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In this work we essentially reinterpreted the Sieczka�Hoªyst model to make it more suited for description of real
markets. For instance, this reinterpretation made it possible to consider agents as crafty. These agents encourage
their neighbors to buy some stocks if agents have an opportunity to sell these stocks. Also, agents encourage them
to sell some stocks if agents have an opposite opportunity. Furthermore, in our interpretation price changes respond
only to the agents' opinions change. This kind of respond protects the stock market dynamics against the paradox
(present in the Sieczka�Hoªyst model), where all agents e.g. buy stocks while the corresponding prices remain
unchanged. In this work we found circumstances, where distributions of returns (obtained for quite di�erent time
scales) either obey power-law or have at least fat tails. We obtained these distributions from numerical simulations
performed in the frame of our approach.
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1. Introduction

The market modeling is a modern challenge, especially
in the context of still lasting a global �nancial crisis.
Besides, the market modeling is a canonical branch of
econophysics [1�3]. One of the signi�cant part of this
branch is agent based modeling inspired by the Ising
and Potts models. Notably, the approaches based on
the Potts model and its di�erent generalizations are par-
ticularly fruitful [4�10]. In this way already several, al-
though not all stylized facts, are well reproduced, e.g.
fat tails of returns' distribution as well as long-range cor-
relations of absolute returns, and short-range correlated
returns. Certainly, this is a signi�cant encourage to deal
with these models. Nevertheless, since two decades of
fast development of econophysics, there is still no de�-
nite model reproducing all known up to now stylized facts
concerning real �nancial markets. Furthermore, even a
microeconomic (or microscopic) sources of some stylized
facts are still not well understood.
In this paper we mainly reinterpret the Sieczka�Hoªyst

(SH) threshold model of �nancial markets [11], taking
into account the concept of the negotiation round from
the Iori model [6]. We choose the SH model for the fol-
lowing reasons:

(i) It contains a threshold mechanism with three pos-
sible values of spin variable.

(ii) It considers interaction between agents as well as
noise in their activity.

(iii) It assumes strength of the interaction which
strongly depends on the macroscopic state of the
system.

∗corresponding author; e-mail: mateusz.denys@fuw.edu.pl

(iv) The SH model seems to be sensitive to the con-
crete kind of emotions which each agent subordi-
nates during the stock market evolution [12, 13].

(v) The SH model seems to be a more realistic than
other agent-based models.

Despite these properties, the SH model leads to the
paradoxical situation where if all agents buy stocks or
all sell them, the corresponding prices remain still un-
changed. This paradox inspired us for the appropriate
reinterpretation of the SH model.

Moreover, in our approach we model emotions of
agents, including even very intensive ones, by the mean
of the Weierstrass�Mandelbrot noise [14] instead of the
Gaussian noise considered in the SH model.

2. Sketch of the SH model

Let us shortly remind the SH model. There are N
interacting agents placed on 2-dimensional square lat-
tice n × n, where N = n2. Agent number i (where
i = 1, . . . , N) can take into account only one of the three
actions: buy, stay inactive, or sell. Such an agent is rep-
resented by 3-state spin variable si with possible values:
+1 if agent is buying stocks, 0 if he stays inactive, and
−1 in the case of selling stocks.

The single time step t, called a round, consists of N
drawings of spins†. Hence, in a given round each agent
has, in average, a single chance to change his opinion.
After each drawing the chosen spin is updated according
to the rule

†Single round resembles 1 MCS/spin used in dynamic Monte
Carlo methods.
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si(t) = sgnλ|M(t−1)|

 N∑
j=1

Jijsj(t− 1) + σηi(t)

 , (1)

where

sgnq(x) =


+1 if x ≥ q,
0 if −q ≤ x < q,

−1 if x < −q,
(2)

and constants λ, σ are positive. The value of pair interac-
tion strength Jij = J if agent j is one of the four nearest
neighbors of agent i, otherwise Jij = 0. The temporal
noise ηi(t) is a random variable drawn from the stan-
dard normal distribution. It represents individual erratic
opinion of i-th agent. Furthermore, the change of any
spin can a�ect its neighbors immediately (i.e. within the
same round).
The magnetization of the network, present in Eq. (1)

is de�ned as usual,

M(t) =
1

N

N∑
i=1

si(t). (3)

