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1. Introduction and preliminaries

Coincidence site lattices (CSLs) are used in describ-
ing and classifying grain boundaries, twins, and inter-
faces of crystals (see for instance [1, 2]), and more re-
cently, of quasicrystals (see [3]). A general and mathe-
matical treatment of the coincidence problem for lattices
and Z-modules can be found in [4]. In Refs. [5, 6], the
idea of coincidences was extended to include affine isome-
tries, shifted lattices, and sets of points formed by the
union of a lattice with a finite number of shifted copies
of the lattice (referred to as multilattices, see [7] and
references therein). This paper is a continuation of the
above-mentioned works where the coincidence problem
for a shifted hexagonal lattice and the hexagonal pack-
ing are solved.

A discrete set I" in R is a lattice if it is the Z-span of d
vectors that are linearly independent. An R € O(d) is
said to be a (linear) coincidence isometry of I' it TN RI
is a sublattice of full rank in I". The intersection I'NMRI is
called the coincidence site lattice (CSL) of I' generated
by R and is denoted by I'(R). The coincidence index
of R with respect to I' is the group index of I'(R) in I,
written X'r(R). Geometrically, X'r(R) gives the volume
of a fundamental domain of I'(R) per volume of a fun-
damental domain of I'. It is known that the sets OC(I")
and SOC(I') of coincidence isometries and coincidence
rotations of I', respectively, form groups. Background
on the mathematical formulation of CSLs can be found
in [4].

These notions were generalized to shifted lattices and
multilattices in [5, 6]. Given a lattice I" and a vector z
in R?, the shifted lattice 2 + I is obtained by translating
every point of I' by x. By a cosublattice of the shifted
lattice x + I', we mean a subset © + ({ + I'') of © + T,
where ¢4 I" is a coset of some sublattice I'" of I". A linear
coincidence isometry R of x + I' is an R € O(d) such
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that (z+ ") N R(x+ I') contains a cosublattice of z + I".
The CSL of x+ I' obtained from R and the coincidence
index Y, r(R) of R with respect to x + I' are defined
analogously. The sets of linear coincidence isometries and
coincidence rotations of z + I' are denoted by OC(z+1I")
and SOC(xz+I'), respectively. The following result from
[5, 6] characterizes OC(x+I") and identifies the CSL and
coincidence index of an R € OC(x + I).

Theorem 1. Let I' be a lattice in R% and = € R%.

i) Then OC(x +T') = {R € OC(I)|[Rx —z € T +
RI'} and it is a group whenever it is closed under
composition.

i) If Re OC(x+T') with Rx —x € L+ RI" for some
terl,then(x+T)NRx+T)=(zx+¥¢)+I'(R)
and Eerp(R) = EF(R)

It is also known that corresponding shifted lattices de-
rived from lattices of the same Bravais type share the
same set (up to conjugation) of linear coincidence isome-
tries. Furthermore, it is enough to look at values of x
in a fundamental domain of the symmetry group of I" to
determine all possible sets OC(z + I).

A multilattice L is the union of a finite number of
shifted copies of a lattice I', i.e., L = Z:()l(xk + ),
where 29 = 0 and zp, — 2, € R?\ I whenever k; # ko.
In general, a multilattice need not be a lattice. A lin-
ear isometry R is a (linear) coincidence isometry of L
if L N RL contains a cosublattice of some shifted lattice
xp + I' in L. Here, the intersection L(R) := L N RL is
referred to as the coincidence site multilattice (CSML) of
L generated by R. The set of coincidence isometries of L
is written as OC'(L) and is equal to OC(I") [6]. The coin-
cidence index of R with respect to L, denoted by X (R),
is the ratio of the density of points in L to the density of
points in L(R). The CSMLs and coincidence indices of
a multilattice may be obtained using the following result
from [6].

Theorem 2. Let L = UZ:()l (zx + I') be a multilattice
generated by the lattice I' and R € OC(L).
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i) The intersection (zi + I') N R(xz; + I') contains a
cosublattice of xy + ' if and only if

Rxj —x, € I' + RI.

ii) Define
or(R) ={(zj,zx): Rx; —x € '+ RT'}. (1)
Then X1 (R) = (m/|oL(R))) Xr(R).

ili) For every (xj,x1) € or(R) there exists an £, € I’
such that Rx; — xp, € £ + RI'. Thus,

L(R) = Ugy, myconimy @+ £0) + T(R)].

