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1. Introduction

Piezoelements are important type of actuators which
are used in vibration reduction. For more than 20
years [1], piezoelements have been used for reduction
of noise and vibration of beams [2-4] and plate struc-
tures [5-8]. The advantage of using differently shaped
and distributed actuators for active control was demon-
strated by many researchers. Some of the studies concern
different acoustic media [5], but most of papers are de-
voted to homogeneous piezoactuators. Very few papers
deal with different composition of piezoelements. These
works use Functionally Graded Materials (FGM) [3, 9-
10] where material properties change along the thickness
of the element. This paper is concerned with piezoele-
ments with a step change of its material properties in
the element’s plane.

Analytical models and results of numerical simula-
tions on the effect of location of inner segment of two-
part piezoactuators on their effectiveness in vibration re-
duction are presented. For this purpose, mathematical
model with six special cases is discussed, and six nu-
merical models are created, respectively. Each model is
concerned with a steel plate clamped on all sides with
two piezoelements attached to it. One of these elements
is used for plate excitation. For each model, there is
a square homogeneous piezoelement (with the base area
of 1600 mm?) located near to the center of the plate.
The second element can be a square shaped or a triangle
based two-part element with its center placed near to the
quarter of the length and the width of the plate (Fig. 1).

2. Mathematical models

It was demonstrated in [1] that vibration of a thin rect-
angular plate with homogeneous piezoactuator can be de-
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Fig. 1.

Location of piezoelements.

scribed by equation
82
DA?*w + Haat = [+ Fpe, (1)

where w = w(t, x,y) is the transverse displacement, A is
the Laplacian, f = f(t,z,y) is the external excitation,
w = phg, pis the material density, hg is the plate thick-
ness, D = Eh}/12(1 — v?) is the flexural rigidity of the
plate, and v and E are the Poisson ratio and the Young’s
modulus, respectively. Further, Fj. represents external
forces due to homogenous actuator which, for the rect-
angular element shown in Fig. 2d, are given by [1]

Fpe = Cope{ [Hay = Hay) @ (3}, = 8,) + (0%, = 0,,)

®lH,, — Hyl}, (2)
and according to [8], for triangular actuator (Fig. 3d) by

Fpe = COGPE{((SIII - 6;2) ® [Hyl - Hf(.)] - 2(65131 - 6932)

@y + [Hay = Hy (5], —267,) |, 3)

where Cy = EIK/ denotes the piezoelectric strain-plate
moment coupling term, K7/ is the material-geometric
constant, €, = (d31V)/h is the magnitude of the in-
duced strain, ds; is the piezoelectric-strain constant, V
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is the applied voltage, f(z) = —x + 21 + y2. Since in
formulas for F),. in Egs. (2) and (3) there are distribu-

tions: [Hy,](¢) = [ ¢(x)dz, 0s,(¢) = () for any
test function ¢ € D(R), and their derivatives (in the
distributional sense), symbol ® denotes the tensor prod-
uct of distributions in Eq. (2) and the generalized tensor
product of distribution and the distribution value func-
tion in Eq. (3), [8]. Consequently, the solution of Eq. (1)

is also understood in the distributional sense [8].
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Fig. 2. The modeled piezoactuators. From left to

right: inner segment at the corner of the element, in-
ner segment at the side of the element, inner segment
in the center of the element.

Consider now a two-part square shaped element with
a step change in composition and different position of
the inner segment. Three different positions of such in-
ner segment were taken into consideration, as shown in
Fig. 2. External forces due to two-part piezoelectric can
be expressed as

?my  9*my
Fpe = W Ty27 (4)
while
2
My =My =M = ZC’iXi, (5)
i=1

are internal moments across the piezoelectric element,
where C" = Cel,, , and the i-th index is used to denote
appropriate values for the i-th sub-region, ¢ = 1 for the
outer part, and ¢ = 2 for the inner one, while y; is a char-

acteristic function defined on the area of the piezoelectric

actuator [,
) 1if (z,y) € I;

for i = 1,2, where I'1 = {(z,y) : 1 <z < z3,y1 <y <
yporxa <z <3,y <y <ysh [p={(z,y) a1 <z <