The crucial role of the magnetization, as a quantity de-
termining activity of agents, is well seen. That is, index
λ|M(t − 1)| in the sign function is a temporal thresh-
old. Hence, if the absolute value of the neighbors' im-
pact on the i-th agent together with his (erratic) opinion
is lower than the threshold, the agent does not partici-
pate in the market game assuming a neutral position (as
his spin variable equals 0). In other words, the large ab-
solute value of magnetization gives (at a �xed value of λ)
the large value of the threshold. Hence, the probabil-
ity that each agent assumes a neutral position distinctly
increases.
As the value of magnetization was already de�ned, the

temporal price of a stock

P (t) ∝ exp(M(t)). (4)

In the simulation Sieczka and Hoªyst used a square lat-
tice of agents with n = 32 and N = 1024, possessing the
periodic boundary conditions, and assuming the initial
con�guration of spins as random. For thermalization of
the system they used the �rst 5000 rounds.
As authors claimed, simulations' results reproduced

main stylized facts such as volatility clustering in the
variograms of returns, fat (but not the desired power
law) tails of returns' statistics and fast decaying auto-
correlation function of returns revealing a negative feed-
back. However, autocorrelation of absolute returns de-
cayed exponentially and not according to the desired
power-law. In the frame of our approach we repaired
both the statistics of returns and autocorrelation of ab-
solute returns.

3. Reinterpretation of the SH model

In this section, we reinterpret the SH model by es-
sential change of the meaning of the spin variable si
(i = 1, . . . , N). We postulate that instead of an ac-
tion of the agent, this variable means only the agent's

opinion about the market situation, which he communi-
cates to his nearest neighbors in accordance with Eq. (1).
That is, si = +1 means a positive opinion communicated
by the agent (i.e. according to this message his nearest
neighbors should buy stocks). For si = −1 a negative
opinion is communicated by him (i.e. his nearest neigh-
bors should sell stocks). Value si = 0 simply means a
lack of the agent opinion.

In our approach the activity of the agent always re-
quires two subsequent opinion stages. That is, the change
of spin variable di(t) = si(t)−si(t−1) (i.e. the change of
the agent's opinion during the subsequent rounds) means,
for di > 0, the agent's demand and reversely, for di < 0,
this change means the agent's supply (considered here as
a negative demand).

In other words, the agent declares demand for stocks if
his spin variable increased within a given round (in com-
parison with value of the spin variable obtained within
the previous round), while he o�ers a supply of stocks if
the value of his spin variable decreased. For instance, the
change of the spin variable from −1 to +1 (or from +1 to
−1) de�nes the largest possible demand (or supply) de-
clared by a given agent in a single round. This is because
the absolute value of the di�erence between subsequent
spin values is the largest one, i.e. |di(t)| = 2. Other
changes de�ne the smaller demand or supply as then
|di(t)| = 1. We assume that declared demand or sup-
ply of any agent is realized immediately, i.e. in the same
round. As a result, the agent buys or sells stocks. Let
us note that in this approach the agent opinion concern-
ing the market situation always remains unchanged (by
de�nition) until the next transaction will occur. Thus,
two opinion stages (i.e. two subsequent di�erent values
of agent's spin) were realized.

Obviously, after buying some stocks the agent immedi-
ately (by de�nition; cf. Eq. (1)) communicates the opti-
mistic or neutral opinion to his neighbors, as he is inter-
ested in an increase of a stock price. In the opposite case
(i.e. in the case of selling), the agent gives a pessimistic
or neutral opinion to his neighbors (as he is interested
in a decrease of a stock price directly after the selling).
This is the way how the subsequent two-stage cycle of the
agent activity (i.e. buying or selling and communication)
is repeating.

One of the consequences of our reinterpretation of spin
variable is that the agents are assumed crafty. That is,
if the spin value of agent si = +1, he communicates
positive opinion to his neighbors but he cannot buy a
stock by himself. It is because his spin value cannot
increase, i.e. he can only keep or sell stocks. For si = −1
the situation is reversed, i.e. the agent which earlier sold
some stocks, now can only keep or buy them. In this way,
the negative coupling between subsequent single agent's
opinions can be realized. For si = 0 the agent occupies a
neutral position and he can either buy or sell a stock as
well. Indeed, in this paragraph the principal di�erences
between our approach and the SH model were precisely
de�ned.
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In our approach the noise term σηi(t) indicates an in-
trinsic (erratic) opinion of agent i and parameter σ is a
strength of this opinion. It should not be mixed up with
the spin variable si(t), which represents opinion directly
communicated to other agents.
Our reinterpretation of the spin variable protects the

