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1. Introduction

The purpose of this paper is to present a new approach
to the study of the bending of a beam with the infinite
length on the elastic foundation, based on an application
of the distribution theory.

To justify our treatment we present briefly the tradi-
tional method [1, 2] of determining the maximal bending
torque.

The starting point of the traditional approach is the
differential equation

y""(x) +4p%y(x) = 0, (1.1)
where 48 = k/(EJ), EJ is the bending stiffness, the
coefficient k characterizes the value of the unit force of
the elastic supporting medium, i.e. ky(z) describes the
y coordinate of the elastic force acting on the beam at
a point x, see Fig. 1. Equation (1.1) does not take into
consideration the load acting on the beam.
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Fig. 1. The beam on the elastic supporting medium.

In the case of a single vertical concentrated force P
with a magnitude P acting on a beam at the point z =0
the general solution of (1.1) has the form

y(x) = e (Asin(Bz) + B cos(fz))

+e7P%(C'sin(Bz) + D cos(Bx)). (1.2)
It is assumed that A = B = 0. Then to include the effect
of an external force, the following conditions, permitting
to determine constants C' and D, are introduced:
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y'(0)=0, EJy"(0)=—-P/2. (1.3)
Conditions (1.3) together with conditions A = B = 0
imply that

P

C=D= SEJF
Hence the equation of the bending line of a beam under
the action of a single external force assumes the form

y(x) = SEJ e P (sin(Bz) + cos(Bx)),

while the bending torque and the transversal force are
given respectively by the formulae

M(x) = EJy'(z) = %e*ﬂm(cos(ﬂx) — sin(Bx)),(1.6)

(1.4)

(1.5)

Q(z) = EJy" (z) = fge**&” cos(Bx). (1.7)

The imaginary bending line of a beam under the action
of a single force is depicted in Fig. 2, while the graph of
y(x) is presented in Fig. 3.
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Fig. 2. The imaginary bending line of a beam under
the influence of a single force.

The wavy line on Fig. 3 represents decreasing ampli-
tudes. The length of the half-wave is I = 7/8 and it is
seen from the Table 24 published in [1] that at the dis-
tance 2ly from the origin, the maximal amplitude is ap-
proximately 0.2% of the magnitude of the displacement
under the acting force, i.e. it practically equals zero.

In the case of a system of concentrated forces no for-
mula of the bending line is available. The formulae (1.6)
and (1.7) are successively applied to each force and the
maximal torque is calculated. This is done by moving
the origin to the point of attachment of the consecutive
force and the maximal torque is searched among solutions
obtained this way.
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Fig. 3. The graph of y(z), see Eq. (1.5).

In the following we will consider the beam of an infinite
length on the elastic supporting medium under the action
of n concentrated forces P; with values P; < 0 acting
on the beam at points x;. The bending of the beam is
described by function y(z), x € R which satisfies the
differential equation with the distributional right hand
side

y" (@) + 48%y(x) = 3 Fid(e — ),
=1

where F; = P;/(EJ) and 6(z —z;) is a Dirac distribution
concentrated at z;, (0 <1 <o < -+ < Ty).

By the solution of Eq. (1.8) in the distributional
sense we mean the function y(z) of class C* in
R\ {21,...,2,}, such that [,(y""(z) + 48%y(z) —
S Fid(z — x;))e(x)dz = 0 for any "test function" ¢
i.e. for any C'*° function with a compact support.

It is known that for an arbitrary xo the distributional
solution y(x) is uniquely determined by initial values
y9) (o), § = 0,1,2, (y®(zo—) +y® (x0+)))/2 [3].

In practical problems to make it possible to get the
optimal choice of the solution method, three conceptions
are proposed. In each of the first two conceptions, two
different forms of particular integrals of (1.8) are consid-
ered. In the last one the elastic continuous supporting
medium is replaced by the discrete one.

(1.8)

2. The first conception
First variant. In the first variant we consider the so-
lution of (1.8) as a generalized function given by the for-
mula [4, 5]

y(x) = e (Asin(Bz) + B cos(fz))

+e=P%(Csin(Bz) + D cos(Bx))

1 &~
i Z Fi[sinh B(z — x;) cos B(x — x;)
i=1
—cosh B(z — x;) sin(B(x — z;)|H (x — x;), (2.1)
where
1, forx>a
H . _ ) 9
(z—a) {0 for x < a.
Let A= B =0 and assume that
y'(0)=0, y(@) =0, >, (2.2)

where the choice of ¥ is given below.
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The distributional derivatives [6] of (2.1) are given by
Y (x) = Be™P*[(C + D)sin(Bx) + (C — D) cos(Sx)]

