, %) and put a := . Then « € (0,1)

and to = (1 — @)% + at. Since ¢ is concave, this im-
phes that 0 = ¢(to) 2 (1 —a)¢ (%) + ag(t) and so
o0 < (1-2) o (%) < 0

2tt

4.1. Proof of Theorem 2.1

Proof. Taking into account (8), from Lemma 4.1 we de-
rive that for every X € A there exists a unique ty €
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(0, ﬁ) such that ¢(tp) = 0, where ¢ : <_:Tn’ —z%) —
R is given by (11). So, taking R(X) := %, we get (5).
A uniqueness of R(X) follows from a uniqueness of to.
Furthermore, from (12) we derive (6). O

4.2. Proof of Proposition 2.2

Proof. Let X € Aand A € (0,00). Applying Theorem 2.1
and taking into account (1), we get AR(X) > AL(X) =
L(AX) and

B (0 (1525 Y ) < (i (25 )) =

On the other hand, according to Theorem 2.1, a unique
real number with these two properties, is R(AX). Hence
R(A\X) = AR(X).

4.8. Proof of Proposition 2.3

Proof. Since h(p) = 1 — g(1 — p) for p € [0,1], it is not
difficult to check that Fy, = E,;. Furthermore, as g is
convex, taking into account Example 1 on p. 16-17 and
Corollary 6.4 on p. 78 in Ref. [7], we conclude that E;

is superadditive. Fix X,Y € A and set t := %.
Then, obviously, ¢t € (0,1) and
X+Y X
=t +(1-
R(X)+ R(Y) (

7z T ey

Hence, as the mapping (0,00) > ¢ — In(1+z) is concave
and E,;, = E,, making use of the superadditivity, mono-
tonicity and positive homogeneity of E, (cf. Proposition
5.1 on p. 64 in Ref. [7]), in view of (5), we get

“leem)
B, (m (1 +tRfX) +(
£ (14 ) 0
<“n< R();))
(0o (”R))
(i (1 77)) + 0
XE( ( RE/Y )) tEQh( (HRf(X)»

+(1 —t)Eg, (ln (1 + RfY))) =0.

Thus, making use of (6), we conclude that W
m, which implies that R(X +Y) < R(X) + R(Y

Therefore, R is subadditive.

[:J"’I/\

4.4. Proof of Theorem 2.5

Proof. First, assume that (7) holds with some r € (0, c0).
Then, applying (5) and (10), after a standard computa-
tion, for every X € A and « € [0, 1], we obtain

(53
o By, (m (1 " RfX)» 0.

Moreover, in view of (1), we get L(X) = L(a * X), so
R(X) > L(X) = L(a*xX). According to Theorem 2.1,
a unique real number with these properties is R(axX).
Hence R(axX) = R(X), which means that R has the
dilution property.

Now, assume that g(p) > 0 for p € (0,1] and R has

the dllutlon property. Fix a,p € (0,1), € (—00,0) and
€ (0, 00) such that
h(1—
S Cld )Y (15)
9(p)
Consider a random variable X = (2,1 — p;y,p). Note

that P(X <0)=P(X =2z)=1—p > 0 and, in view of
(10) and (15), we get Eyn(X) = h(1 — p)z + g(p)y > 0.
Thus X € A. Furthermore, we have axX = (z, (1 —
a;y, ap). Hence, making use of (10), we obtain

Eyn <ln <1+ R(XX)D = h(1—p)In <1+ R(xX>>

s 1+ 38c)
and

B (1 (1+ 52 ) ) = hlat - )

x In <1+R(;*X)> + glap)In <1+R(5*X)).

Therefore, as R has the dilution property, in view of (5),
we obtain

h(1—p)1n(1+R(xX)>+g(p)1n(1+R(yX)) =0

and

h(a(1 —p))In (1 + R&Q

+g(ap)In (1 + R(lfx)) — 0.

Determining In (1 + %) from the first equality, sub-
stituting it into the second one and using the fact that
x # 0, we get

ha(l - p)) - gg(‘”’)hu _p) =0,

(p)
In this way we have proved that
h(a(l—p)) _ h(1—p)
= for «a,pe(0,1). 16
g(ap) 9(p) 1 (16)
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Let ¢ : (0,1) — R be given by

h(1 —p)

o) = =P

®) 9(p)

Since % € (0,1) for z,p € (0,1) with z < p, applying
(16) with o := £, in view of (17), we obtain

h(2<;—1>>:¢@ww)

for z,p € (0,1),z < p.
Moreover

for pe(0,1). (17)

(18)
, H% € (0,1) for u € (0,00), so setting in (18)

p= H%’ we get

) =0 (1 ) ot

for u € (0,00),0 < z < oo
Hence, taking D := {(u,z) €(0,00)%x(0,1): 0< 2z < p%u}
and ¢ : (0,00) — R, given by ¢(u) = ¢ (H%) for
u € (0,00), we obtain
h(uz) = (u)g(z)
Note that
{u € (0,00) : (u,2) € D for some z € (0,1)} = (0, 00),

for (u,z) € D.

{z€(0,1) : (u,2) € D for some u € (0,00)} = (0,1)

J. Chudziak, M. Halicki

and {uz : (u,2z) € D} = (0,1). Thus, as g and h are
continuous on [0,1] and ¢g(1) = h(1) = 1, applying Corol-
lary 2 in Sobek [8] and Theorem 13.3.6 in Kuczma [9], we
obtain that there exists an r € (0,00) such that Eq. (7)
holds. O
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