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In this letter, the scattering state solutions of the Dirac equation for spin and pseudospin symmetries are
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studied as limiting cases.

DOI: 10.12693/APhysPolA.127.684
PACS: 03.65.Nk, 03.65.Pm

1. Introduction

The Dirac equation [1] has become the most appeal-
ing relativistic wave equation in the field of mathemati-
cal physics for spin-1/2 particles. One of the interesting
problems in the Dirac equation is the concept of spin and
pseudospin symmetries. These symmetries of the Dirac
Hamiltonian were discovered many years ago. However,
the spin and pseudospin symmetries have been recently
recognized empirically in nuclear and hadronic spectro-
scopies. The solution of the Dirac equation with mixed
potentials for particles such as atoms, nuclei and hadrons
play a central role in a realistic nuclear system. In or-
der to investigate the nuclear shell structure, the study
of the pseudospin and spin symmetric solutions of the
Dirac equation has been an important area of research
in nuclear physics. However, spin symmetry is relevant
to mesons [2], and the pseudospin symmetry refers to a
quasi-degeneracy of single nucleon doublets [3, 4]. Re-
cently, many works have been done to solve the Dirac
equation so to obtain the energy equation and the two-
component spinor wave functions [5-18]. In the recent
years, investigation of scattering states properties of non-
relativistic and relativistic wave equations in quantum
mechanics has been in great attention. In order to under-
stand the studied quantum system completely, we should
study the both bound states and the scattering states for
a given quantum system.

In the present work, we deal with the solution of scat-
tering state of the Dirac equation for spin and pseudospin
symmetries with the Hellmann potential which is the su-
perposition of the Coulomb and Yukawa potentials and
defined as [19]:

e*O{T

o(r) = =%+ b, (1)

where a and b are the strengths of the Coulomb and
the Yukawa potentials, respectively, and « is the screen-
ing parameter. This potential has many applications in
atomic physics and condensed matter physics [20-22].
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In what follows, we first review the Dirac equation and
present scattering state solution of Dirac equation in the
presence of spin and pseudo-spin symmetries in Sect. 3,
and discussed some special cases of Hellmann potential
in Sect. 4. Finally our conclusion appeared in Sect. 5.

2. Theory of Dirac equation with tensor coupling

The Dirac equation for spin—% particles moving in an
attractive scalar potential S(r), a repulsive vector poten-
tial V(r) and a tensor potential U(r) in the relativistic
unit (h=c=1) is [23]:

[ p+B(M +5(r)) — ipa-7U(r)]¢(r) =
[E =V (r)](r), (2)

where F is the relativistic energy of the system, p = —iV
is the three-dimensional momentum operator and M is
the mass of the fermionic particle. «, 3 are the 4 x 4
Dirac matrices given as

0 g; o I 0
a(ai 0)’5<0—I>’ ®)

where [ is 2x 2 unitary matrix and o; are the Pauli three-
vector matrices. The eigenvalues of the spin—orbit cou-
pling operator are Kk = (j+3) = 0, sk =—(j+3) <0
for unaligned j =1 — % and the aligned spin j =1 + %
respectively. The set (H, K, J?, Jz) forms a complete set
of conserved quantities. Thus, we can write the spinors

as [20]:
1 ( Foe(r)Y! (0,0
? TLK/(T) gm( 7@)

where [,;(r), Gy (1) represent the upper and lower com-
ponents of the Dirac spinors. Y}, (0,¢),Y},(0, ¢) are the
spin and pseudospin spherical harmonics and m is the
projection on the z-axis. By using Eq. (1) and Eq. (4)
we find the following two coupled first-order Dirac equa-
tions:

((fr n f) Fr(r) = (M + Epy — A(r)) Gus(r),  (5)

d
(dr - f) (1) = (M — B + 2(r)) Fax(r), (6)
and the extension to tensor interaction becomes

(684)
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dr r
(M — Epn + E(T)) an(r)7 (8)
where
A(r) =V(r) = S(r), 9)
S(r)y=V(r)+ S(r). (10)

Eliminating F,,.(r) and G« (r) in Egs. (7) and (8), we
obtain the second-order Schrédinger-like equation as

EANSSRE TR

dr2 72 r dr

— (M + Epp — A(r)) (M — Epy + (1))
5 (G + 5 - U0)
- (EM +dEnl<a - A(T)) an(r) B 0, (11)
[(iz - 'Q(F“'T; DI QHZ(T) + dzy) —U%(r)

— (M + By — A(T)) (M — Ene + E(T)) +

0 (G = £ 4 U)

(M + Eyy - 2(r))
where r(k — 1) =11+ 1), k(s +1) = 1(1 + 1).

