
Vol. 126 (2014) ACTA PHYSICA POLONICA A No. 2

Proceedings of the 12th International Conference on Quasicrystals (ICQ12)

Discrete Tomography: Magic Numbers for N -Fold Symmetry
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We consider the problem of distinguishing convex subsets of n-cyclotomic model sets Λ by (discrete parallel)
X-rays in prescribed Λ-directions. In this context, a `magic number' mΛ has the property that any two convex
subsets of Λ can be distinguished by their X-rays in any set of mΛ prescribed Λ-directions. Recent calculations
suggest that (with one exception in the case n = 4) the least possible magic number for n-cyclotomic model sets
might just be N + 1, where N = lcm(n, 2).
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1. Introduction

Discrete tomography (DT) is concerned with the in-
verse problem of retrieving information about some �nite
set in Euclidean space from (generally noisy) information
about its slices. One important problem is the unique
reconstruction of a �nite point set in Euclidean 3-space
from its (discrete parallel) X-rays in a small number of
directions, where the X-ray of the �nite set in a certain
direction is the line sum function giving the number of
points in the set on each line parallel to this direction.
The interest in the discrete tomography of planar De-

lone sets Λ with long-range order is motivated by the
requirement in materials science for the unique recon-
struction of solid state materials like quasicrystals slice
by slice from their images under quantitative high res-
olution transmission electron microscopy (HRTEM). In
fact, a technique is described in [1, 2], which can, for
certain crystals, e�ectively measure the number of atoms
lying on densely occupied columns. Since we aim at a
slice by slice approach, it is su�cient to study the DT of
planar Delone sets with long-range order.
Since di�erent �nite subsets of Λ may have the same

X-rays in several directions, one is naturally interested in
conditions to be imposed on the set of directions together
with restrictions on the possible �nite subsets of Λ such
that the latter phenomenon cannot occur. Here, we con-
sider the convex subsets of so-called strong cyclotomic
Delone sets Λ and present new results on the problem
of distinguishing convex subsets of Λ by X-rays in pre-
scribed Λ-directions. It is well known [3] that there are
four prescribed Λ-directions such that any two convex
subsets of Λ can be distinguished by the corresponding
X-rays, whereas less than four Λ-directions never su�ce
for this purpose. Moreover, there is a �nite number mΛ

such that any two convex subsets of Λ can be distin-
guished by their X-rays in any set of mΛ prescribed Λ-
directions. It was essentially shown in [3] that the least
possible `magic numbers' mΛ in the case of the practi-
cally most relevant examples of strong n-cyclotomic De-
lone sets Λ with n = 5, 8 and 12 only depend on n and
are (in that order) 11, 9 and 13; see also [4] for a gen-
tle introduction. This extended a well-known result of

Gardner and Gritzmann [5] on the corresponding prob-
lem for the crystallographic cases n = 3, 4 (with least
possible number mΛ = 7 in both cases) to cases that are
relevant in quasicrystallography. With the exception of
the case n = 4, the explicit calculations above indicate a
very simple relation between n and the associated least
possible `magic numbers', i.e. for the cases n = 3, 5, 8 and
12 the magic number is just N +1, where N = lcm(n, 2).
In this short note, we present further computational ev-
idence that this might be true in general. For detailed
proofs and an extensive list of references, we refer the
reader to [3].

2. Cyclotomic Delone sets

Throughout, the Euclidean plane is identi�ed with the
complex numbers. We denote by KΛ the smallest sub-
�eld of C that contains the rational numbers as well as
the union of Λ−Λ and its image Λ−Λ under complex
conjugation. For n ∈ N, we always let ζn = e2π i/n, a
primitive n-th root of unity in C. Then, the smallest
sub�eld of C that contains the rational numbers as well
as ζn is the n-th cyclotomic �eld denoted by Q(ζn). The
latter is just the Q-span of the n-th roots of unity and
thus contains the Z-span Z[ζn] of the n-th roots of unity.
Note that Q(ζn) = Q(ζN ), where N = lcm(n, 2) = [n, 2]
is the least common multiple of n and 2. Recall that a
homothety of the complex plane is given by z 7→ λz + t,
where λ ∈ R is positive and t ∈ C. For our purposes, the
following rather abstract de�nition is convenient.

