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The structural, elastic anisotropy and thermodynamic properties of the I4mm-B3C are investigated using

first-principles calculations and the quasi-harmonic Debye model. The calculated elastic anisotropic suggest that
I4mm-B3C is elastically anisotropic with its Poisson ratio, shear modulus, the Young modulus, the universal
anisotropic index, shear anisotropic factors, and the percentage of elastic anisotropy for bulk modulus and shear
modulus. The quasi-harmonic Debye model, using a set of total energy versus molar volume obtained with the first-
principles calculations, is applied to the study of the thermal and vibrational effects. The thermal expansions, heat
capacities, the Grüneisen parameters and the Debye temperatures dependence on the temperature and pressure
are obtained in the whole pressure range from 0 to 90 GPa and temperature range from 0 to 2000 K.
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1. Introduction

Diamond is well known for its mechanical, electrical,
and chemical properties, including exceptional hardness,
high hole and electron mobility, good thermal conductiv-
ity, wide band gap, and a large energy barrier. However,
it cannot resist oxidation and reacts with ferrous metals,
which largely limits its practical applications. All materi-
als composed of boron and carbon appear to have better
resistance to ferrous metals and oxygen than similar ma-
terials of C, since B has one less electron than C and is rel-
atively easily incorporated into diamond due to its small
atomic radius [1]. Therefore, one expects the diamond-
like BCx (d-BCx) materials to combine the best proper-
ties of the elements such as high hardness, good electrical
properties, and high chemical and thermal stability [2, 3].
Recently, d-BC5 with superior capabilities has success-
fully been synthesized by a laser-heated diamond anvil
cell at 24 GPa and approximately 2200 K [4]. The ex-
perimental characterizations of d-BC5 indicate that it not
only has large bulk modulus of 335 GPa, but also a high
Vickers hardness of 71 GPa. The combination of these
distinguished properties has stimulated many theoretical
studies [5]. Nevertheless, the exact crystal structure has
not been experimentally definitively determined due to
the similar atomic numbers between B and C, which has
led to different and even contradictory reports on d-BC5
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crystal structure and mechanical properties [6–9]. Liu
et al. [10] have explored the crystal structures of syn-
thesized diamond-like BC3 (d-BC3) with particle swarm
optimization (PSO) algorithm, and found that the sim-
ulated Raman modes of Pmma phase are in agreement
with the experimental data. Recently, Mikhaylushkin et
al. [11] predicted two stable boron carbides (BC3 and
BC5) and found they are more stable than those previ-
ously reported. Li et al. [12] found that the hardness of
the B–C system has a decreasing trend with the increase
of boron concentration.

Recently, Wang et al. theoretically predicted that a
new I4mm phase for B3C is mechanically and dynami-
cally stable by means of applying PSO algorithm [13].
Our present work systematically investigates the elas-
tic anisotropy of B3C. In addition, the present work is
also study of the pressure and temperature effects on
the thermodynamic properties of B3C using the first-
principle calculations. The thermodynamic properties,
such as heat capacity, thermal expansion, the Grüneisen
parameters, and the Debye temperature are investigated
by the quasi-harmonic Debye model.

2. Theoretical method

In this calculation, the structural optimization and
property predictions of the I4mm-B3C were performed
using desity functional theory (DFT) [14, 15] with the
generalized gradient approximation (GGA) parametrized
by Perdew, Burke and Ernzerhof (PBE) [16] as imple-
mented in the Cambridge Serial Total Energy Package
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(CASTEP) code [17]. The total energy convergence
tests showed that convergence to within 1 meV/atom
was achieved with the above calculation parameters.
In this calculation, a plane-wave basis set with energy
cut-off 460 eV is used. The k-point samplings with
10×10×4 in the Brillouin zone were performed using the
Monkhorst–Pack scheme [18]. The Broyden–Fletcher–
Goldfarb–Shanno (BFGS) [19] minimization scheme was
used in geometry optimization. The self-consistent con-
vergence of the total energy is 5 × 10−6 eV/atom; the
maximum force on the atom is 0.01 eV/Å, the maximum
ionic displacement within 5×10−4 Å and the maximum
stress within 0.02 GPa.