D
~
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22,y < y < ys} for the first position of the inner part
(Fig. 2a), while I'y = {(z,y) : 22 <z < z3,y2 <y < y3},
N={@y) :z1<z<ay1 <y<yor(r <z<
xo or x5 < x < x4),y2 < y < ys} for the second one
(Fig. 2b), and I = {(z,y) : 21 < 2 < xq,(n <y <
yaoryz <y <yy)or(zy <ax<agoraz<a<ay)ys <
y < y3} for the third case (Fig. 2c).

In the first case, when the inner segment is placed in a
corner of the outer one (Fig. 2a), the internal moments
across the piezoelement are given by

m = CH[Hy, = Hay) © [Hy, = Hy] + [Hy, = Ha
- HyB]}’

(7)

®[Hy2 - Hys]} + 02{[HI1 - sz] ® [Hyz

and consequently
Fye = CH{(0, = 8,,) ® [Hy, — Hy,) + (0, — 3,)

®[Hy2 - Hy3] + [Hﬂﬂl - st]

®(5?Ih - 6.7/42) + [Hm - ng] ® (52//2 - 5;3)}
+C2{(8,, ~ 8L,) @ [Hy, — Hy,] + [Ha,
(6, ~ 0),)}. (8)
In the second case, when the inner segment is placed on

one side of the outer one (Fig. 2b), the internal moments
across the piezoelement can be expressed by

m = Cl{[val - HI4] ® [Hy1 - Hy2]

- sz}

+ (O H,] @ [y, — Hy
k=1

+C2{[H172 - ng] ® [HyQ - Hyzs]} (9)
Thus

Fyo = CH{ (81, = 81,) @ [Hy, = Hy,] + [He, — HaJ

4
®(63/41 - 51//2) + Z (_1)k+15;k ® [Hyz - Hys]
k=1

4
n Z (D" H,, ] @ (5, — 6;3)}
k=1
+C2{(8;, = 0,,) ® [Hy, — Hy] + [H, -

(0, = ) }- (10)
Finally, in the case of central position of the inner part
of a piezoelement, as shown in Fig. 2¢, one can obtain

4

m = Cl{ Z(*l)k+1[Hx1 - Hﬂc4] & [Hyk]

Hy,]

k=1
+ (O H,] @ [y, — Hy
k=1
%+ C{[Hay = Hy,] @ [Hy, — Hyl}, (11)

and
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4
Fpe = CY{ D (~1) (0, = 8,) @ [H,,]

E
Il
-

4
+ D () H,, — Hy,) @6, Z 1)k,
k=1
4
SlHy, = Hy, + Y (~D) [Ha) @ (5], - 5),)}
k=1

+C2{(8,, = 0,,) © [Hy, = Hy] + [Hyy — Ha
(s, — 5;3)}. (12)

v
1
1
X2
Fig. 3. The modeled piezoactuators. From left to
right: inner segment at the corner of the element, in-

ner segment at the side of the element, inner segment
in the center of the element.

Now let us turn to the case of two-part piezoelement
of triangle shape. It simplifies the computation and
causes no loss of generality to assume that the piezoele-
ment is a right isosceles triangle. Three different po-
sitions of the inner segment, as shown in Fig. 3, will
be discussed. For the first case (Fig. 3a) sets I, I
in Eq. (6) are defined as It = {(z,y) : ©1 < z <
v, y1 Sy < yporwy < x < gy <y < fo)l,
Iy = {(z,y) : 21 <o < 29,92 < y < f(x)}, where
f(z) = —x + b, and b = 1 + y3. Consequently,

m= Cl{[le - HI2] ® [Hyl - Hyz] + [Hﬂlz - Hw?,]
®[Hy1 - Hf(')]} + 02{[H11 - HI2]
®lH,, — Hyl }: (13)

where the tensor product in the second and the third
term is understood in the generalized sense as a tensor
product of a distribution and a distribution-valued func-
tion [8], namely if S € D'(R) and T : R> x — T(z) €
D'(R), then the generalized tensor product S ® T is a
distribution that belongs to D’(R?) and is defined as
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(S@T)(p)=S(@— T(p(z,))) (14)
for any ¢ € D(R?). Bearing in mind formulas for deriva-
tives of generalized tensor product S ® T, [8],

k i
3akk (So1)=3" (f) d(icf (k=) (), (15)

