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The discrete analogue of the Noether-type identities in field theory is investigated by means of the difference

discrete variational principle in which the difference is regarded as an entire geometric object.
It is proved that there exists the discrete version of the

counterparts of the Noether theorems are obtained.

The discrete

Noether conservation law in field theory. The discretization for the nonlinear Schrédinger equation is presented to

illustrate the results.
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1. Introduction

The discretizations in continuous mechanics provide
a powerful way in the course of numerical calculations
and simulations. The integration theory for difference
equations is potentially useful for analysis of the so-
lutions of the discrete systems. The discrete Noether
theorem is one of the most important methods of solv-
ing difference equations by obtaining the first integrals
from a certain kind of system symmetries. Birkhoff first
discussed the difference equation in 1913 [1]. Cadzow
presented a discrete variational principle and obtained
the discrete Euler-Lagrange equation in his paper “Dis-
crete Calculus of Variations” [2], and the most impor-
tant contribution is the discrete Noether theorem which
is obtained via the invariance of the Lagrange equation.
The Noether theorem reveals that conserved quantities
can be obtained by the corresponding Noether symme-
tries [3]. The discrete Noether theorem provides a simple
and clear approach to find the first integrals of differ-
ence equations. Maeda studied the symmetries of dif-
ference systems, applied the difference variational prin-
ciple to the mechanical systems, and generalized the
discrete Noether theorem [4]. Dorodnitsyn and Kozlov
also gave the Noether theorem of difference canonical
Hamiltonian equations based on the Hamiltonian iden-
tity. This connection between symmetries and first inte-
grals of difference Hamiltonian equations can be used to
conserve the structural properties of Hamiltonian equa-
tions under discretization [5]. Fu et al. extended dis-
crete Noether symmetries to mechanico-electrical dynam-
ical systems with nonconservative forces and a dissipa-
tion function [6, 7]. In Ref. [8] the Noether symmetries
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and conserved quantities are studied to construct the ex-
act solutions with continuous groups of transformations
in discrete nonconservative systems. Particularly, a new
method was given to investigate Noether symmetries and
conservation laws of nonconservative and nonholonomic
mechanical systems on time scales [9]. All the new results
attract extensive attention in physics.

Noether symmetries are extensively investigated in
classical mechanics, such as Djukic and Vujanovic [10],
Sarlet and Cantrijn [11] and Mei [12]. Based on Noether
symmetries in classical mechanics, the Noether symme-
tries were generalized in field theories [13]. Li derived the
generalization of Noether’s first theorem in phase space
for an invariant system with a singular Lagrangian in
field theories, and deduced Noether’s second theorems
in phase space for an noninvariant system in field the-
ories [14]. Arens obtained certain Noetherian currents
based on translations in field space, and gave the conclu-
sion that certain well-known conserved currents are not
the result of any symmetries of the Maxwellian (electro-
magnetic) field [15].

However, all aforementioned researches on Noether
symmetry in field theories are confined to continuous
mechanical systems. There has been no research on
discrete ones in field theory. Marsden et al. general-
ized the Veselov discretization to multisymplectic field
theory [16]. Guo et al. discussed firstly the difference
discrete variational principle in multi-parameter differ-
ential approach for discrete classical field theory, and de-
duced the difference discrete Euler-Lagrange equations
and canonical ones for the difference discrete versions of
classical field theory [17]. Chen developed a total varia-
tion calculus in discrete multisymplectic field theory and
obtained multisymplectic-energy-momentum integrators
by using this discrete total variation calculus [18]. Al-
though the discrete variational principle in field the-
ory plays a crucial role in the research of the Noether
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theorems in discrete mechanical systems, there has been
no work on discrete Noether theorems in field theory.
To address the lack of this aspect, this paper deals with
the Noether theorem and the variational integrator in
field theory.

In this work, the Noether theorem and the variational
integrator in field theory are investigated. The paper
is structured as follows. In Sect. 2, the discrete energy
evolution equation and the discrete momentum evolution
equation in field theory are presented based on the dis-
crete difference variational principle. In Sect. 3, the defi-
nitions of the Noether symmetry and quasi-symmetry in
field theory are given. Based on the invariance of the
discrete Hamiltonian action of the field theory under the
infinitesimal transformation with respect to the coordi-
nates, the discrete counterparts of the Noether-type iden-
tity in field theory are given. The discrete version of the
Noether theorems and the Noether conservation laws in
field theory are constructed. In Sect. 4, the nonlinear
Schrodinger equation is treated to illustrate the theory.
Section 5 draws the conclusion of the present paper.