—&—2—;2 ;FZ sinh B(z — 2;) sin f(z — ;)

X H(x — x;),
y'(z) = 28%e P2 [Dsin(Bz) — C cos(fz)]

—&-% Z[F, sinh 8(z — x;) cos B(x — x;)
i=1

+ cosh_ﬂ(x —x;)sin B(x — x;)|H (z — x;),
y"(x) = 268%™ "*[(C — D) sin(Bz)

(2.3)

(2.4)

n
+(C + D) cos(Bz)] + Z F; cosh B(x — x;)
i=1
x cos(B(x — x;)H(x — x;). 2.5)
From Eq. (2.3) it follows that if C = D then y'(0) = 0.
By Eq. (2.1) and the second condition of Eq. (2.2)
bt

n: 433 (sin(B%) + cos(B7))
X Z F;[sinh (& — ;) cos B(Z — ;)

i=1
—cosh B(Z — x;) sin f(& — x;)],
provided A= B =0and C = D.
Z is chosen to satisfy sin(8Z) + cos(Bz) # 0, which im-
plies the inequality

_ ow(k—1/4)
R
B

Taking into consideration the graph of Eq. (1.5) (see
Fig. 3) and condition & > z,, we assume that

Ban +m/A<BE<mk—1/4), k=1,2.... (28)
Number k = kg should be chosen as small as possible to
satisfy: x, +7/(48) < & < w(ko — 1/4)/P.

From conditions A = B =0, C' = D it follows that the
equation of line of bending of the beam has the form

y(x) = C(&)e™7*(sin(Ba) + cos(fz))
—4—;3 Z F;[sinh f(x — ;) cos B(x — ;)
=2

—cosh (z — x;) sin(B(x — x;)|H (x — x;), (2.9)
where C(%) is defined by Eq. (2.6). The summation in
Eq. (2.9) starts from 2, since P; is included in the condi-
tion y/(0) = 0.

Remark 1. For any T satisfying & = w(2s + 1/4)/8
(s=0,1,---) from Eq. (2.6) it follows that
. Py
C@) = 35E7
For n = 1, 1 = 0 from Eq. (2.6) we get the known
formula (see Eq. (1.5))
P
= 8EJlﬁ3 e P2 (sin(Bz) + cos(Bx)).
Usually the expressions for the bending torque M (x) =
EJy"(z) and the transversal force Q(z) are also required.

—~

)

O(7)

(2.6)

k=1,2,.... (2.7)

(2.10)

y(x) (2.11)
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Recalling that sinfz — cos Bz = /2sin(fz — 7/4),
sin Bz + cos Bz = v/2cos(Bz — 7/4), they are given by
the formulae

1 eP@=2) sin(Bx — 7 /4)
%< cos(fT — w/4)

x Y P;[sinh B(& — ;) cos B(E — ;)
=1

—cosh B(Z — z;) sin B(Z — ;)]

M(x) =

+ Z P;[sinh f(x — ;) cos B(x — x;)

i=2
+cosh B(z — x;)sin B(a — x)|H(z — ;)), (2.12)
and

Qx:) = T(ﬁ) —T(x;), (2.13)
where T'(z) denotes the right(left)-hand limit of 7" at
xi, Q(z) = T(x) for x # m,, and

eBE=2) cos B

@)= cos(Bi —m/4) ZP [sinh 3(Z — ;)

x cos B(T — x;) — coshﬂ(x —x;)sin B(Z — ;)]

+ Z P;[cosh f(x — x;)

x cos f(x — x;)H (z — x;). (2.14)

Second variant. In this variant, assuming A = B = 0,

we will consider the solution of Eq. (1.8) written in the
form (equivalent to Eq. (2.9))

y(x) = e*B“(C sin(Bx) + D cos(fSz))
453 ZF e Ple=2cos Bz — x;)

+ sm(ﬁ(x — ;)] H(x — x;).
The distributional derivatives of y(x) are

(2.15)

Y (z) = Be P*[—(C + D) sin(Bz) + (C — D) cos(Bx)]
—2—;2 Z Fie P@=2) in B(x — ;) H (z — x;)
4—;3 ZFi(s (2.16)
Y (z) = 28%eP*(Dsin(Bz) — C cos(Bz))
—% Z Fie @) _sin f(x — ;)
i=1
+cos(B(x — ;)| H(x — x;)
+4—;3 ZFi(S’(x (2.17)
i=1
y'(x ) =23%e77*((C — D)sin(Bz) + (C + D) cos(Bx))
+ZF€ Bla=2i) cos Bz — a3 H (z — ;)
+ZF ;) + —5”(90—@)], (2.18)
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y"'(x) = —48*e”P*(Csin(Bz) + D cos(Sz))
—6ZF e P2 cos B(x — ;)
=1
+sin Bz — ;)| H(z — x;) + Z Filé(x — i)
i=1
—%5’( z;) + 4—636’”( x;)]. (2.19)

By Eq. (2.15), if C = D, then ¢/(0) = 0.