2. Coincidences of the hexagonal lattice

Let £ = exp(2mi/3). We consider the hexagonal or
triangular lattice I' = Z[¢] = {m + n&|m,n € Z}, also
known as the set of Eisenstein integers or the ring of in-
tegers of the cyclotomic field Q(&). If v = m+né € Z[¢],
then the conjugate of v is ¥ = (m—n) —né and the num-
ber theoretic norm of 7 is N(v) =7y = (m — n)? + mn.
The ring Z[¢] is a Euclidean domain under the given
norm [8], and hence also a principal ideal domain. Its
units form the cyclic group {1,—¢2 &, —1,£2,—¢} =
(—€2) = Cg and they correspond to rotational point sym-
metries of I'.

The coincidence problem for the hexagonal lattice has
been solved in [9] (see also [10]). Any coincidence rotation
R of I' by an angle of ¢ corresponds to multiplication by

( . ) H (wp ) b (2)
exp(ip) =€ ==
p=i(3) NP

where the product runs over all rational primes p = 1
(mod 3), t, € Z for which only finitely many of them are
nonzero, € is a unit in Z[¢], and p is split into its prime
factors w, and its conjugate wy, i.e., p = wyw,. We define
the numerator z of R by

z= H wip X H (@p) . (3)
p=1(3),t,>0 p=1(3),t,<0
Then the CSL obtained from R is I'(R) = 2Z[{] = (2)

generated by z and €z. In addition, the coincidence index
of R is the norm of z in Z[¢] given by

Ir(R)=N() = [] »""
p=1(3)

Hence, the group of coincidence rotations of I" has the
structure SOC(I") = Cg x Z™0) | where Z®0) denotes the
direct sum of countably many infinite cyclic groups, each
with a generator of the form w, /@, as in (2). Since every
coincidence reflection 7' can be expressed as T = RT,
where R € SOC(I") and T; is the reflection along the real
axis (corresponding to complex conjugation), it follows
that OC(I") = SOC(I") x (Ty).

Denote by fzpe(m) the number of CSLs of I' of in-
dex m. Since Z[¢] is a unique factorization domain, fz¢
is a multiplicative arithmetic function, i.e., fz¢(mn) =
fz1e)(m) fz1¢) (n) whenever m and n are relatively prime.
The Dirichlet series generating function for fz is given
by

ugle) = X P = T

m=1 p=1(3)

:1+%+1:255+1§s+3?5+3§5+435+'”

If fz[g] (m) counts the number of coincidence rotations
of I' yielding CSLs of index m, then fz[g] = 6fz[g-

3. Coincidences of a shifted hexagonal lattice

We obtain the solution to the coincidence problem for
a shifted hexagonal lattice using methods and techniques
similar to the ones used for a shifted square lattice (see
[5, 6]). Details of the following results can be found
in [11]. For the rest of this paper, we shall denote by
R, . and T, . the coincidence rotation R € SOC(z + I')
and coincidence reflection T' € OC(z+1I") associated with
the numerator z and unit €. The following lemma allows
us to identify OC(x + I') for specific values of z.

Lemma 1. Let I' = Z[¢], © = a + b€ where a,b € R,
R=R,.e€SOC(I'), and T = RT,. Then

i) Re SOC(x+1T') if and only if (cz —Z)z € I'.
i) TeOC(x+ 1) if and only if ez — zx € I

The following results about the sets OC(x + I') and
SOC(x + I') are consequences of Lemma 1.

Theorem 3. Let I' = Z[¢] and x = a + b, where
a,b e R.

i) SOC(x +TI') is a subgroup of SOC(I").

ii) OC(xz 4+ I') is a subgroup of OC(I") if and only if
for any coincidence reflections Ty, To € OC(z+ 1),
the coincidence rotation ToTy € SOC(x + T').

iii) If OC(xz + I') contains a reflection symmetry T €
P(I'), then OC(xz+1T) is a group with OC(z+1") =
SOC(x+1T)x(T).

Corollary 1. Let ' = Z[]. If one of
the following conditions on = = a + b holds:
a € 7,b € Zya—b € Z,b—2a € Z,a+b € 7 or
a—2b€Z, then OC(z+1I)=SOC(z+TI)x(T1.) isa
subgroup of OC(I") where

1, if beZ,
& ifa—-beZ,
&, ifacl,

-1, if —2a+0be,
=£, if a+be,
—€% ifa—2bcZ.

