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The theory of the skin depth in metals is re-examined by revision of the conductivity expression entering the
Maxwell equations leading to the normal skin e�ect. In fact this conductivity formula should be improved by
considering its special behaviour at low temperatures in case of the presence of the magnetic �eld. For very pure
specimens and very low temperatures the correction of the conductivity tensor leads to the skin depth approximately
proportional to the square root of the amplitude strength of the magnetic �eld.
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1. Introduction

A conventional approach to the normal skin e�ect in
metals is based on the Maxwell equations which are [1, 2]:

curlH =
4π

c
σE, (1)

curlE = −1

c

∂H

∂t
. (2)

The geometry applied below is such that the metal
�lls the half-space x > 0 and the incident wave normal
to the metal sample has E polarized along the y axis
and H along the z axis; see [1]. Both the electric and
magnetic �eld are regularly considered in course of the
metal perturbation by a microwave.
A simpli�cation of importance done in a former ap-

proach was the assumption that the conductivity σ in (1),
which is coupled with the current j by the formula

j = σE, (3)

is independent of the magnetic �eld. In fact, a study of
the magnetoresistance e�ect in metals demonstrates that
in the presence of the magnetic �eld, both the electric
resistance and the electric conductivity σ, can depend
essentially on the size of the magnetic �eld, also in their
diagonal terms [3�5].
The aim of the present paper is to examine the e�ect

of the conductivity change on the skin depth for the case
when the magnetic �eld strength

H ∼ e i (kr−ωt), (4)

which oscillates in space r and is modulated in time t by
the frequency ω, is taken into account.

2. Tensors of magnetoresistance
and magnetoconductivity

We consider here a single-band model of nearly-free
electron states. The tensor describing the electric resis-
tance in the presence of the magnetic �eld is in fact a
superposition of two tensors. The �rst tensor is due to
the action of the electric �eld alone, so it remains unin-
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�uenced by the magnetic �eld. For an isotropic metal
the tensor is equal to

%el =
m

nse2τel

1 0 0

0 1 0

0 0 1

 , (5)

ns is the carrier concentration, τel is the relaxation time
in the presence of the �eld alone. But the second tensor
depends on the direction of the magnetic �eld. Assuming
that H‖z we obtain [3�5]:

%magn =
m

nse2τmagn

1 −ξ 0

ξ 1 0

0 0 1

 , (6)

where τmagn is the relaxation time due to the presence of
a constant �eld H and

ξ =
eH

mc
τmagn = ωHτmagn. (7)

Here τmagn is the electron circulation frequency in the
�eld H = Hz.

A characteristic property is that τel does not practi-
cally depend on the size of E, but the relaxation time
τmagn depends strongly on the size ofH. This second fea-
ture is represented by the fact that ξ in (7) is a constant
physically independent of H, so in e�ect τmagn becomes
inversely proportional to H [3, 4].

From a quantum-mechanical calculation of ξ we ob-
tain [3]:

ξ =
1

2
, (8)

whereas a semiclassical approach to ξ provides us with

ξ ≈ π. (9)
The e�ective tensor for magnetoresistance is a sum

of (5) and (6). This gives

%eff = %el + %magn =
m

nse2τeff


1 −ξ τeff

τmagn
0

ξ
τeff

τmagn
1 0

0 0 1


=

m

nse2τeff

1 −ξ′ 0

ξ′ 1 0

0 0 1

 . (10)

(750)
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In calculating (10) we applied the formula

1

τeff
=

1

τel
+

1

τmagn
, (11)

which is the Matthiessen rule applied to τel and τmagn.
In the last step of (10) a substitution

ξ′ = ξ
τeff

τmagn
(12)

has been done. Formally, the tensor obtained in the �nal
step of (10) is the reciprocal tensor of the conductivity
tensor

σeff =
nse

2τeff

m(1 + ξ′2)

 1 ξ′ 0

−ξ′ 1 0

0 0 1 + ξ
′2

 ; (13)

see [2]. This is so because from (12) we have

ξ′ =
eH

mc
τmagn

τeff

τmagn
=
eH

mc
τeff . (14)

3. Application of the tensor (13) in the
electrodynamics of metals

The eddy current equation is obtained from a super-
position of (1) and (2). This gives

curl curlH = −∇2H = −4πσ

c2
∂H

∂t
(15)

from which the eddy current equation becomes

k2H = i
4πσ

c2
H. (16)

A substitution of a suitable component of σeff

from (13) for σ gives in case of the magnetic �eld

H = (0, 0, Hz), (17)

where

Hz = H0 e
i (kzz−ωt) (18)

the following equation for kz:

k2
zHz = i4πσeff

ω

c2
Hz = i4π

(
nse

2τeff

m

)
ω

c2
Hz. (19)

The expression in brackets on the right of (19) repre-
sents σeff . This provides us with a modi�cation of a for-
mer result for kz which was [1]:

k2
z = i4πσ

ω

c2
(20)

and contained τel instead of τeff .
Since kz is a reciprocal of the spatial length of the elec-

tromagnetic wave, the next step leads to the reciprocal
expression for the classical skin depth δ0, namely

kz = (1 + i)
1

δ0
, (21)

where

δ0 =

(
mc2

2πnse2τeffω

) 1
2

. (22)

In principle, this δ0 should be real for any quantity
entering the brackets in (22). However, because of the
formula (11), in a very pure specimen being at very low
temperature we have τel →∞ or

1

τel
≈ 0. (23)

In this case the term
1

τmagn
(24)

can be a dominant component of
1

τeff
in (11), so

1

τeff
≈ 1

τmagn
. (25)

In e�ect, because of (7), we obtain

δ0 =

(
mc2

2πnse2τmagnω

) 1
2

∼=
(

cH0

2πnseξω

) 1
2

=

(
mc2

2πnse2

) 1
2 (ωH

ω

) 1
2 1

ξ
1
2

≈ 0.75× 10−5 cm
(ωH

ω

) 1
2 1

ξ
1
2

, (26)

which is a quantity proportional to H
1
2 , or ω

1
2

H given
in (7). The ns = 1022 cm−3 is the electron concentration
assumed for a metal [6] and the constant ξ is represented
in (8) and (9).
In (26) we assumed that for large enough Hz ∼ H0 the

electron circulation frequency ωH in the �eld H = H0

can become

ωH � ω. (27)

In this case a relatively small oscillation frequency ω
which modi�es the �eld H0 into Hz does not cancel the
electron circulation e�ect due to H0 alone. In a former
approach [1, 2] τeff in (22) was replaced by τel and no
dependence of δ0 on H0 was exhibited by the theory.
A special attention should be paid to the impedance Z

which is [1]:

Z =
4π

c2
ω

kz
=

2πω

c2
δ0(1− i); (28)

see (21). Because of the formula (22) for δ0 we have

Z =
1

c

(
2πm

nse2ξ

) 1
2

(ωωH)
1
2 (1− i). (29)

This Z has equal real and imaginary parts, a property
valid also in case of an earlier formula for Z [1, 2].
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