stock market dynamics against the situation (present in
the SH model), where all agents buy stocks while corre-
sponding temporal prices remain unchanged (as magneti-
zation becomes unchanged). Furthermore, our approach
ensures correlation between volatility of returns and a
trading volume, as expected.
As another signi�cant consequence of our approach,

the temporal threshold is able to slow down both the
fast increase of the price if trend is positive and its fast
decrease if trend is negative. That is, the threshold in-
troduces a kind of a price damping, which cannot lead
neither to oscillations nor to change of trend direction.
Usually, in agent-based models one considers simpli-

�ed linear model of a price formation, where change of
price (or logarithmic return) is proportional to excess de-
mand [15]. Namely,

lnP (t)− lnP (t− τ) def.
= rτ (t) ∝ EDτ (t). (5)

Hence, for the particular case τ = 1 the excess demand
can be written in the following form:

ED(t) =

N∑
i=1

di(t) =

N∑
i=1

[si(t)− si(t− 1)]. (6)

Although Eq. (5) is formally equivalent to Eq. (4), it
has a di�erent interpretation as spin si(t) means here an
opinion of i-th agent and not his individual demand (as
it is in the SH model). Apparently, the excess demand,
ED(t), can change if and only if the opinion of any agent
changes. Notably, in the SH model the excess demand
does not change although an agent still buys a stock. Due
to our reinterpretation of a spin variable, we avoided this
paradox.
In the SH model the noise is signi�cant only to some

extent. That is, if the value of the noise exceeds the range
[−(4J + λ), 4J + λ], the exact value of this noise is then
unimportant. This comes from the threshold character
of Eq. (1).
In Eq. (1), there are present three parameters J , λ

and σ which (without loss of generality) can be reduced
to two crucial relative parameters:

(i) parameter αλ = λ
4J . If αλ < 1, then the nearest

neighbors' impact on the agent is high, otherwise
the agent is an opportunist or skeptical as he often
chooses si = 0.

(ii) Parameter ασ = σ
4J . If ασ < 1, the agent

trusts more his neighbors than himself, otherwise
he trusts more himself than his neighbors.

In paper [11] it was considered, for instance, the case
αλ > 1 and ασ < 1, i.e. opportunist or skeptical agents,
trusting more their neighbors than themselves. If agents

are opportunist or skeptical, then even coherent feedback
coming from all neighbors (having the same value of spin
variable) can leave the agent's opinion unchanged. It
seems to be useful to systematically examine all ranges
of parameters αλ and ασ.

4. Results and discussion

We begin our simulation with randomly oriented spins
distributed over the square lattice consisting of N = 1024
sites. In our simulation we used noise distribution in the
form of the Weierstrass�Mandelbrot probability density
function

p(x) =

(
1− 1

K

) ∞∑
j=0

1

Kj

1

2
δ(|x| − b0bj),

K, b > 1, b0 > 0. (7)

We used this distribution for the following reasons:

(i) Agent's emotions, which can contain even very in-
tensive ones, should be ruled by power-law distri-
butions which may be better suited than canonical
Gaussian ones.

(ii) Herein, the control of the noise by its variance and
exponent is possible. This variance can vary in the
range from �nite to in�nite values.

The Weierstrass�Mandelbrot distribution is a canoni-
cal simple one possessing above given properties. This
distribution is discrete having spikes at x = ±b0bj , j =
0, 1, 2, . . . Its variance is �nite only for b2/K < 1 and
takes the form

σ2 = b20
1− 1/K

1− b2/K
. (8)

Otherwise, it is an in�nite quantity.
It can be easily proved that for |x| � 1/ ln b Eq. (7)

can be approximated by

p(x) =
1− 1/K

lnK

bβ0
|x|1+β

,

where exponent β =
lnK

ln b
. (9)