2. The discrete variational integrator
in field theory

For simplicity, let X! be a 1 + 1 or 2-dimensional
Minkowskian space as the base manifold with coordi-
nates x and ¢, M the configuration space on X! with a
set of generic field u. For a discrete version of X = (z,1)
and X x U = (z,t,u), we take X = Z x Z = {(4,4)} and
X x U = (4,7, u;5), respectively. A point of (4,j) € X
is touched by a triangle if it is vertex of that triangle.
The discretization of L(x,t, u, uy,us)dx A dt is

L(;z:l-,tj,uij,Azuij,Atuij)AxiAtj, (1)
7“36:’;:;1’ and Agu;; = 7";1’1 L are the
expressions of the difference with variable step-length,
the variable step-lengths are Az; = z;41 —2; and At; =
thrl — tj.

Corresponding to the discrete Lagrangian density, the

discrete action is defined to be:
M—-1N-1

Sp = Z Z L (i, b, wij, Aatii, Aguij)

i=0 =0
X (Ti1 — i) (L1 — 1) -
The discrete action Sp now reads
Sp = Li Az; At;. (2)
The total variation of the discrete action (2) is
0Sp=0 (Ax;) At; LI +Az;8 (At) L+ Ax; At;6L7.
Let us firstly consider the coordinate ¢;, the step-length

where Ayu;; =

Atj = tj+1 — tj. And
OAt; =6 (tjp1 —tj). (3)
The difference A.dt; of 0t; at ty is
Abt; = M (4)
let1 — ti

Equation (3) can be written as

0AL; =6 (tj41 — 1) = Oyr = Oy (tjt1 —t5) =
tiv1 =1
At At (5)
So for the coordinates x; and ¢;, there exist
(SA!EZ = Azél‘iAl‘i, (SAtj = AtétjAtj. (6)

The total variation of discrete action (2) is
0Sp = SAz; At; LY + Ax;dAt; LY + Az At 0L =

Apbi Az ALY + Az Aot At; LY + Az At;6LE =

AwiAt; { Apdwi LG + Adt; LY + 0L}, (7)
where 5Lg can be written as
QLY ALY OLY
ij D D D
Ol = oz, ox; + o, ot; + 90 Uéu”
8L” oL¥
+—D 5 (Ayui) + —2—6 (Ayuij) .
8(AIUU) ( j) 8(Atu”) ( t J)

Let us consider the coordinates of nodes on the lat-
tice subject to the infinitesimal deformations xy —
kp(zi,tj) = Ko + 0Kg, Ko = (x4,t;), the general varia-
tion of w;; — ui;(ky) = uij(ke) + 5u”(/{9) Here du;; (k)
denotes the total variation that can be divided into two
parts

du;ij(Kg) = dpttij(Kg) + Onuij(Ke),

ij
0 u”(lﬁ:g) 'LL; ( 9) - uzg(ﬁa)
dnuij(ko) = uij(kp) — uj;(ke) =
ui]( ) Us (Fée) + 0(52) 5H9A9I{9
where 6,u;;(kg) denotes the equal time variation or the

vertical one and dju;;(K¢) the horizontal part along the
fiber induced by the reparametrization of x; and ¢;.
The total variation of Agu;; (where Agu;; = Agu;j(kg))
can be calculated as

5A9uij = (51,A9uij + 5hA9uij =
Agugj — Aeuij + 5hA9uij =
Ag(svuij + 6&9A9A9uij =
Ag(svuij —+ Ae (5/{9A9u1-j) — (Ag(sﬂg) Aguij =
Apdyui; + Agdpus; — (Agdrg) Agusj =
Agoui; — (Agdkg) Aguij,
where Agu;; = (Agzuij, Ayugj). So the relations are
A = Apdui; — (Aedt;) Avuj,
0Azu;; = Agdu;; — (Agdx;) Azuiy, (8)
where § Ayu;; and 0 Ayu;; are the discrete total variation

for Ayu;; and Agug;. One can derive the following equa-
tions:

o oLY LY oLY
SLY = —BPsx; D 0t —D sy,
D= Bz T g, Ot By, M
oLy
oLy
+8(thij) (Atduij — (At5tj) Atuij) =
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3. Noether theory of the discrete system
in field theory

