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presented. We obtained approximately the energy eigenvalues and the corresponding wave function in a closed
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1. Introduction

The spinless Salpeter equation (SSE) may be con-
sidered as a standard approximation to the Bethe�
Salpeter formalism, neglecting the spin degree free-
dom [1]. The Bethe�Salpeter equation is the semirel-
ativistic equation that describes the bound states of
a two-body quantum �eld system in a relativistic co-
variant formalism [2]. In the recent times, there
have been increasing interests in �nding the analyti-
cal solutions of wave equations in relativistic and non-
relativistic quantum mechanics such as Schrödinger,
Klein�Gordon, Dirac, Du�n Kemmer�Petiau (DKP) and
spinless Bethe�Salpeter equations with di�erent poten-
tial models [3�10]. The nonlocal nature of the Hamilto-
nian resulting from this approximation renders di�culty
in obtaining SSE solutions [11]. The SSE is a generaliza-
tion of Schrödinger equation in the quantum relativistic
regime [12]. Consequently, many authors have resorted
to approximate techniques to deal with the problems aris-
ing from the SSE [13]. In the recent times, many authors
has investigated the SSE for various potential models.
Hassanabadi et al. [14] studied the SSE with hyperbolic
potential via the SUSYQM formalism. Zarrinkamar et
al. [15] studied the two-body Sapelter equation with ex-
ponential potential using SUSYQM method.
In this work, we used supersymmetric quantum me-

chanics (SUSYQM) [16�18] to solve SSE with general-
ized Hulthén potential. The Hulthen potential is a short-
range potential in physics which behaves like a Coulomb
potential for a small values of r and decreases exponen-
tially for a larger values of r [19]. The Hulthén potential
is very important in atom and molecule �elds [20]. This
potential has been used to explain the electronic proper-
ties of F-color centre in alkali halides [21].

2. Two-body spinless Salpeter equation

*corresponding author; e-mail: ndemikotphysics@gmail.com

The SSE for two-body particles interacting in a spher-
ically symmetric potential in the centre of mass system
appears as [1, 2],∑
i=1,2

(√
−∇2+m2

i−mi

)
+V (r)−En,l

χ(r)=0, (1)

where χ(r) = Rn,l(r)Yl,m(θ, ϕ). For heavy interact-
ing particles and using appropriate transformation (see
Refs. [2, 12]), one can recast SSE of Eq. (1) as [12]:[
− ~2

2µ

d2

dr2
+
l(l+1)

2µr2
+Wnl(r)−

W 2
nl(r)

2m̃

]
ψnl(r)=0, (2)

where

Wnl(r) = V (r)− Enl, (3)

µ =
m1m2

m1 +m2
, (4)

η = µ

(
m1m2

m1m2 − 3µ2

) 1
3

, (5)

m̃ =
η3

µ2
=

(m1m2µ)

(m1m2 − 3µ2)
. (6)

We consider the generalized Hulthén potential de�ned as:

V (r) = −V0 +
V1 (A+B e−αr)

(C +De−αr)
, (7)

where V0, V1 are the strength of the potential and α is the
screening parameter. Substituting Eq. (7) into Eq. (2)
yields
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−V
2
1 B

2µ

m̃

e−2αr

(C +De−αr)
2

}
ψnl(r) = 0. (8)

Equation (8) cannot be solved analytically because of the
centrifugal term. Thus, we use the following approxima-
tion for the centrifugal term as [22]:

1

r2
= α2

(
C

C +De−αr

)2

, (9)

where C = −D (see in Fig. 1). Substituting Eq. (9) into
Eq. (8) yields

Fig. 1. 1
r2

and its approximation.
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+
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2
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ψnl(r) (10)

or more explicitly, we write

− d2ψnl
dr2

+ Veff(r)ψnl(r) = Ẽψnl(r), (11)

where

Veff(r) =
F e−2αr +Ge−αr +H(

1 + D e−αr

C

)2 , (12)

F =

(
−µV

2
1 B

2
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+
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+
2µV1BD (V0 + Enl)
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)
, (13)
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H =

(
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~2C
+

2µV1A (V0 + Enl)

m̃~2C
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µ

~2

(
(V0 + Enl)

2

m̃
+ 2 (V0 + Enl)

)
. (16)

In order to solve Eq. (11), we have to �rst solve the as-
sociated Riccati equation

W 2(r)∓W ′(r) = Veff(r)− Ẽ0,l, (17)

for which we propose a solution of the form

W (r) =
f e−αr(

1 + D e−αr

C

) + q. (18)

Substituting Eqs. (12) and (18) into the Riccati equation,
we obtain
f2 e−2αr(

1+D e−αr

C

)2 + (q)
2

+
2fq e−αr(
1+D e−αr

C

)+
αf e−αr(

1+D e−αr

C

)2 =

F e−2αr +Ge−αr +H(
1 + D e−αr

C

)2 − Ẽ0,l (19)

or solving Eq. (19) completely, we obtain the following
three sets relationship:

Ẽ0,l = −(q)2 +H, (20)
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C
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2
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(
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)
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. (22)

Now based on Eq. (A.2), we can obtain the supersym-
metric partner potentials as
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+

(
C
DF −

D
CH

)
e−αr(

1 + D e−αr

C

) + (q)
2
. (23)

Therefore, it is shown that V+(r) and V−(r) are shape
invariant, satisfying the shape-invariant condition

V+(r, a0) = V−(r, a1) +R(a1), (24)

with a0 = f and ai is a function of a0, i.e a1 = f(a0) =
a0 + Dα

C . Therefore, an = f(a0) = a0 +
(
Dαn
C

)
. Thus, we

can see that the shape invariance holds via a mapping of
the form f → f +

(
Dα
C

)
. From Eq. (A.5), we have
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,
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−
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.