We have lim,_,g- lim, o0 0p(x) — limy_,q+
lim;,, 00 0, (z) = 0. The similar observation holds true
for §'(x) and 6" (x).

Here {4,(x)} denotes a d-sequence of C*° func-
tions with compact supports contained in (—e,,&,),
lim, o0&, = 0, satisfying §,(—z) = §.(z),
Joo bn(a)dz = 1.

Remark 2. If Eq. (2.15) and Eq. (2.19) are inserted
into Eq. (1.8), then on the left-hand side of the resulting
equation sums with terms 6'(x — x;) and 8" (x — x;) will
remain. Since the solution is understood in the distribu-
tional sense, the above terms can be neglected. This fol-
lows from the observation that fm iten "0y (x — a)dx = 0,

[ e (@ — ;) da = 0.

Ti;—En
Proceeding as in the first variant and assuming C' = D,
from the second condition Egs. (2.2) and (2.15) we obtain

n
Z Fz eiﬁ(z*mi)
i=1

et
433 (sin(BZ) + cos(B))

OF) = —

X [sin B(Z — x;) — cos B(T — x;)] (2.20)
and the formula for y(z):
y(x) = C(&) e~ (sin(Bz) — cos(Bz)
453 ZF e P2 [sin f(x — x;)
+ cos ﬁ(w —x;)|H(x — x;), (2.21)

where C(Z) is defined by Eq. (2.20).

Remark 3. As in the first variant, we obtain the for-
mulae, equivalent to Eqs. (2.12) and (2.14):

1 o—B(E—2) sin B(x — 7 /4)
M(w) = Qﬂ( cos (% — m/4)
x 3 Pie P [sin B(2 — 2) + cos B(E — 2,)]
i=1
+ Z Pie P2 cos Bz — ;)
=2
—sinf(z — z;)|H(x — x;)), (2.22)
_ f (z—=x) Sln(ﬁx - 7T/4)
() = 2 e’ cos(Bx — w/4)
X Z Pre P@=)[sin B(Z — ;) + cos B(E — x;)]
i=1
+ Z Pie P2 cos Bz — x)H (x — x;).  (2.23)

=2
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3. The second conception

The approach presented above is now applied to solu-
tion y(z) Eq. (2.1) of equation Eq. (1.8) assuming that
A =—C, B =D and under conditions

y'(2) =0, y(@) =0,
0<z, <Z. (3.1)

First variant. In this case solution of Eq. (1.8) is con-
sidered in the form

y(z) = 2(Asinh(Bz) sin(Sz) + B cosh(Bzx) cos(Sz))

T < Tog < - < Ty,

453 Z Fi[sinh B(z — x;) cos B(x — x;)
— cosh B(x —z;)sin(B(x — x;)|H (z — x;)
= 2(Asinh(fz) sin(fz)

+ B cosh(fx) cos(Bz) — go(x).
Derivatives of Eq. (3.2) are:
y'(z) = 2B((A — B) cosh(Bz) sin(Bz)

+(A + B) sinh(Sz) cos(Bx))

1
252 ZF sinh B(z — x;) sin f(x — z;) H(z — x;)
= Qﬂ((A B) cosh(Bx) sin(Sx)

+(A + B)sinh(8z) cos(8z)) — g1 (), (3.3)
y'(x) = 7452(—Bsinh(ﬂzr) sin(Bx) + A cosh(Bx)

x cos(fBx)) Z Fj[cosh B(z — x;) sin B(z — ;)
+sinh B(x — xl) cos(ﬁ(x —a)]H(x — x;) =
24%(—Bsinh(Bz) sin(Bxr)

+ A cosh(Bz) cos(Ba)) — gala),
y"(x) = —4B%(—(A+ B) cosh(Bx) sin(Ba)

(3.4)

+(A — B)sinh(S8z) cos(Bx)) + Z F; cosh f(x — ;)
i=1
x cos f(x — x;)H (x — ;). (3.5)
From Eq. (3.1), one can determine values of A and B.
To simplify computations we select
= (2rs+7/4)/8, (3.6)
hence sin 3% = cos & = 1/v/2. The value of s is chosen
that 2 > x,,.
Substituting = & in Egs. (3,2) and (3.3) and taking
into consideration Eq. (3.1), one gets the system

NG sinh 8% cosh 8%
B(cosh 8% + sinh 5%) B(sinh ST — cosh B7T)

% A _ 90(Z)
B g1(Z)

(3.7)
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Since
dot sinh 8% cosh 8% _
¢ B(cosh 3% + sinh fi) B(sinh 3% — cosh ) )

—B(1+2cosh zsinh z) < 0
for all £ > x,, the system Eq. (3.7) has a solution for
any T > Znp.