3. Scattering states of pseudospin and spin
symmetry limits

Gnn(T) - 07 (12)

In the following section, we intend to investigate the
scattering states of the Dirac equation with the Hellmann
potential.

3.1. Pseudospin symmetry limit

The pseudospin symmetry occurs in the Dirac theory
as %ﬁr) = 0 or equivalently X'(r) = Cps = const. In or-
der to find scattering solution of the Dirac equation under
the pseudospin symmetry limit, we take the difference of
the scalar and vector potentials as the Hellmann potential

ps —ar
Ar) = ==+ ¥ (13)
and the tensor interaction has the following form:
H
Ulr)=—-——. (14)
T
Substituting Eqgs. (13) and (14) into Eq. (12) yields
d? ) 1
N 9 K K 1 71 _ N9
oz @ )(1_ a2

—aPia (M - E‘fi,,v + Cps) m
e*a'f

— e—(IT'

b (M — EF® s

+bP o ( P+ Chps) :
— (M + EP) (M — EF* + Cps) | GP2,.(r) = 0,(15)

where we make use of the following approxima-

tion [24, 25]:

1 a?

= 16
2 (1—ear)? (16)

Using a change of variable of the form s = 1 — e™¢",

Eq. (15) can be written as

r

d? d 1
1= )~ — s~ — 1 (e — 1
s(1 =) a2~ %as ! ( ) s(1—s)
1 s s s
L E) (- B4 )
ab® 1

M—EPS 10, ——
o ( n,K + p ) 1—s
bps
FO (M B+ G | OB (9) =0, (17)
Introducing G?5.(s) = s7 (1 — 5)6 gP% (s) and substituting
it into Eq. (17), we obtain

s(1—s) & +@2y-(1+29+ Zﬂ)s)i
ds? ds
— (VP + 8%+ 28y — 43)] ghi(s) = 0, (18)
where
Y = N, (19)
p=-2 k= oin, (20)
and )

Ay = =0 (s — 1),

1
Ay == (e = 1) = — (M + E)

) aP? )
X (M — B+ Cps) - (M - B+ Cps) ,

1
Ay = — (M + EP®
«

n,k

) (M~ B+ Cy)

n,Kk
= (M — EP. 4 Cps)
a n,K ps) >

Ne = Kk + H. (21)
If we take

X1=7+B8+ V43,

X2 =7+ 08—+,

X3:2’77 (22)

Eq. (17) satisfies the hypergeometric equation
2

d
5(1—5)@+(X3—(1+X1+X2)3)$—X1X2

xghs(s) =0, (23)
where
g (8) = 2F1 (X1, X25 X371 8) - (24)
Therefore, we may write down the radial wave func-
tions as
GRi(r) = NEgel* (1= =)™

X2y (X1, X2, X351 — €7 7). (25)
Let us study to calculate the normalization constant and
the phase shifts. Here, we recall the following properties
of hypergeometric function:
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2F1 (X1, X2, x3:0) = 1, (26a)
I'(x3)I'(x3 —x1 — Xx2)
21 (X1, X2, X358) =
ba )= Tl —x)T06 —xa)
XoF1 (X1, X2, X1 +x2 —x3+ 151 —5)
(1 = sya—xa I'(x3)I'(x1 + x2 — x3)
F(Xl)F(XZ)
XoF1(x3—X1,X3—X2, X3—X1—X2+1;1—5).  (26b)

From the properties of the hypergeometric functions
oF1 (X1, X2, X3;1 — e7") for r — oco(s — 1) we have

oFi(x1,x2,x3;1 — e

70(7’) —

I'(xs — x1— x2)
T'(x {
Ocs) P(xs — x1)I'(xs — x2)
—92i I‘(X3—X1—X2) >}
+e 2""( , 27
Llxs —x1)I'(xs — x2) 27
where we have used the following relation:
2ik .
X3*X1*X2:7:(X1 +x2 —Xx3)",
X3 = X1 = X»
X3 — X2 = Xi- (28)

Therefore the corresponding unnormalized wave func-
tions for r — oo(s — 1) are given as