One uses the following lemma to distinguish which
Eisenstein integers are possible numerators of coincidence
rotations of I

Lemma 2. Let I' = Z[¢] and z = m + n& € Z[€] such
that ged(m,n) = 1. Then the following are equivalent:
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(i) z is a numerator of some R € SOC(I"), (ii) 31 N(z),
and (iii) 31 (m +n).

The next theorem gives the solution of the coincidence
problem for a shifted hexagonal lattice whenever one of
the components of the shift vector is irrational.

Theorem 4. Let I' = Z[€] and x = a+b€ for a,b € R.
If a or b is irrational then OC(x + I') is a group having
at most two elements. In particular, if

i) a is irrational and b is rational then

(Ty), if beZ,

ocC Ir)=
(x+1) {{IL}, otherwise.

ii) a is rational and b is irrational then
<T1,€2>7 lf ac Z)
{1},

iii) both a and b are irrational, and

otherwise.

OC(z+T) = {

(a) 1, a, and b are rationally independent, then
OC(x+TI') = {1}.

(b) a = (p1/q1) + (p2/q2)b where pj,q; € Z, and
ged(pj,q;) =1 for j € {1,2} with
(1) p2g2 = 0,1 (mod 3), then

OC(‘T—FF) — { <TP2+(12§71>7 Zf QI|q2a

{1}, otherwise.
(2) p2g2 =2 (mod 3), then
OC(z+T)=
(T(2g2—p2) /3+(g2—2p2)¢/3,~1)
if ¢ilgz,
{1}, otherwise.

Thus, it now remains to compute for OC(z+I') when-
ever both components of x are rational, i.e, whenever
x € Q). Given z € Q(§), we write © = p/q where
p,q € Z[¢], and p,q are relatively prime (in Z[£]). It
turns out that SOC(x + I') ultimately depends on the
value of the denominator ¢ of z.

Lemma 3. Let x = p/q where p,q € I' = Z[¢] with
ged(p,q) = 1. Then R, € SOC(x + I') if and only if
ql(ez — ).

The succeeding theorem gives a further sufficient con-
dition for OC(x + I') to form a group.

Theorem 5. Let x = p/q where p,q € I' = Z[¢], and
p,q are relatively prime. If none of the prime factors «
of N(q) satisfies 7 = 1 (mod3), then OC(z 4+ I') is a
group.

We end this section by giving an example. Recall
that it suffices to compute OC(x + I') for values of z
in some fundamental domain D of the symmetry group
of I'. A possible fundamental domain is

D={a+bla,beR,0<4b<2a<b+1}

shown in Fig. 1.

{o---m--- * £’
\ /N
\ / 2 | 1
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. 373
é\\ ’/ \\ \\
3 > -
0 12 1
23

Fig. 1. A fundamental domain D for the symmetry
group of I' = Z[¢].

Example. Let z = (2+&)/3 =1/(1 = &) (see Fig. 1).
The denominator of z is ¢ = 1 —&. Let z = m + né
be a numerator of some R € SOC(I"). It follows from
Lemma 2 and

né(l —¢), if e =1,
—m(1—¢), if e =¢,
m—n)E2(1 —§), if e = €2,
LTET (—2m+>7§,( * ifszf—L
(m —2n)&2, if e = —¢,
(m +n)¢, if e = —¢2

that ¢|(ez — 2) if and only if € € {1,&,£%}. Lemma 3 now
implies that

SOC(z+T) =

{R.. € SOO(I)|e € {1,£,€%}} = C3 x ZM).

Moreover, OC(x + I') = SOC(x + I') x (T1,_¢2) and
is a subgroup of OC(I") of index 2, by Corollary 1. If
fesr(m) and foip(m) denote the number of CSLs and
coincidence rotations of x + I' of index m, respectiyely,
then foyr = fzg while forr = 3ferr = (1/2) fz19.
Note that this result agrees with the discussion in the
appendix of [9] where the same conclusion was reached
by applying a certain similarity transformation on the
hexagonal lattice.

4. Coincidences of the hexagonal packing
We now fix x = 1/(1—¢). Figure 2 illustrates that the
hexagonal packing or honeycomb lattice can be viewed
as the multilattice L=T"U (z+ I').
Since OC(L) = OC(I"), we only need to find X' (R)
and the CSML of L for an R € OC(I').