=0

o d*
(88T = 5@ 3T0), (16)

for any k € N, where symbols 9% /0z*, d'/da’, 8% /oy*,
d*/dy*, denote derivatives of distributions, while 7
means the j-th derivative of the map T, i.e.

) @
0 (@)() = < (T(x)¢) a7)
for any ¢ € D(R), one can obtain

Fye = CH{(0}, = 8,,) @ [Hy, — Hy]
®[Hy, — Hy()] + [Hyy — Hy,] @ (8, — 6,)

200y — 0y) © 05 }

+C2{ (8, — 0L,) @ [Hy, = Hy()l = 2060, = 82,)

@04y + [Hoy — Hay,) ® (8, — 25}(,))}. (18)

In the case when an inner segment is located as in
Fig. 3b, I = {(z,y) : (z1 <z <@g or a3 < a <
z4),y1 <y < f(x) or 33 < @ < ws,y1 < y < o} and

+ (03, — O2y)

+[Hl’2 - Hﬂﬁs] ® (53//1 - 25}()) -

I ={(z,y) : 22 <2 < 3,92 < y < f(x)}, where simi-
larly to the first case f(x) = —x + b, b = x1 + y4. Thus
4
m=C{ S~ Hy, ] @ [Hy, - Hy()]
k=1
+[H$2 - Hﬂfs] ® [Hyl - Hyz]}
+C{ (Ha, = Hyy) © [Hy, — Hy)}. (19)
Consequently, on account of Egs. (15), (16), and (3),
4
Fpe = cl{ S (1)L @ [H,y, — Hyl + (5,
k=1
4
—03,) @ [Hy, — Hy,] =23 (=1)+10,, @ 05

k=1
+ Z D [Hy, ] ® (5, — 28%()) +
(6/ 57/42)} + Cz{(5;1 - 5;3) ® [Hyz
_2(5961

[H$2 - Hﬂﬂg]

— Hy (]

= 023) ® 0p() + [Ha,

@5, —207,) - (20)
Finally, consider the case of central position of the in-
ner segment, as shown in Fig. 3c. Sets I'1, I'; in (6) are
now given in the form It = {(z,y) : z1 <z < x9,91 <
y<f1( Jorzg <z < x3,(y1 <y < Y2 oor folr) <

< filx)) or x3 <z < z4,p1 < y < fi(x)} and
{(z,y) + 22 < 2 < 23,92 < y < fo(x)}, where
= —x+b; for i =1,2, by = x1 +y4, b2 = T2 + y3,

_Hﬂﬁs]

FQ =
fi(x)
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and in consequence,
4
m=C (S ()] @ [Hy, — Hy
k=1
+[sz - st] ® {[Hyl - Hyz] + [Hfz(') - Hfl(')]})

+C{[Hay = Hol) @ [Hy, — Hpy] |- (21)

Using now formulae for derivatives of the generalized
tensor product in Egs. (15) and (16) and reducing similar
terms, one can obtain

Fpo = CH{(0%, = 8,,) @ [Hy, = Hyp, )] + (0, = 0L,)
®Hp,y —H, | —2(0s

Y2

—00,) ® 07,

+2(5z2 - 513) & 5f2(‘) + [Hxl - Hfﬂ4] Y (6;1

26, ()) + [Heo = Hay| @ (207, = 3),)}
+C2{(5lzg - 5;3) ® [Hy2 - Hfz()] - 2(51’2 - 513)

@3p,() + [Ha = Hey] @ (0, = 207,00} (22)