In order to obtain the thermodynamic properties of
I4mm-B3C, the quasi-harmonic Debye model [20–23] is
introduced, in which the non-equilibrium Gibbs func-
tion G ∗ (V : P, T ) takes the form of G ∗ (x : P, T ) =
E(x) + PV (x) +Avib(Θ(x) : T ). On the right-hand side
of the equation, E(x) is the total energy of the crys-
tal, which corresponds to the potential energy surface as
determined by most electronic structure or atomistic cal-
culations. The second part, PV , corresponds to the con-
stant hydrostatic pressure condition. Finally, the third
part, Avib, is the vibrational Helmholtz free energy, which
includes both the vibrational contribution to the inter-
nal energy and the −TS constant temperature condi-
tion term. Then, before the quasi-harmonic Debye model
can be properly applied, this multivariable surface has to
be transformed into an E(V ) curve. The next step will
consist in using the Debye model of the phonon density
of states to write the vibrational Helmholtz free energy
Avib, which can be followed by [24–28]:

Avib(Θ ;T ) = nKT
[9
8

Θ

T
+ 3 ln(1− e−Θ/T )

−D
(
Θ

T

)]
. (1)

Here D(Θ/T ) represents the Debye integral. Assume
that y is equal to Θ/T , so

D(y) =
3

y3

∫ y

0

x3

ex − 1
dx, (2)

n represents the number of atoms per formula unit, Θ
represents the Debye temperature, expressed as [24]:

Θ =
h

2πk

[
6π2V 1/2n

]1/3
f(ν)

√
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M
, (3)

whereM represents the molecular mass per formula unit.
Bs represents the adiabatic bulk modulus, the Poisson ra-
tio v is taken as 0.23 in our calculation, and f(v) is given
by [26, 27]:
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(4)
The isothermal bulk modulus and other thermal prop-
erties such as heat capacity at constant volume Cv, the
heat capacity at constant pressure Cp, and thermal ex-

pansion α are respectively taken as [29]:
BT = −x−2B0 e

a(1−x)f(x), (5)

x =

(
V

V0

)1/3

, (6)

f(x) = x− 2− ax(1− x), (7)
where V0 = V (0, T ) is the zero-pressure equilibrium vol-
ume, B0 is the zero-pressure bulk modulus, and a is given
through the relation

a = 3(B′0 − 1)/2, (8)
where B′0 is first pressure derivative. In addition, B0, B′0
and a are the fitting parameters and

CV = 3nk

[
4D

(
Θ

T

)
− 3Θ/T

eΘ/T − 1

]
, (9)

CP = CV (1 + αγT ), (10)

α =
γCV
BTV

, (11)

where CV is the heat capacity and γ represents the
Grüneisen parameter and it is expressed as

γ = − d lnΘ(V )

d lnV
. (12)

3. Results and discussion

3.1. Elastic properties and anisotropic properties

B3C has a tetragonal symmetry that belongs to the
I4mm space group. The calculated equilibrium lattice
parameters a = 2.832, c = 7.081 within GGA method
for I4mm-B3C are reasonably compared with previous
study [13]. For I4mm-B3C, there is no available exper-
imental result. However, our calculated lattice parame-
ters using GGA agree well with the previously reported
value of Wang et al. [13], calculated using the projector
augmented wave (PAW) method. The elastic properties
(including elastic constants, elastic modulus, etc.) give
important information concerning the nature of the forces
operating in solids. In this paper, we calculated the elas-
tic constants and elastic modulus of I4mm-B3C. For the
tetrahedral I4mm-B3C, there are six independent elastic
constants Cij (C11, C12, C13, C33, C44 and C66), C11 =
525 GPa, C12 = 11 GPa, C13 =120 GPa, C33 = 701 GPa,
C44 = 201 GPa, and C66 = 54 GPa. The calculated
constants elastic modulus, such as bulk modulus B =
244 GPa, shear modulus G = 182 GPa, the Young mod-
ulus E = 437 GPa and the Poisson ratio ν =0.201 of B3C
are reasonably compared with previous study [13]. The
Young modulus (E) and the Poisson ratio (ν) are major
elastic parameters of materials calculated using the for-
mula E = 9BG/(3B+G) and v = (3B−2G)/[2(3B+G)],
respectively.