De�nition 1. Let n ≥ 3. A Delone set Λ ⊂ C is
called a strong n-cyclotomic Delone set if it satis�es the
following properties:

(n-Cyc∗) KΛ = Q(ζn).

(Hom) For any �nite subset F of KΛ, there is a ho-
mothety h of the complex plane that maps the
elements of F to Λ.

Further, Λ is called a strong cyclotomic Delone set if it
is a strong n-cyclotomic Delone set for a suitable n ≥ 3.

This includes many of the commonly used mathemat-
ical models of slices that occur in quasicrystallography,
i.e. the n-cyclotomic model sets Λ ⊂ Z[ζn]; cf. [3, 6]. For

(486)

http://dx.doi.org/10.12693/APhysPolA.126.486


Discrete Tomography: Magic Numbers for N -Fold Symmetry 487

suitable choices of the window, these sets have N -fold
rotational symmetry. They range from periodic exam-
ples like the fourfold square lattice (n = 4) or the six-
fold triangular lattice (n = 3) to nonperiodic examples
like the vertex set of the tenfold Tübingen triangle tiling
(n = 5), the eightfold Ammann�Beenker tiling (n = 8)
or the twelvefold shield tiling (n = 12); see Fig. 1. The
vertex sets of Penrose tilings fail to be cyclotomic model
sets but are still strong 5-cyclotomic Delone sets [7].

3. Discrete tomography

The unit circle in C is denoted by S1 and its elements
are also called directions.

De�nition 2. Let F be a �nite subset of C, let u ∈ S1 be
a direction, and let Lu be the set of lines in the complex
plane in direction u. Then the (discrete parallel) X-ray
of F in direction u is the function XuF : Lu → N0 =
N ∪ {0}, de�ned by

XuF (`) = card(F ∩ ` ).

Furthermore, we say that the elements of a collection F
of �nite subsets of C are determined by the X-rays in
the directions of a �nite set U ⊂ S1 of directions if dif-
ferent elements of F cannot have the same X-rays in the
directions of U .

Let Λ ⊂ C be a �xed Delone set. Obviously, only Λ-
directions (directions parallel to nonzero elements of the
di�erence set Λ−Λ) are reasonable. One can see that,
for a strong n-cyclotomic Delone set Λ, the set of Λ-
directions coincides with the set of Q(ζn)-directions (de-
�ned analogously). Note that the present text is only
concerned with the uniqueness problem of determining
the elements of a large collection of �nite subsets of Λ by
few X-rays in prescribed Λ-directions. For the algorith-
mic reconstruction problem in the quasicrystallographic
setting, see [8].
One can easily see that no �nite set of pairwise non-

parallel Λ-directions su�ces in order to determine the
whole class of �nite subsets of a (strong) cyclotomic De-
lone set Λ (in contrast to strong cyclotomic Delone sets,
cyclotomic Delone sets only satisfy the weaker condition
KΛ ⊂ Q(ζn)) by the corresponding X-rays. It has proven
to be most fruitful to focus on the convex subsets of
(strong) cyclotomic Delone sets. The latter are bounded
(and thus �nite) subsets C of Λ with C = conv(C) ∩ Λ,
where conv(C) denotes the convex hull of C.

4. Determining convex sets by X-rays

De�nition 3. For a �nite set U ⊂ S1 of directions,
a nondegenerate convex polygon P ⊂ C is called a U -
polygon if it has the property that whenever v is a vertex
of P and u ∈ U , the line in the complex plane in direc-
tion u which passes through v also meets another vertex
v′ of P . For a subset S ⊂ C, P is called a U -polygon in
S, if its vertices lie in S.

One has the following fundamental result.