3. Numerical simulations

In this section, results of numerical simulations con-
cerning six different cases are presented. Each actuator
had a base area of 1600 mm? with the inner segment hav-
ing the base area of 400 mm?. There were three models
developed for square based actuators and three for right
isosceles triangle based actuators. In each model location
of the inner segment was different. Fig. 2 and Fig. 3 show
the modeled piezoactuators. Elements used for modeling
the plate and the piezo elements and material properties
were as follows:

e Plate: SOLSH190 — FE =
v =0.29, p = 7800 kg/m?;

1.93 x 10! Pa,

e Piezo element plates used for excitation: SOLID226
with PZ 28;

e Piezo element plates used for actuators: SOLID226
with PZ 28 and PZ 29;

e Properties of PZ 28: p = 7.70 x 10% kg/m?3,
dz1 = —1.14x107% m/V, d33 = 2.75x 10719 m /V,
dis =4.03 x 10719 m/V, s¥ =1.26 x 107 Pa1,
st =1.83x1071 Pa~!, sk = —3.71x10712 Pa~!,
s¥% =6.60 x 10712 Pa~!, s§, = 3.77 x 107 Pa™!,

S
66 = 3.26 x 107" Pa~!, L 1.22 x 103,

s — 9.0 x 10

e Properties of PZ 29: p = 7.46 x 10% kg/m?,
dz1 = —2.43x107%m/V, d33 = 5.74x 10719 m/V,
dis =724 x 10719 m/V, s¥ = 1.70 x 107 Pa~1,
ste =220x1071 Pa~!, sk = —5.78x10712 Pa~!,
s =879 x 10712 Pa~!, s¥, =3.80 x 1071 Pa~1,
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S

sgg = 456 x 107 Pa~!, T2 = 244 x 103,
0

S

S8 = 2.87 x 103.

Eo_

First, modal analyses were performed for the first six
mode shapes. For further analyses four modes were taken
(as the second and third modes as well as the fifth and
sixth modes have almost the same frequency due to small
influence of piezoelectric elements and symmetry of the
plate). Fig. 4 shows the mode shapes chosen for harmonic

oY

analyses.

Fig. 4. The modes selected for harmonic analysis.

The amplitude applied to the element used for plate
excitation was assumed to be V., =100 V. The reduction
of plate vibration was obtained using internal ANSYS
optimization procedures, with the goal function in the
form

n
|J| =min > X (i)sum, (23)
i=1
where X (i)sum denotes displacement vector sum in the
i-th node and n is the number of nodes (in this case all
nodes making up the base of the plate).
There were two design variables for the procedure: V,
— amplitude of voltage applied to the actuator and ¢, —
phase angle of voltage applied to the actuator. The max-
imum number of steps for the procedure was 30. After
each completion the procedure was repeated with design
variables ranges being narrowed with the final ranges of
5V for V, and 2° for ¢,.
The harmonic analyses were performed for two cases:

1. voltage applied to the whole actuator — analyses
were performed for each location of the segment
and each material configuration;

2. voltage applied to the “outer” segment of the ele-
ment and no voltage applied to the “inner” segment
of the element (as a electrical separation of the el-
ements) — performed for central placement of the
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“inner” segment in both square and the right-angle
triangle based elements, and side placement of the
element in right-angle triangle based actuator. It
should be noted also that for this case, the mate-
rial constants used to model the elements were as
in PZ29.

4. Results

Table I shows the obtained vibration reduction for
modeled piezoelements. The first column corresponds
to the investigated modes (Fig. 4). The second gives the
materials composition of inner and outer segments for
two-part actuators or composition of the whole actuator
in the case of homogeneous ones. Square and triangle
are the shapes of modeled actuators. Headings “Center”,
“Side”, and “Corner” correspond to location of the inner
segment in piezoelement. “OV” is a case where the voltage
applied to the inner segment of the square based element
is always 0 V. “OV ¢” and “OV s” represent results for
the same situation but with triangle based elements with
center and side placement of the inner segment, respec-
tively. For square based homogeneous elements, there
is only one result regardless of inner segment placement
— that is because the models are identical. For trian-
gle shaped elements, each model had a slightly different
mesh, therefore the results could slightly vary (hence even
for homogeneous actuators each case has a result written
separately).