It is well known that the anisotropy of elasticity is an
important implication in engineering science and crystal
physics. The directional dependence of anisotropy was
calculated using the program Elastics Anisotropy Mea-
sures (ELAM) [30]. The stiffness tensor expresses the
stress tensor in terms of the strain tensor: σij = Cijklεkl.



The Elastic Anisotropic and Thermodynamic Properties of I4mm-B3C 105

Cijkl is elastic stiffness constant. The compliance tensor
is the inverse of the stiffness tensor and interprets the
strain tensor in terms of the stress tensor: εij = Sijklσkl.
The Sijkl is the elastic compliance constant. The Young
modulus is defined as the ratio of normal stress to lin-
ear normal strain (both in the direction of applied load).
The shear modulus is defined as the ratio of shear stress
to linear shear strain. The Poisson ratio is defined as the
ratio of transverse strain (normal to the applied load) to
axial strain (in the direction of the applied load).

Fig. 1. Definitions of angles used to describe directions
in calculations.

A fourth order tensor transforms in a new basis set
following the rule:

S′αβγδ = rαirβjrγkrδlSijkl, (13)
where the Einstein summation rule is adopted and where
the rρm is the component of the rotation matrix (or di-
rection cosines). The transformation can be substantially
simplified in calculation of specific modulus. The uniaxial
stress can be represented as a unit vector, and advanta-
geously described by two angles (θ, ϕ), we choose it to be
the first unit vector in the new basis set a. The deter-
mination of some elastic properties (shear modulus, the
Poisson ratio) requires another unit vector b, perpendic-
ular to unit vector a, and characterized by the angle χ.
It is fully characterized by the angles θ (0, π), ϕ (0, 2π)
and χ (0, 2π), as illustrated in Fig. 1. The coordinates of
two vectors are

a =

sin θ cosφ

sin θ sinφ

cos θ

 ,

and

b =

cos θ cosφ cosχ− sinφ sinχ

cos θ sinφ cosχ+ cosφ sinχ

− sin θ cosχ

 . (14)

The Young modulus can be obtained by using a purely
normal stress in εij = Sijklσkl in its vectors form and it
is given by

E(θ, φ) =
1

S′1111
=

1

r1ir1jr1kr1lSijkl
=

1

aiajakalSijkl
. (15)

Other properties depending on two directions (if perpen-

dicular this corresponds to 3 angles) make them difficult
to represent graphically. A convenient possibility is then
to consider three representations: minimum, average and
maximum. For each θ and ϕ, the angle χ is scanned and
the minimum, average and maximum values are recorded
for this direction. The shear modulus is obtained by ap-
plying a pure shear stress in the vector form and results
in

G(θ, φ, χ) =
1

4S′1212
=

1

4r1ir2jr1kr2lSijkl
=

1

4aiajakalSijkl
. (16)

The Poisson ratio can be expressed as

ν(θ, φ, χ) =
S′1122(θ, φ, χ)

S′1111(θ, φ, χ)
=
r1ir1jr2kr2lSijkl
r1ir1jr1kr1lSijkl

=

− aiajbkblSijkl
aiajakalSijkl

. (17)

Using the above anisotropic formulae, the calculated val-
ues of the Poisson ratio, shear modulus and the Young
modulus along different directions as well as the projec-
tions in different planes were shown in Fig. 2 and Fig. 3.
The black line represents maximum and red line rep-
resents minimum. We first focus on the Poisson ratio,
Fig. 2a,b, and c display the 2D representation of the
Poisson ratio in the xy, xz, and yz planes for I4mm-
B3C, respectively. We found that 0 ≤ v ≤ 0.70, showing
that v remains positive (no negative Poisson ratio) at
0 GPa.