The energy eigenvalues can be obtained as follows

Ẽnl = Ẽ−nl + Ẽ0,l, (26)

where

Ẽ−nl =

n∑
k=1

R(ak) =


(
−a2
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)
2a0

D
C

2

−


(
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)
2an

D
C

2
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By substituting Eqs. (22) and (27) into Eq. (26), we have

Ẽnl = H −


(
−a2

n + F − D2H
C2

)
2an

D
C

2

. (28)

Substituting Eq. (16) into Eq. (28), we obtain the energy
equation for the generalized Hulthén potential as

µ

~2

(
(V0 + Enl)

2

m̃
+ 2 (V0 + Enl)

)
=

H −


(
−a2
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)
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D
C

2
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De�ning a new variable of the form s = −DC e−αr, and
substituting it into Eq. (11), we have

s2 d2ψn,J(s)

ds2
+ s

dψn,J(s)

ds
+

1

(1− s)2

×
(
−ω1s

2 + ω2s− ω3

)
ψn,J(s) = 0, (30)

where

ω1 =
1

α2

(
−Ẽn,l +
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F

)
, (31a)
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α2

(
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C

D
G

)
, (31b)

ω3 = − 1

α2

(
Ẽn,l −H

)
. (31c)

The corresponding wave function can be determined from
Eq. (30) as

ψn,l (r)=Nnl

(
−D
C

e−αr
)√ω3

(
1+

D

C
e−αr

) 1
2
+
√
ω1−ω2+ω3+

1
4

×P
(
2
√
ω3,2
√
ω1−ω2+ω3+

1
4

)
n

(
1 +

2D

C
e−αr

)
. (32)

The energy of the system for di�erent states is reported
in Table. In Fig. 2, we have also presented the wave func-
tion of |1, 0〉, |2, 0〉 and |3, 0〉 states. The behavior of the
energy of the system is plotted in Fig. 3. It is clear that
as α increases the energy of the system increases.

TABLE

The energy of the system for di�erent states and
m1 = m2 = 1, α = 0.1, V0 = 0.5, V1 = −1.5,
A = −2, B = 2, C = −1, D = 1.

|n, l〉 En,l |n, l〉 En,l

|1, 0〉 �7.489974874 |3, 0〉 �7.459591794

|1, 1〉 �7.486342256 |3, 1〉 �7.446381258

|1, 2〉 �7.484313483 |3, 2〉 �7.436491673

|1, 3〉 �7.483027988 |3, 3〉 �7.428888863

|1, 4〉 �7.482142499 |3, 4〉 �7.422888452

|2, 0〉 �7.477371993 |4, 0〉 �7.436491673

|2, 1〉 �7.469136867 |4, 1〉 �7.418042984

|2, 2〉 �7.463568181 |4, 2〉 �7.403326840

|2, 3〉 �7.459591794 |4, 3〉 �7.391428032

|2, 4〉 �7.456621412 |4, 4〉 �7.381652806

Fig. 2. The wave function of the system for di�erent
states.
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Fig. 3. The behavior of the energy of the system for
di�erent states.

3. Conclusion

In this work, we solve the two-body spinless Salpeter
equation with generalized Hulthén potential with proper
approximation to the centrifugal term using the powerful
SUSQM technique. We obtain explicitly, the bound state
energy eigenvalues and the corresponding wave function
in a closed form. Finally, we computed the energy eigen-
values of our work numerically in order to check the ac-
curacy of our results.

Appendix A

Supersymmetry quantum mechanics

In the SUSYQM we normally deal with the partner
Hamiltonians [17�19]:

H± =
p2

2m
+ V±(x), (A.1)

where

V±(x) = Φ2(x)± Φ′(x). (A.2)

In the case of good SUSY, i.e. E0 = 0, the ground state
of the system is obtained via

ϕ−0 (x) = C e−U , (A.3)

where C is a normalization constant and

U(x) =

x∫
x0

dzΦ(z). (A.4)

Next, if the shape invariant condition

V+(a0, x) = V−(a1, x) +R(a1), (A.5)

where a1 is a new set of parameters uniquely determined
from the old set a0 via the mapping F : a0 7→ a1 = F (a0)
and R(a1) does not include x, the higher state solutions
are obtained via

En =

n∑
s=1

R(as), (A.6a)

ϕ−n (a0, x) =
n−1

Π
s=0

(
A†(as)

[En − Es]1/2

)
ϕ−0 (an, x), (A.6b)

ϕ−0 (an, x) = C exp

− x∫
0

dzΦ(an, z)

 , (A.6c)

where

A†s = − ∂

∂x
+ Φ(as, x). (A.7)

Therefore, this condition determines the spectrum of the
bound states of the Hamiltonian

Hs = − ∂2

∂x2
+ V−(as, x) + Es. (A.8)

and the energy eigenfunctions of

Hsϕ
−
n−s(as, x) = Enϕ

−
n−s(as, x), n ≥ s (A.9)

are related via

ϕ−n−s(as, x) =
A†

[En − Es]1/2
ϕ−n−(s+1)(as+1, x). (A.10)
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