Looking at the results obtained for the square based
piezoactuators it can be seen that there are not any sig-
nificant differences between the vibration reduction ob-
tained for different placement of inner segment (Table II,
Fig. 5). There are two instances that the difference
between the best and worst result for the same mode
and material composition is greater than 1 dB. But when
looked upon other results it is clear that this can be at-
tributed to the optimization algorithm not finding the
best possible amplitude and phase of voltage applied to
the actuator (with the differences being a fraction of volt
and degree, respectively).

When we look at the reduction obtained for the
piezoelement with only the outer segment working as an
actuator (0V) it can be seen that despite smaller working
area its effectiveness does not change.

When looking at the results for triangle shaped ele-
ments again no significant differences can be found (Ta-
ble I, Fig. 6). In one instance, the difference between the
best and worst result is almost 2 dB, but this is for homo-
geneous element (where the results should be identical).
Again, this can be attributed to the used optimization
algorithm and possibly to differences in meshes.

Similarly to square based elements when only the outer
segment were used, the obtained results are almost the
same regardless of placement of the inner segment.

From this it can be seen that although using a step
change of material constants does not improve efficiency
of the piezoactuators, it might be possible to have a
sensor-actuator by electrically separating some by means
of electrical separation of a part of the piezoelement.
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Fig. 5. Results of plate vibration reduction for square
based piezoactuators modelled as PZ29 for no voltage
applied and PZ29/PZ28 for center, side, and corner lo-
cation of the inner segment.
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Fig. 6. Results of plate vibration reduction for right-
angle triangle based piezoactuators modeled as PZ29 for
0V center and 0V side and PZ29/PZ28 for centre, side,
and corner location of the inner segment.

Table IT shows the results of voltage efficiency of the
modeled piezoelements. The columns are the same as in
Table I.
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Results of numerical simulation. TABLE I
Mode Material Square Triangle
(in./out.) Center | Side | Corner | 0V | Center | Side | Corner | OV c | 0V s
PZ29/PZ28 21.1 21.3 21.6 - 20.8 21.2 21.3 - -
1 PZ28/PZ29 214 20.7 21.6 - 21.1 21.0 22.0 - -
PZ28 21.2 - 21.1 22.1 22.1 - -
PZ29 20.6 21.0 20.0 20.1 20.2 21.8 | 204
PZ29/PZ28 20.6 20.2 20.1 - 17.7 17.3 18.9 - -
9 PZ28/PZ29 20.8 20.6 19.4 - 17.4 17.3 18.9 - -
PZ28 194 - 18.6 16.7 18.0 - -
PZ29 18.7 19.9 17.6 16.6 17.7 18.9 | 18.3
PZ29/PZ28 12.2 124 12.5 - 11.3 114 11.6 - -
4 PZ28/PZ29 12.0 12.0 11.9 - 11.5 11.2 11.1 - -
PZ28 12.5 - 11.6 11.5 11.6 - -
PZ29 124 12.3 10.9 10.8 10.9 11.0 | 10.9
PZ29/PZ28 19.3 18.1 18.9 - 20.0 19.7 19.8 - -
5 PZ28/PZ29 19.1 18.7 18.8 - 19.6 19.9 19.8 - -
PZ28 18.9 - 19.7 19.6 19.8 - -
PZ29 18.7 19.0 19.7 19.8 19.8 19.7 | 19.9
Voltage efficiency. TABLE 11
Mode Material Square Triangle
(in./out.) Center | Side | Corner | 0V | Center | Side | Corner | OV c | OV s
PZ29/PZ28 7.1 74 7.5 - 9.7 10.2 10.0 - -
1 PZ28/PZ29 9.4 8.9 9.2 - 12.6 12.2 13.0 - -
PZ28 5.8 - 8.2 8.5 8.5 - -
PZ29 10.4 7.9 13.5 13.5 13.6 11.2 9.7
PZ29/PZ28 44.0 43.1 42.9 - 38.5 37.7 40.1 - -
9 PZ28/PZ29 57.4 56.8 54.0 - 47.6 48.8 53.6 - -
PZ28 33.5 - 32.7 29.5 314 - -
PZ29 59.6 474 55.7 53.6 56.6 43.9 43.8
PZ29/PZ28 | 124.3 | 125.1 | 125.3 - 117.6 | 117.1 | 116.0 - -
4 PZ28/PZ29 | 159.4 | 163.0 | 163.2 - 150.7 | 151.0 | 1514 - -
PZ28 103.0 - 97.4 99.1 97.2 - -
PZ29 193.1 140.1 | 164.9 | 170.1 | 165.7 | 122.5 | 125.3
PZ29/PZ28 15.0 13.7 14.0 - 12.8 12.1 11.6 - -
5 PZ28/PZ29 19.1 18.9 19.4 - 15.3 16.8 16.7 - -
PZ28 11.8 - 9.9 10.0 10.0 - -
PZ29 21.3 16.2 18.2 18.8 18.5 12.9 14.8