Fig. 2. 2D representation of the Poisson ratio for
I4mm-B3C in the xy plane (a), xz plane (b), and yz
plane (c) and for I4mm-B3C in the xy plane (d), xz
plane (e), and yz plane (f).

In order to quantify the anisotropy, we calculated the
shear modulus for all possible directions of shear strain,
the 2D representation of shear modulus in the xy, xz,
and yz planes for I4mm-B3C are shown in Fig. 2 d,e,
and f, respectively. The black line represents maxi-
mum and red line represents minimum. We observed
that shear modulus varies between 54 and 257 GPa, the
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Fig. 3. The directional dependence of the Young mod-
ulus for I4mm-B3C (a), 2D representation of the Pois-
son ratio in the xy plane (b), xz plane (c), and yz
plane (d).

ratio Gmax/Gmin =4.76, the average value of all direc-
tions is 169 GPa, this value is very close to castep value
(164 GPa). At last, we focus on the Young modulus,
which is plotted as the directional dependence of the
Young modulus at different pressure, the xy, xz, and
yz planes for I4mm-B3C in Fig. 3a-d, respectively. It
is clearly visible that the Young modulus for this mate-
rial is large anisotropic, with a minimal value of Emin =
177 GPa and a maximum of Emax = 647 GPa, the aver-
age value of all directions is 448 GPa, this value is very
close to castep value (437 GPa, E =9BG/(3B+G) [31]),
the ratio Emax/Emin = 3.66. Therefore, I4mm-B3C ex-
hibits a large anisotropy in its Poisson ratio, shear mod-
ulus and the Young modulus.

It is well known that microcracks are induced in ce-
ramics owing to the anisotropy of the coefficient of ther-
mal expansion as well as elastic anisotropy. Hence it
is important to calculate elastic anisotropy in structural
compounds in order to understand these properties. The
shear anisotropic factors provide a measure of the degree
of anisotropy in the bonding between atoms in different
planes. The shear anisotropic factor for the {100} shear
planes between the 〈011〉 and 〈010〉 directions is [32]:

A1 =
4C44

C11 + C33 − 2C13
. (18)

For the {001} shear plane between 〈110〉 and 〈010〉 direc-
tions it is [32]:

A2 =
2C66

C11 − C12
. (19)

For an isotropic crystal the factors A1 and A2 must be
one, while any value smaller or greater than unity is a

measure of the degree of elastic anisotropy possessed by
the crystal. The calculated value of A1 and A2 is 0.82
and 0.21 at ambient pressure, respectively. The elastic
anisotropy of a crystal can be characterized by many dif-
ferent ways. Therefore we calculate several anisotropic
indices, such as the universal anisotropic index (AU ) [33]
and the percentage of elastic anisotropy for bulk modu-
lus (AB) and shear modulus (AG) [34] in this paper. The
equations used are shown in the following:

AU = 5
GV
GR

+
BV
BG
− 6 ≥ 0, (20)

AB =
BV −BR
BV +BR

, (21)

AG =
GV −GR
GV −GR

. (22)

It is clear that for an isotropic structure, all indices in
Eqs. (20)–(22) are zero. The large deviations from zero
indicate the high anisotropic mechanical properties. The
AU , AB and AG values are 1.302, 0.024, and 0.111 for
I4mm-B3C, respectively. From all calculated anisotropic
parameters, it is easily concluded that the I4mm-B3C
compounds show elastic anisotropy.