I'(x3—x1—X2)
I'(xs—x1)I"(x3—x2)

G2(r - o) =N () [

—i F(Xs—X1—X2) )*
+ ikr ( 29
I'(xs —x1)I'(xs — x2) (29)
Introducing
Fxs—x1—x2) _ ’ I'(xs —x1—x2) 010
I'(xs — x1)I'(x3 — x2) I'(xs — x1)I'(xs — x2)

allows us to obtain
I'(xs —x1— x2)
GP® (r) = 2NP2 T
nrc( ) m; (XB) F(XS _ XI)F(XB _ XQ)
X sin (kr + 5 + 6ps) . (30)
By comparing Eq. (30) with the boundary condi-
tion [26-28] r — oo = G2 (00) — 2sin (kr — 5F + 62%)
phase shifts and the normalized constant can be given by

5g8:<ﬁ+1)g+5ps:(n+1)g+

X arg r (%) (31)
T (et =VA3) Tt +VA3) )7
ps 1
" T (20) |
XF(nK—F%—\//Tg)F(??n-F%—&-\//T:S) (32)
rek) '

3.2. Spin symmetry limit

In the spin symmetry limit condition, we take the sum
potential X' (r) as the Hellmann potential, the difference

potential A(r) as constant and the tensor potential U(r)
as the Coulomb-like interaction term. Thus, we have the
following;:

S —Qar

a e

D(r)=——+b"——, Alr)=C,, (33)
U =2, (34)

Substituting Eqs. (33) and (34) into Eq. (11) and mak-
ing two transformation i.e., s =1— e *" and F?, (s) =
§7' (1 — )P f5,(s) yields

2 d
3(1*3)@+(X/3*(1+X/1+X/2)3)$*X/1X12
X fr(8) =0, (35)

where

X1 =7"+8"+ 45,

X =7+ 8 = V4,

Xé = 27/7 (36)
and

7/ = Am (37)

-1,/
g o oo (38)

a
Ay, A5, Ay and A, are defined as

Ay =—A, (A= 1),

1

Al? = _Af'i (Arc - 1) - ? (M - E7Sl,:"i)

S

s a s
(M +E; Cs)+a(M+EW Cs),

Ay = 1 (M= B,) (M4 B}, — C)
b* .
- (M+E;,. —Cy),
Ay =K+ H4+1. (39)

The solution of Eq. (35) can be expressed in hypergeo-

metric functions as
S

nn(s) =2oF (XllaX/Qanﬂs) (40)
By doing the same approach as the previous subsection,
the phase shifts and the normalized constant of spin sym-
metry limit can be given by

522(!@4—1)%—1—632(&4—1)% (41)
()
+arg 7
(A4 = JEY T (A + 12 4 /)
) F(Aﬁ%—\/fg){’(/lﬁig# ) )
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4. Result and discussions

In this section, we will investigate scattering states of
Yukawa-like and Coulomb-like potentials as special cases
of the Hellmann potential.

4.1. Yukawa-like scattering states

By considering a?®* = 0 (a® = 0), the Hellmann
potential changes into the Yukawa potential. According
to our results for the pseudo spin symmetry we have

O = (k4 1)5 + 8y =
(r+1)F +arg(A1) — arg(AzAg), (43)

AT
T/

r (2‘112[*775 (e —1) = 35 (M + EZ5,)
x (M = B+ Cpo)|'%), Az = T (e + i [=e(nc — 1)
& (M+ER,) (M=ER, +Cy)] " = VA5 ), As=T (1
i [=ne (e — 1) =& (M + E25) (M=E25, + C,)]?

+v/43) and from Eq. (41) and Eq. (42) for the spin
symmetry limit one can find

s 7r Ay
5ZK+1+(55I€+1+8L1'< >,45
(c+1) 5 +8 = (x4 1) G +arg (4 ) . (49)

As||As], (44)

where A; =

CRE 1 A5A6
where Ay = (2[4 (e = 1) = 2 (VL)

(M = B+ Cps)] ), A5 = T (Aw+ 1 [~ A (As = 1)

— L (M+E,) (M—E? +C,,)]"? —ﬁg),
Ag = T'(Ax +i[—Ax(Ae—1) = 25 (M+EE,) X
(M — B +C0)] "% + Ag).