The voltage efficiency was a parameter created as a
fast and easy although yet simplified way to compare the
energy efficiency of different shapes and composition of
the modeled piezoelements. It was based on the fact that
each element has that same base area A = 1600 mm?.
The parameter is defined as

K _ Lred‘/e, (24)
L V.
where L,.q denotes obtained vibration reduction, V. is
the voltage (amplitude) applied to the piezoelement used
for plates excitation, and V, denotes voltage (amplitude)
applied to the piezoactuator.

The first thing that can be seen is that the voltage effi-
ciency is proportional to the effective material constants
of the piezoactuator. As there were no significant differ-

ences between obtained vibration reduction levels, this is
what could be expected. The second thing is that except
for the first mode the square based elements have slightly
(about 10-12%) higher voltage efficiency. The smaller
voltage efficiency for the first mode can be explained by
the mode shape and placement of piezoactuators. As the
maximum deflection for this mode appears at the center
of the plate (Fig. 4) and the actuators were placed so that
the centers of their bases are in the same place the edges
of the triangle based element are closer to the center of
the plate, than the edges of the square based elements.

The results of comparison of voltage efficiency between
a “full” actuator and the one in which only the “outer”
segment is used are shown in Fig. 7. For this compari-
son elements modeled as homogeneous PZ29 were chosen.
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Depending on the mode and the shape of actuator the
difference between them ranges from 18% to 29% with
the average being about 24%. This is about the same
as the area ratio between the “outer” and “inner” seg-
ment. Therefore it can be speculated that reducing the
dimensions of the “inner” segment could also proportion-
ally reduce this difference. That way it could be possible
to have a sensor-actuator showing only a minimum loss
of energy efficiency on the actuator part.

It is worth mentioning that transition of such a com-
plex model to a physical system often requires to con-
struct methods for system response identification [11].

5. Conclusions

Numerical analysis of the effects that placement of the
“inner” segment in two-part of chosen shapes of piezoac-
tuators and using only a part of the actuator have on their
efficiency in plates vibration reduction was presented.

An average reduction of about 18 dB for square shaped
and 17.5 dB for right-angle triangle shaped actuators was
obtained.

The performed simulations showed that changing the
location of the “inner” segment of a two-part piezoelement
do not improve its effectiveness and with the results of
previous simulations it can be said that two-part piezoac-
tuators are not an improvement over homogeneous one
(although this should be verified experimentally).

It has been also shown that using only a part of
piezoelement (in this case, the “outer” segment) also does
not change the obtained reduction. The voltage needed
to obtained these results needs to be higher (for mod-
eled elements, an average of 24% increase in voltage was
required) but it can be assumed that reducing the inert
part of the actuator should decrease the needed voltage.
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Therefore it can be assumed that by separating a part
of the piezoactuator electrically it is possible to obtain a
sensor-actuator without decreasing its effectiveness in its
vibration reduction and with minimal increase in voltage
applied to it (although this needs further testing).
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