In continuous field theories, early works were based
on the infinitesimal transformation to investigate the
Yang-Mill field theory [13] and the electromagnetic
field [14]. For discrete systems in field theory, the case
of independent variables x;, t; and dependent variable
u;; will be considered

.T;k =x; + 6:62», t; = tj + (Stj, u;‘j = U4y + 6uij~, (15)
where (5tj = ETj, (5@- = Egi, (5’U,ij = ENijy
and ¢ is a small parameter, the infinitesi-
mal generators T; = T (24, t5, Uij, Azttij, Atsj),
& = & (it ugy, Azusg, Ayuy;)  and ;=
Nij (xi,tj,uij,AIuij,Atuij) constitute the Lie group of
the infinitesimal transformations. The generators of
generalized invariant transformations are solutions of the
Noether equations [19]. The discrete transformations
were applied to systems of Lagrangian systems [20], the
Hamiltonian systems [5], the non-conservative dynamical
systems [21] and the field theories [13] .

Definition 1. If the discrete Hamiltonian elementary
action (2) is invariant with respect to the infinitesimal
transformations (15) that is

Azidty { Abni LY + Aot LE+LE =0, (16)
then the infinitesimal transformations are the Noether

symmetrical transformations.
Criterion 1. Under the transformations (15), if the

equation
4 0Ly oLy
— A 6w HY — Aot HIL + 81:]3 ox; + 81&? 6ty (17)
OLY oLy oLy
iy A Sui: + ——B A §u. =
+8uij Suij + 7 (Do) 20U + 9 (Drusy) 10u; =0

is satisfied, the transformations (15) are the Noether
symmetrical transformations.

Theorem 1. If the infinitesimal transformations (15)
are the Noether symmetrical transformation, then the
systems (12), (13) and (14) possess the discrete conserved
quantity

oLt
I; = D ou;
I 0 (D)
+{LyY OLp A Szi+ oLy b
"D A w1 | S —D Sa
Do (Aeuiy) Y ) T 0 (A )
o oLY~!
+ (Lg - a(Az)l)AtU”1> 5t] = const. (18)
tUij—
Proof. Since the difference discrete Hamiltonian is
oLy
ijD = 78 (AIZZJ)AQLU,Z] — L]g,
- OLY iy
HZ]JD = 78 (At];ij)Atuij — Lg,

Eq. (17) may be expressed as

— A bz HY — At HE + %If dx; + (Zig&j
+25Dau] + eﬂ(zijA“"s“” - %At&u“ -
Agdz; LY + Adt; L + %ZS Si + aal;?? 5tj + ‘;ﬁ Suij
+8(‘Zﬁm (Auduij — (Agd;) Aguiy)
+(9(84ij) (Asduij — (A4dty) Apuiy) =

e +A, (8(Axui—1j) Azui—1j — Ly ox;

oLy oLy} -
A D A il — Llj )
" atj e <8(Atuij1) ¢ -1 D Jt]
oLy LY oL
+ —A, D Al —D S
aui] <8 (Aafuz—l_]) ¢ 0 (Atum_l) J
oL
! (a(Ax“ilj) i

oy
i—1j D ) ) )
+ <LD 6(A$Ui—1j)AIUZ1J> 5:@)

-1 oLy~

Ly — —2—— A1 | 0t; | =0. 19
+ D o (Atuij—l) tUij—1 J ( )
Substituting Egs. (12), (13) and (14) into (19), one can
derive the following equation:

aL’i—lj
A, _ "D y
(3(Amui—1j) i

o oLi=li
Lyt — 0 Aguiy; i
+< P 0 (Aaury) " U) 53:)

iy QL1
Lot =D Awq |6t | =0
+ ( b 0 (Auij—1) v 1> ! ’
that is AL;; = Aglij+ Aud;; = 0, so Eq. (18) is conserved
quantity.

Definition 2. If the infinitesimal transformations (15)
and gauge function Gij = Gij (mi,tj,uij, Axuij, Atuij)
satisfy

6Sp = — (Tiy1 — i) (tj41 — 1) A (eGiy) (20)
where A (eGyj) = A, (eGij) + Ai(eGij), then the
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infinitesimal transformations are the Noether quasi-
symmetrical transformations.