Theorem 1. [3], Fact 5.3. Let Λ be a (strong) cyclotomic
Delone set and let U ⊂ S1 be a set of two or more pairwise
nonparallel Λ-directions. The following statements are
equivalent:

(i) The convex subsets of Λ are determined by the X-
rays in the directions of U .

(ii) There is no U -polygon in Λ.

If, in addition, card(U) < 4, there is a U -polygon in Λ.

Note that the proof of direction (ii)⇒(i) needs property
(Hom); see Fig. 1 for an illustration of the other (easy)
direction (i)⇒(ii). Thus, one is immediately led to the
investigation of U -polygons.

Fig. 1. The construction of a U -polygon in the vertex
set Λ of the twelvefold shield tiling (as described in the
paragraph preceding Proposition 1), where U is the set
of N = 12 Λ-directions given by the edges and diagonals
of the central regular dodecagon. Here, the points ob-
tained by translating the regular N -gon are already ver-
tices of the tiling and not only elements of Q(ζn). The
vertices of Λ in the interior of the U -polygon together
with the vertices indicated by the white and grey dots,
respectively, give two di�erent convex subsets of Λ with
the same X-rays in the directions of U .

5. Existence of U-polygons

For n ≥ 3, consider the regular N -gon R inscribed
in the unit circle, with one vertex at 1. Now attach N
translates of R edge-to-edge to R in the obvious way.
Then, one can easily verify that the convex hull P of the
resulting point set is a U -polygon in Q(ζn), where U is
the set of N pairwise nonparallel Q(ζn)-directions given
by the edges and diagonals of R. Now let Λ be a strong
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n-cyclotomic Delone set. Employing properties (n-Cyc∗)
and (Hom), one obtains a U -polygon in Λ for a set U
consisting of N Λ-directions; compare Fig. 1. In view of
Theorem 1, this proves that the magic number for strong
n-cyclotomic Delone sets is at least N + 1.

Proposition 1. Let Λ be a strong n-cyclotomic Delone
set. Then there is a U -polygon in Λ with card(U) = N .

De�nition 4. Let (t1, t2, t3, t4) be an ordered tuple of
four distinct elements of R ∪ {∞}. Then, its cross ratio
〈t1, t2, t3, t4〉 is

〈t1, t2, t3, t4〉 =
(t3 − t1)(t4 − t2)
(t3 − t2)(t4 − t1)

∈ R∗,

with the usual conventions if one of the ti equals ∞.

By construction, the cross ratio of slopes of four pair-
wise nonparallel Λ-directions is an element of the �eld
KΛ ∩ R. In case of (strong) n-cyclotomic Delone sets Λ,
these cross ratios are thus elements of the �eld Q(ζn)∩R.
Employing a blend of methods from the theory of cy-

clotomic �elds and previous results obtained by Gardner
and Gritzmann [5], one obtains the following deep result
on U -polygons. The novelty here is the assertion on the
formula for the least possible upper bounds bn and the
largest possible sets U of directions. These were found
by direct computation (the proof of [3], Thm. 5.6, imme-
diately leads to an algorithm).

Theorem 2. [3], Thm. 5.7. Let n ≥ 3 and let Λ be a
strong n-cyclotomic Delone set. Further, let U ⊂ S1 be a
set of four or more pairwise nonparallel Λ-directions and
suppose the existence of a U -polygon. Then, the cross
ratio of slopes of any four directions of U , arranged in
order of increasing angle with the positive real axis, is an
element of the �nite set C[2n,12](Q(ζn)∩R) of numbers in
the �eld Q(ζn) ∩ R that can be written in the form(

1− ζk1[2n,12]
)(

1− ζk2[2n,12]
)

(
1− ζk3[2n,12]

)(
1− ζk4[2n,12]

) ,
where (k1, k2, k3, k4) ∈ N4 satis�es

k3 < k1 ≤ k2 < k4 ≤ [2n, 12]− 1

and

k1 + k2 = k3 + k4.