Remark 4. Considering, instead of Eq. (3.1), condi-
tions

y(z) =0, y"()=0, (3.8)
we obtain equation for constants A and B:

sinh B8% cosh 8% A\
V2 <ﬁ2 cosh & —B? sinhﬁi:) <B> N

90(Z)
<92(i')’> (39)

which is uniquely solvable, since its determinant A =
B2(sinh® B — cosh? ) = —(1/2)B%cosh i < 0 for
all z.

Second variant. We proceed with the general solution
of the form different from Eq. (3.2).

We will apply the following form of the general solution
y(x) = 2(Asinh Sz sin fa + B cosh Sz cos )

453 ZF e P2 [sin B(x — ;) + cos Bz — x;)]

xH(x — xz) = 2(Asinh Sz sin Sz

+ B cosh Sz cos Bz) + ko(z).
Consequently, derivatives of y(z) assume the form
y'(z) = 2B((A — B) cosh Bz sin Bz + (A + B) sinh S

(3.10)

X cos fx) —

ﬂ2 ZF e P2 gin Bz — ;)

+ rﬂg ;Fz‘s(x

= 208((A — B) cosh Sz sin Sz

xH(x—x

+(A + B)sinh Sz cos Sz + ki (x), (3.11)
y"(x) = 26%(—Bsinh B sin Bz 4+ A cosh Bz cos Bx)

+% ; Fie e [sin B(z — x;)
—cosB(x — ;)| H(x 453 ZF{S/
= 23?(—Bsinh Bz sin Bz

+A cosh Bz cos fx) + ka(x), (3.12)
y"(x) = 283[—(A + B) cosh Sz sin fz + (A — B)

x sinh Sz cos x| + Z Fie P cos Bz — x;)

i=1



A-194

xH(x — x;

1 n

- — Fio(x
) 25; (
1 S 1"
+4753;Fi5 (ZZ?

(3.13)

y""(x) = —4B8*(Asinh Bz sin Bz + B cosh
x cos fz) — Z A2 B[sin Bz — ;)
i=1
. 1
+cos Bz — x;)|H(z — x;) + Z:F,é(x — ;) — 28
n 1 n
x ;Fia/(:ﬂ 5 Z;Fé(x — ;). (3.14)

Assume Eq. (3.6) is satisfied. Then proceeding as in
the first version, we obtain a system of linear equations
for A and B corresponding to conditions Eq. (3.1)

NG sinh & cosh 8%
(%(cosh B + sinh %) B?(sinh 3% — cosh %)

A\ [ko(2)
(D)= () o
and a system corresponding to Eq. (3.8)
sinh 5% cosh BT A\
V2 (ﬂQ cosh 8z —B3?sinh Bi:) <B> N
ko(Z)
X (kz(:f)) . (3.16)

4. The third conception

The continuous elastic support of the beam is replaced
by the suitable chosen discrete support. Discrete models
of such beams of both finite and infinite length are easier
to handle mathematically.

Here the model with the discrete support is considered.
The corresponding equation has the form [2, 7]

1

Yy ﬁ(@o(x) + ¢1(2)), (4.1)
(see Fig. 4), where pg(z) is a distribution of a system of
discrete elastic supports and ¢4 () represents the exter-
nal loads acting on a beam:

l///(x) —

x) = Z P(x — 2;). (4.2

P; is the y-coordinate of the external force P;, P; < 0,
S; = ky(z;), ©; = hi. We assume that the number of
elastic supports is odd, otherwise an extra support at
the point z,, is added.

Points z; of action of P; upon a beam are situated
between the extreme points of action of the support, i.e.
Ty < 2z < xTp_1, i = 1,...,m if a number of elastic
supports is even, or z_, < z; < xp, 1 = 1,...,m if a
number of z; is odd.