4.2. Coulomb-like scattering states

If we choose b** = 0 (b° = 0) the Hellmann poten-
tial reduces to the Coulomb-like potential. In this case
Eq. (15) changes into

sl
e 2 e 0w
where I’ = 1 [-1 £ (1 — 2n,)],
k= /(M +E) (=M + B —
A= -2 (M — B2, + Cpy).
Considering the boundary conditions of the scattering
states, i.e. Gb?, (r = 0) = 0, we take the following ansatz

for the asymptotic behavior of the wave function at the
origin:

CPS)J

GPe . (r) = A(kr) et £ (r). (48)
Inserting Eq. (48) into Eq. (47), we obtain
d2f df

rqiz TRUH22ikr) 2021k (r) =0 (49)

Introducing z = —2ikr, Eq. (49) can be modified as

dazf df iA

—+@+2-2)——|I'+1-— =0. (50
= RICAEERr B (PR FORTANCY
Eq. (50) is just the confluent hypergeometric equation
and its solutions are the confluent hypergeometric func-

tions. The analytical solution as r —0 is

fr)=F (z’ b1 %21’ 4o, —21k:r> . (51)
Thus, the radial wave function of the scattering states is
GPe, (r)=A(kr)! Tleltr <1’+1i]:, 20'+2, 2ikr> (52)

Now, we want to obtain the asymptotic behavior of wave
function for r — oo and then calculate the normalization
constant and the phase shifts. To proceed on, we use
the transformation formulae for confluent hypergeomet-
ric functions when z — oc:

I'(v)

_ F(rY) Z o=y

F(Oé,’}/’Z) F(Q)ez +F(’Y—C¥)
where “4” corresponds to —7w/2 < arg(z) < 3w/2, and
“—" corresponds to —3m/2 < arg(z) < w/2. Equa-
tion (53) is then changed into

e:l:iﬂ-ozz—a’ (53)

i
F (z’ 11— %,21’ +2 —2ik:r) -

LHLZ)_zikr(%r)_(y+1+%)ei(z/+1+%)%
I (14+1-42)
LRIHD) oy =(r41-32) =1 (1 +1-32)F (54

I (U4+1+152)

where
2= —2ikr = |z|e” %, (55)
Letting
i\ i\ .
rres1-2) =i (re1-12)] it
(l + k) ‘ (l + k) e!ors
i\ i\
F<l’+1+lk> = F<Z’+11k> e (56)

Eq. (56) can be written as
F (l’ +1- %,21’ + 2, —Qikr) =

rQU+2) exp(—5 — ikr)
[T +1—22)]  (2kr)"+Y

x (exp <1]j In(2kr) — 16,5 + (1’ + 1)”)

+exp (lk)\ In(2kr) + idps — i(l' + 1)% ) =

N N

r@Er+2) exp(—5 — ikr)
|[r(+1-32)  (kr)+D
A
X 2 sin (k:r + 0ps — % + T ln(2kr)) . (57)

By putting Eq. (57) into Eq. (52), we have
AT@2U +2) e %

(r—o0)

GP° (r : -
n,n( ) ‘F(ll+1—%)‘2(l +1)
/
x 2 sin <kr + dps — % + 21n(2kr)) . (58)
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On the other hand,
A
Gbe . (r — 00) = 2sin (kr—l—Sﬁs — %r T In (2]97')) . (59)

Therefore phase shifts and the normalization constant
can be found as

psii ,Ll/ff U
5 2 +5P9 2 2(KJ l)
+arg(F< 1—)>
72'7 l/_|_1 iA 2(l+1
R )
(2l’+2)

By doing the same approach as for pseudospin symmetry,
we obtain phase shifts and the normalization constant of
spin symmetry as follows:

< KT ' o« ,
5,%—7"'65_ 2 —E(K/—l)

+arg (F (l'—|—1—lk/\)>,

5|0 (1 +1—32)[20+D
rel+2)
where in the spin symmetry case I’, k, and A are de-
fined as:

V=gl (1-24,],

k= y/(-M+E;,) (M+E;, - C),

S

a s
A= (M +E;, —Cs). (62)

5. Conclusions

We have analyzed the characteristics of relativistic
scattering states of the Dirac equation with the Hellmann
potential for both spin and pseudo spin symmetries. Due
to the centrifugal term we have used a proper approxima-
tion, and obtained approximately the normalized wave
function and scattering phase shifts for both symmetries.
Also, we have studied two special cases of the Hellmann
potential, i.e., the Yukawa-like and Coulomb-like poten-
tials.
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