3.2. Thermodynamic properties

The thermal expansion α with pressures and temper-
atures for I4mm-B3C are shown in Fig. 4. From Fig. 4,
as the pressure increases, the thermal expansion coeffi-
cient αdecreases, and the higher the temperature is, the
faster the thermal expansion coefficient α reduces. As
pressure increases, α decreases rapidly at high tempera-
ture and the effects of temperature become less and less
pronounced. This is an indication of the inadequacy of
the quasi-harmonic approximation at elevated tempera-
tures and pressures. From Fig. 4, we can find that the
effect of temperature on the thermal expansion is not as
significant as that of pressure in our calculated pressure
and temperature ranges.

The calculated relationships of the Debye temperature
ΘD on pressure and temperature are plotted in Fig. 5a.
The ΘD is affected by both pressure and temperature,
and the affect of increasing pressure on I4mm-B3C is the
same as decreasing temperature. One can find: when the
applied pressure changes from 0 GPa to 90 GPa, the De-
bye temperature increases by 41.14%, 42.24%, 46.08%,
51,66%, 59.20% and 68.83% at temperatures of 0, 400,
800, 1200, 1600, and 2000 K, respectively. At a given
temperature, the ΘD increases quickly with increasing
pressure. In a word, we can see that the Debye temper-
ature decreases with the temperature at certain pressure
and increases with the pressure at certain temperature.
From Fig. 5a, the effect of the temperature on the Debye
temperature is less significant than that of pressure on it.
The Grüneisen parameter, which describes the alteration
in a crystal lattices vibration frequency, can reasonably
predict the anharmonic properties of a solid, such as the
temperature dependence of phonon frequencies and lat-
tice volume. Usually, the Grüneisen parameter is posi-
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Fig. 4. Three-dimensional surface plots of thermal ex-
pansion versus pressure and temperature for I4mm-
B3C.

Fig. 5. Two-dimensional contour plots of Debye tem-
perature (a), and Grüneisen parameter (b) versus pres-
sure and temperature for P42/mnm-BC.

tive and lies in the range 1.5± 1.0. The calculated rela-
tionships of the Grüneisen parameter γ on pressure and
temperature are plotted in Fig. 5b. It is found that the
Grüneisen parameter slightly increases with temperature
at a given pressure, but decreases with pressure at a given
temperature. From Fig. 5b, we can find that the effect
of the pressure on the Grüneisen parameter is more sig-
nificant than that of temperature on it.

Figure 6 shows the two-dimensional contour plots of
the dependence of the heat capacity on pressure and
temperature. The heat capacity of the Debye model,
which only contains these low frequency modes excited
at low temperature, is an important measure for ther-
modynamic properties. The difference between CP and
CV is very small at low temperatures and low pres-
sures. At high temperature, the calculated heat ca-
pacity is expected to converge to a constant 3NAkB ≈
99.69 J mol−1 K−1 according to the law of Dulong and

Fig. 6. Calculated specific pressure heat capacity CP

and volume heat capacity CV as a function of pres-
sure for I4mm-B3C at different temperature: CV con-
tours (a), CV − T contours (b), CP contours (c), and
CP − T contours (d).

Petit. From Fig. 6, one can also see that the heat ca-
pacity (CP and CV ) increases with the temperature at
the same pressure and decreases with the pressure at the
same temperature. The influences of the temperature on
the heat capacity are much more significant than that
of the pressure. It also shows that when T < 800 K,
the heat capacity are sensitive to both temperature and
pressure.

4. Conclusion

The structural properties, elastic properties, elastic
anisotropy, and thermodynamic properties of the newly
predicted I4mm-B3C are investigated and analyzed by
the first-principles calculations in combination with the
quasi-harmonic Debye model. The calculated lattice pa-
rameters, elastic constants, and elastic modulus are in
good agreement with the previous data. The I4mm-
B3C exhibits a large anisotropy in its Poisson ratio, shear
modulus, the Young modulus, shear anisotropic factors,
AU , AB , and AG. Moreover, the thermal expansions,
heat capacities, the Grüneisen parameters and the De-
bye temperatures dependence on the temperature and
pressure are obtained in the whole pressure range from 0
to 90 GPa and temperature range from 0 to 2000 K.
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