Criterion 2. Under the transformations (1
equation

5), if the

i OLY oLY oLY
A ‘H” A ‘HZJ D D D
202 H + A0t oz, ox;+ o, 0t; +8uw o
LY oLY
—ZID ASu+ =P Auduij=—A (eGyy) (21
8 By 1 5 Ay A=A G 2D

is satisfied, the transformations (15) are the quasi-
symmetrical transformations.

Theorem 2. If the infinitesimal transformations (15)
are the quasi-symmetrical transformation, then the La-
grangian systems in field theory possess the discrete con-
served quantities

oLl
—D = 0u;; (22)

. . 8L7.—1j
Lz—lj _ $AI L 6 i
+< ° 0 (Azui—1j) “ 1J> r
ij—1 3Lg !
T fr 7mAtuij—1 0t;+eGij=const.

Proof. According to the definition 2, Eq. (21
expressed as

) may be

Ly Ly
— A0z H AatHg+a D6 +€)D&
J
oLy oLy oLy
du; DA buij + =2 Arduy
"0y T 9 B) T 9 Ay
+A (EGij) =0. (23)

Using the same method in the proof of theorem 1, one
can have Al;; = 0. The conserved quantity I;; can be
obtained by using the discrete Leibnitz law and Egs. (12),
(13) and (14). Therefore, Eq. (22) is satisfied.

4. An illustrative example

We consider the nonlinear Schrédinger equation writ-
ten in the form (with i = +/—1) [18]:

i + Yoo + 2|97 Y = 0. (24)

The nonlinear Schrédinger equation is an example of first

order field theories. Using ¢ = p + iq the discrete La-
grangian density for (24) is

ij 1
LY = 3 {(A$pij)2 +(D0qiy)? + pij Avdij — 45 Avpij
2
- (0% + )] (25)

According to the integrators (12), (13) and (14
crete Euler-Lagrange equations are

), the dis-

1
5 (Aepig + Apij—1) + Az (Aagij—1)

1 +2 (0} + 43;) 45 = 0, (26)
3 (Atqij + Argij—1) — Az (Axpi-1j)
—2(p}; + a;;) pij = 0. (27)
The discrete energy evolution equation is
M-1 )
2
Z Ay {(p?jq + qi2];1) — (Aepij-1)
i=0
- (Ainj—l)Q} =0. (28)

The discrete momentum evolution equation is
2 2
> A [0y + @)’ + (Dapicrg) + (Dagioay)

—Pi—1Atqi—15 + Gi—1jAepi—15] = 0. (29)
Direct verification shows that Eq. (17) of this system is
difference invariant under the infinitesimal transforma-
tions

th=tj+e,0] =2 +e,uj; = uyy. (30)
It is the Noether symmetry according to Criterion 1.
From the Noether theorem, the Noether symmetry of
the Lagrangian system in field theory can possess the
discrete conserved quantities directly. According to The-
orem 1, the discrete system possesses the discrete con-

served quantities

o QLi~Y -
Ii’ — Lz—lj _ #AI i1 Lz]—l
J D a(AacUi—lj) Ui—15 + L
oLg—t
- Ayu;;_1 = const. 31
6(Atuij—1) t%ij—1 ( )

The difference conserved quantity (31) is the energy of
the system. It means the energy is constant.

Choose the infinitesimal transformation and the gauge
function

ti=tj+ex; =

2
(p?j—l_‘_qz?j—l) - (Ampi—lj)Q - (Azqi—lj—1)2 . (32)
Equation (17) is satisfied. The discrete conserved quan-
tity is
2
L; = (pfj—1 + Q?j—l) — (Azpi-—1j)

— (Azqi,lj)z = const. (33)
Noticing the discrete energy evolution Eq. (28), one can
also derive that Eq. (33) is conserved. The conserved
quantities are consistent to the properties of the nonlin-
ear Schrodinger equation [22].

*
— &, uy; = uiy, Gij =

2

5. Conclusion

This paper investigates the Noether theorem of dis-
crete Lagrangian systems in field theory. The main
results are the integrator (12)—(14), the determining
Egs. (17) and (21) and the conserved quantities (18)
and (22). The calculation of the nonlinear Schrédinger
equation demonstrates that some conserved quantities
can be obtained when the proper symmetries are given.



Noether Theorems and Discrete Variational Integrators. . . 673

The difficulty is how to derive the infinitesimal generators
and gauge function to satisfy the determining equations.
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