Moreover, card(U) is bounded above by a �nite number
bn ∈ N that only depends on n. With the exception of
b4 = 7, for 3 ≤ n ≤ 50 and n = 61, bn = N = [n, 2] is
best possible. Moreover, for these values of n, if there is a
U -polygon with card(U) = N , then there is a linear auto-
morphism of the complex plane that takes the directions
from U to a set of vectors which when normalised are
given by ehπ i/N , where h ∈ {0, 1, 2, . . . , N − 1} (compare
Fig. 1).

6. Result

Theorems 1 and 2 now immediately imply our main
result on the determination of convex subsets of strong
cyclotomic Delone sets.

Theorem 3. [3], Thm. 5.11. Let n ≥ 3 and let Λ be a
strong n-cyclotomic Delone set.

(a) There are sets of four pairwise nonparallel Λ-
directions such that the convex subsets of Λ are de-
termined by the corresponding X-rays. In addition,
less than four pairwise nonparallel Λ-directions
never su�ce for this purpose.

(b) There is a �nite number mn ∈ N that only de-
pends on n such that the convex subsets of Λ are
determined by the X-rays in any set of mn pair-
wise nonparallel Λ-directions. With the exception
of m4 = 7, for 3 ≤ n ≤ 50 and n = 61, mn = N+1
is best possible.

7. Recipe and conjecture

By Theorems 1 and 2 above, it su�ces for Theo-
rem 3(a) to take any set of four pairwise nonparallel
Λ-directions such that the cross ratio of their slopes, ar-
ranged in order of increasing angle with the positive real
axis, is not an element of the �nite set C[2n,12]

(
Q(ζn)∩R

)
which can be computed directly. E.g. for the vertex set
of the shield tiling (a 12-cyclotomic model set) below, the

set C24
(
Q(
√
3)
)
of cross ratios to be avoided is given by

(note that the number 2√
3
is mistakenly missing in the

corresponding list appearing in [3] Cor. 4.10(c)){
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.

See [3], Cor. 4.10, for concrete results in the other prac-
tically important cases n = 5, 8 of quasicrystallography.

Conjecture 1. With the exception of m4 = 7, the trivial
lower bound mn = N + 1 is the magic number for strong
n-cyclotomic Delone sets for all n ≥ 3, where N = [n, 2].

The above exception can be explained as follows. For
the two crystallographic cases n = 3, 4, the corresponding
n-cyclotomic model sets, i.e. translates of the triangular
(N = 6) resp. square lattice (N = 4), are a�nely equiva-
lent. It is thus clear that, as it is the case for the triangu-
lar lattice, also the square lattice contains a U -polygon
for a set U consisting of six (and not only N = 4) lattice
directions; cf. [5].
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8. Seven a universal magic number in 3D?

It is certainly of interest to abandon the slice-by-slice
approach to the problem of uniquely reconstructing con-
vex subsets of 3D Delone sets by X-rays and to turn to
sets U ⊂ S2 of Λ-directions in general position (i.e. any
three directions from U span the whole 3-space) instead;
compare the approach to 3D reconstruction of atomic
arrangements presented in [9]. The following conjecture

goes back to a continuous version formulated by Gardner
in 1995 ([10], Problem 2.1).

Conjecture 2. Let Λ ⊂ R3 be a Delone set. Then, the
convex subsets of Λ can be distinguished by the X-rays in
any set of seven Λ-directions in general position.

Figure 2 immediately yields that the number seven in
Conjecture 2 cannot be lowered to six.

Fig. 2. The great rhombicosidodecahedron (i) (inscribed in the unit sphere) is a U -polyhedron (de�ned just as U -
polygons) with respect to the indicated set U of six directions in general position. Again, its vertices can be coloured
with two colours, say white and grey, such that every white vertex corresponds to a grey vertex, whatever direction
from U is used. The convex hull of one colour class is shown in (ii). For symmetry reasons the vertices of (ii) and the
vertices of its counterpart (the convex hull of the other colour class) have the same X-rays in the directions of U . Figure
from [10], p. 66, c© Cambridge University Press.
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