Let us note that σ2 is �nite only for β > 2, otherwise, it
is in�nite.
Although Eq. (9) is a power-law distribution, only the

part of this distribution extended over the maximal range
[−(4J + λ), 4J + λ] is signi�cant for the system dynam-
ics (as it is suggested by Eq. (1)). Inside this maximal
range spin can assume values equal to −1, 0,+1. Above
the right border of this range only value of spin equal
to +1 appears while below the left border only −1 ap-
pears. How this a�ects the power-law tail of the noise
distribution is still an open question.
In Fig. 1 we plotted returns' histograms obtained in our

simulation (in lin�log scale) for di�erent values of time
lag τ . In the simulation we used assumptions considered
in Sect. 2. Besides, we set, for instance, J = 1, λ = 1,
K = 5, b = 2, b0 = 0.21. Hence and from formula (8),
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we obtain σ = 0.42 and ασ = 0.105 while αλ = 0.25.
Apparently, the histograms for the most (i.e. for small
and intermediate) values of τ have well-formed power-
-law tails with exponent which (to good approximation)
equals 1 + β, where β = lnK/ ln b = ln 5/ ln 2 = 2.322.
That is, these histograms quite well reproduce statistics
given by Eq. (9). Remarkably, although the noise is cut
o� by borders −(4J + λ) and 4J + λ, the histograms
of returns have still power-law tails driven by exponent
1+β. The more so, αλ < 1, which means that the range
[−(4J + λ), 4J + λ] is narrower than the corresponding
one in the SH model. Nevertheless, for the largest values
of τ the returns' distributions still exhibit fat tails. These
results distinguish our approach from the SH model.

Fig. 1. Histograms of returns rτ (t) from our simula-
tion, for instance, for parameters J = 1, λ = 1, K = 5,
b = 2, b0 = 0.21, and di�erent time lag τ . The re-
turns were re-scaled by the corresponding standard de-
viations of returns' time series. The distributions were
separated for the better view. The dashed line is a nor-
mal distribution �tted to the central part of histogram
for τ = 256. The solid line denotes the power-law with
exponent equal to 3.322 = 1 + β (see text for details).

In addition, we explain herein how we avoid a possible
trapping in our simulation. By trapping we understand
such a single realization of the simulation, where after
su�ciently long time all spins are spontaneously ordered
(a fully ferromagnetic state). Then the market is trapped
by a stable state of extreme magnetization (except the
case of αλ > 1 or ασ > 1 where this trapping does not
occur at all). To avoid this trapping the system was acti-
vated by some exogenous factor making an abrupt tran-
sition of the system to the paramagnetic state‡ (where all
spins are randomly oriented). Then, the analysis of the
system between these subsequent transitions is made.

‡Abrupt transitions are a characteristic feature of modern �-
nancial markets.

5. Conclusions

In this work we essentially reinterpreted the Sieczka�
Hoªyst threshold model of �nancial markets. This rein-
terpretation means that we introduced a new meaning of
the spin variable, although the mathematics of the SH
model remained unchanged. In our approach the value
of spin variable does not mean an action of the agent but,
instead, it is only the agent's opinion about a market sit-
uation. He communicates this opinion to his neighbors.
The agent's action (i.e. buying, selling or staying inac-
tive) is in our approach connected only with the change
of spin variable. Indeed, this protects the stock market
dynamics against the paradox (present in the SH model),
where all agents buy stocks while corresponding temporal
prices remain still unchanged.
Furthermore, our approach di�ers from the SH model

as we used the Weierstrass�Mandelbrot noise to describe
an intrinsic (erratic or even very intensive emotional)
opinions of agents instead of the Gaussian noise used in
the SH model.
Despite using of a threshold, the results obtained

for the Gaussian and Weierstrass�Mandelbrot noises are
quite di�erent. The di�erence between both noises within
the range [−(4J +λ), 4J +λ] has a signi�cant impact on
the results. For instance, for the Weierstrass�Mandelbrot
distribution there are power-law statistics for (almost)
full range of returns, while for the Gaussian one the
corresponding range is too short to say something def-
inite. Obviously, the discreteness of the Weierstrass�
Mandelbrot distribution in�uences the results.
We simulated the above sketched dynamics of agents

and calculated statistics (histograms) of returns. Some
of these statistics have power-law tails while others have
only fat tails. Explanation of this result is still a chal-
lenge. This is because power-law tails of the noise is cut-
-o� by borders equal to ±(4J + λ). Nevertheless, power-
-law tails of returns' statistics is driven by the same expo-
nent β which governs the noise distribution. The system-
atic comparison of predictions of our approach predic-
tions (additionally concerning e.g. autocorrelation func-
tions and power spectrum) with empirical data would be
a decisive veri�cation of this approach�.

�Our very initial comparisons give a promising agreement be-
tween predictions of our simulations and the corresponding empir-
ical data [16].
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