Proposition 1. Let I' = Z[¢], L =T U (z + I') with
x=1/(1-¢), and R € OC(I").

i) If R e OC(x +T) then SL(R) = Zr(R).
ii) If R ¢ OC(x+ T) then Y1(R) = 25 (R).

Proof. To find X, (R) for a given R €
OC(I'), we examine which of the four possible pairs,
(0,0), (0,2), (z,0), (x,z), belong to or,(R) from (1). Ob-
serve that the denominator 1 — £ of x is a factor of the
ramified prime 3 in Z[£].
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Fig. 2. Hexagonal packing as the multilattice L = I"'U
(x+ TI'), where I' = Z[¢] and x = 1/(1 — &).

If R € OC(x + I'), then one obtains (see [12] for
details) that o (R) = {(0,0),(z,z)} and so Yp(R) =
(2/2)2r(R) = Xr(R). On the other hand, if R ¢
OC(z + I') then o(R) = {(0,0)}. Hence, X(R) =
(2/1)Xr(R) =2Xr(R). O

It follows from Theorem 2 and the proof of Proposi-
tion 1 that the CSML of L obtained from R € OC(T") is
LR)=T(R)U[(x+INRx+D]if Re OC(z+1TI),
and L(R) = I'(R) otherwise.

5. Coincidences of a shifted hexagonal packing

In the previous section, we established that the origin
has only Dj site symmetry with respect to the hexagonal
packing L = I'U (z + I'). To obtain a maximal site sym-
metry of Dg, it is necessary to rotate L about a different
center. Taking this center as —x, observe that rotating
L about —z is equivalent to rotating x + L about the ori-
gin. This motivates us to investigate further the linear
coincidences of a shifted multilattice v+ L. The following
theorem [12] tells us how to determine OC(z + L), and
gives formulae for X, (R) and the CSML of = + L for
an Re€ OC(x + L).

Theorem 5. Let L = J;'~)' (x4 + I') be a multilattice
generated by the lattice I' and 0,41 (R) = {(x + =,z +
zp)|R(x +2j) — (x+ o) € '+ RI0< j,k<m—1}.

i) Then OC(z + L) = {R € OC(I')|oy+L(R) # &}.

ii) The coincidence index of R € OC(x + L) with re-
spect to x+ L is Xyy,(R) = (m/|owtr(R)) Xr(R).

ili) For every (z+x;,x+x)) € 0441 (R), there exists an
U € I such that R(x+x;) — (x+xy) € {1 +RI.
Thus, the CSML of = + L is given by

(x+L)NR(x+ L)
- U(xjvxk)eo'a:JrL(R) (@ + 2 + L) + T(R)].

Since x € —2z + I', the hexagonal packing may be
written as L = I'U(x+1I") = I'U(—2z+1"). Observe that
the centers of the hexagons in L are points with maximal
site symmetry Dg. One of these centers is —z, so we
look at coincidences of the shifted multilattice x + L =
(x+ MU (—x+1).

Proposition 2. Let L = I'U(—2z+1") where I' = Z[¢]
and x = 1/(1 = &). Then OC(x + L) = OC(I") and for
all R € OC(I + L), E:c+L(R) = EF(R)

Proof. Analogous to the proof of Proposition 1, we
need to find which of the four pairs (z,z), (z,—x),
(—x,z), (—x, —z) belong to o,11(R) for an R € OC(I).
The following are due largely to Theorem 2, and full de-
tails may be found in [12].

IfReOC(x+ 1), 0prr(R) ={(x,x), (—x,—2z)}, and
therefore X, 1(R) = (2/2)Xr(R) = Xr(R). Otherwise,
os41(R) = {(z,—z), (—,x)}, which yields X, (R) =
(2/2)Xr(R) = Xr(R). In both cases, the conclusion now
follows. O

Proposition 2 also appears in the Appendix of [9].
Nonetheless, we gain from this different approach the
following information about the points of intersection by
applying Theorem 5. If R € OC(z + I'), then the CSML
of x4 L generated by R is the union of the CSLs of x+I"
and (—x + I') obtained from R. On the other hand, the
CSML generated by R ¢ OC(z+ I') is obtained from the
intersection of R(—x+I") with z+I" and the intersection
of R(x +I') with —x + T.
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