~—
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Fig. 4. The beam on the discrete support.
By Egs. (4.1) and (4.2), the differential equation of the
beam has the form
1 n
1 _ ) o
y(2) = g5k Z;ﬂ y(xi)o(z — i)
Z Pid(z (4.3)
We assulme that for a sufficiently large n
Y(@—n) =y (x-n) =0, ylzn) =y (z,) =0. (4.4)
Note that z; € (x_p,x,) fori =1,...,m. From Eq. (4.3)
we get
/// o
EJ klgn y(a)H(x — x;)
—&—ZPZ-H(:U—ZZ-) +C)), (4.5)
i=1
(z) EJ kl_z;n y(z:)(x — z;)H(x — x;)
+ZP H(x — z)+ Ciz + Cy), (4.6)

V@)= g2k 3 y@) (12— z) Hix — )

1=—n

+ ZPi(l/Z)(x —2)?H(x — 2)

+gltx2/2) + Cyx + C3), (4.7)
y(w) = 0k Y @) (1/6)( — ) Hw — )

i=—n

+> Pi(1/6)(z — 2z)°H(x — 2)
i=1
Let p(z) and g(z) denote the right hand sides of Eqs. (4.7)
and (4.8) respectively. Then, by Eq. (4.4), the values
of y(z;) and integration constants C; are determined by
equations

p(x—n) =0, Q(l‘—n) =0, p(xn) =0,

q(zn) =0 (4.9)
and conditions

y(x;) —gq(z;) =0, fori=-n+1,...,n—1. (4.10)

I(s) = {r : s — n, > 0}. Denote by w the polynomial
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(with unknown coefficients R;): w(z) = Ryz3 + 3Rpx? +
6R3x + 6Ry.

Recalling that zs — z; = (s — i)h, the above formu-
lae lead to the system of 2n + 3 linear equations with
unknown y;, R;.

The first and the last two equations correspond to
Eq. (4.9), the remaining ones represent Eq. (4.10).

w(—nh) = (4.11)
(1/3) (nh) = (1/3)-S ()] = O, (4.12)
s—1
—ay(zs) + Z y(xs)(s — i)3h3
1=—nN ‘
1 0 0 0 0
0 1 0 0 0
0 0 —a/h? 0 0
0 0 13 —a/h} 0
lo o 23 1 —a/h?
A =1y 33 2 13
0 0 (2n-1)3 (2n-2)3 23
0 (2n)® (2n—1)3 (2n—2)3 33
0 (2n)? (2n—1)% (2n—2)2 32
0 (1/3)w'(—nh)
0 w(—nh)
Y—n+1 w((—(n —1)h)
Y= ’ W = . 3
Yn—1 w((n—1)h)
0 w(nh)
0 (1/3)w’(nh)
0
0
P—n+1
= . |1,
Pnfl
0
0
where
P, = Z Fr(z, —25),s =0,£1,...,+(n—1).
rel(s)

The particular form Eq. (4.16) of the system is used to
reduce the size of A(n).

In the (2n+3) x (2n+ 3) matrix A(n) marked columns
correspond 0§, Yons Yont1s Yon2s Yon+3s Y—n+d,
Yn—15 Yns Yn-

Remark 5. Number n in A(n) should be chosen as
small as possible. Its value has to satisfy Eq. (4.10) and
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+ ) F ) 4+ w(sh) =0, (4.13)
. rel(s)
Z y(x;)(n —i)>h3+ Z ) + w(nh) =0,
i:_—ln rel(n) (414)
Z y(x;)(n —1i)°h% + Z n— Zr)
i=—n rel(n)
+(1/3)w’(nh) = 0, (4.15)
which can be written in vector form
R*A(n)y + W = P, (4.16)
where
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
a/h? 0 0 0 ’
13 —a/h® 0 0
23 13 a/h? 0
22 12 0 —a/(3h?)
[
the inequality
9
n > max{|z1], |zm|} + é.

The origin of coordinates should be placed at the cen-
tre of the interval [Zmin, Zmax| containing points z;, i =
1,....,m.

5. Conclusions

The paper presents three conceptions of the descrip-
tion of the bending line of the infinitely long elastic beam.
The analytic formulae of the bending line given here, con-
trary to approaches known in the literature, take into
consideration not one but the whole system of external
forces acting on the beam.

The description of concentrated forces applying the
Dirac measures makes it possible to obtain the desired
equation of the bending line in the case of several exter-
nal forces acting on a beam.

We use the term "conception" instead of "method" be-
cause the resulting formulae cannot be compared with the
ones existing in the literature, where only the influence
of a single external force on the bending is considered.

It is possible that some conceptions presented in the
paper can be considered as new methods provided they
will be verified by numerous examples. The verification
can be done by sketching the bending line (which is not
an easy task) and then making its analysis.

The distribution theory is used in other scientific
works on the modeling of continuous and discrete
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systems [8-10]. The problem of such verification will be
the subject of another work.
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