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We present a fully quantum-mechanical model of the bound magnetic polaron state in a diluted magnetic
semiconductor based on the pair approximation to the exchange interaction among localized magnetic moments
(spins). The model is applicable also to the limiting situation of the bound magnetic polaron magnetization due
to the spins approaching saturation. On its basis, a simple extension of the Dietl-Spatek bound magnetic polaron
theory is proposed and compared with the data for p-Cdo.95 Mng.gs5Te.
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1. Introduction

The bound magnetic polaron (BMP) is formed when
an impurity charge carrier coupled to localized spins
forms bound states in a diluted magnetic semiconduc-
tor (DMS). The importance of these nanoscale in size
quantum objects have recently stimulated a growing in-
terest in studies of ferromagnetic quantum dots [1-5],
of ferromagnetic interaction between pair of coupled
BMPs [6-8], as well as applied to novel materials such
as ferromagnetic perovskites [9], diluted ferromagnetic
oxides [10], and ferromagnetic DMSs [11, 12]. Here we
develop a model of BMP in a DMS based on application
of the pair approximation (PA) [13, 14]. Our work is mo-
tivated by the need to assess the appropriateness of a sim-
ple extension of the theory of BMP in DMS developed by
Dietl and Spatek (DS) [15], which was developed taking
into account the Gaussian thermodynamic fluctuations
of the spins, to the limit of saturation of the magnetiza-
tion due to those spins. Such situation takes place for
example in p-type doped DMS or in the classic ferromag-
netic semiconductor EuO:Eu. The extension comprises
a formal replacement of the linear approximation to the
system magnetization in DS by the magnetization itself.

The pair approximation accounts for the spin interac-
tions in the Heisenberg form between the nearest neigh-
bors (NN). In effect, the partition function of the system
spins is factorized into the pair-contribution form. In
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practice, we consider Mn2" based DMS with fcc lattice,
with fraction z of all cationic sites occupied in a random
fashion by the Mn?* ions with spin S = 5/2. A single
donor impurity is located in the center of the lattice and
the range of interaction between the donor electron spin
and magnetic ion spins is set to bap, where ap is the
effective Bohr radius.

For a given random distribution of Mn?" ions the in-
teracting pairs are determined numerically and accounted
for within PA and by assuming additionally that the ra-
dial dependence of d—d exchange integral J(R) can be
parameterized by the power law in the following form
J(R) = JoR5% [14]. Then, the partition function of
BMP for this particular configuration of the spins is com-
puted and the whole procedure repeated iteratively 103
times, starting with a new random configuration of Mn
ions, in order to be able to perform the proper statistical
averaging over the macroscopic spins configurations.

2. Modeling
2.1. Theoretical model — a reminder

We start by considering the impurity in DMS with a
random distribution of localized magnetic moments S;
(spins) on the lattice sites labeled by index i. Apart
from the effective-mass approximation, we assume also
the spherical approximation to acceptor states which
allow us to consider simultaneously the donor, as well as
in the approximate manner, the acceptor type impurity
[16, 17]. Thus we write the total wave function in the
form [15]:
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({Si}ir,0) = x{Sitxouo(r)o(r), (1)
where x{S;} is the wave function of spins, x, is the spin
part of that for the electron, ug(r) is the periodic part
of the Bloch function (taken at I" point) and ¢(r) is the
radial envelope function for the lowest 1s state of the
impurity carrier

o) = | e, 2)
B

with the effective Bohr radius ag. Next, we write down
the BMP Hamiltonian as composed of the three parts
Hpmp = Hse + Hy(py—a + Ha—a, (3)
where Hg. contains contribution from impurity inter-
actions (band states) within the host semiconductor,
H,(py—q — the s(p)—d exchange couplings of the donor
electron to the localized spins and Hy_4 is the exchange
interaction among the spins. Explicitly, we take Hg. in
usual form [18]:
h? o2 e? 1

- (4)

2m* er
where m* is the effective mass, r is the impurity carrier

position, e is the carrier charge, and ¢ is the static

HSC:_

dielectric constant of the host semiconductor. Hg)_g
has the form of the spin exchange Hamiltonian
Hypya = — ZJ r—R;)S;-5— g*upé-B, (5)

where J; is the so—called Vonsovski—Zener exchange in-
tegral of the contact Fermi (s(p)—d) interaction between
the localized spins {S;} and that of impurity carrier ,
occupying the sites R; and r, respectively, ¢* is the
effective Landé factor, pp is the Bohr magneton and B is
the external magnetic field. Hy_4 contains the exchange
interactions between the spins and their Zeeman energy

_ZJUS’l‘gj —g/tBZSi'B, (6)

where J;; is the corresponding exchange interaction
integral and g = 2 is the Landé factor for the spins. We
assume also that the radial extension of d—d interaction
Jij = J(R;j) can be parameterized by the power law
in the following form: J(R) = JoR™%® [14]. This form
has been advocated on the basis of the Bloembergen—
Rowland mechanism. Parenthetically, this form can also
parameterize in an approximated manner the distance
dependence of the antiferromagnetic superexchange.
The averaging of Hpyp with radial part of the carrier
wave function, wuo(r)¢(r), influences both Hg. and
H(py—a, leads to the following expression for the effec-
tive Hamiltonian in the spin space:

Hpyp = Hye + Hy(p)—a = Ep(ag)

—vZIé

)?8;-8 — g* upd-B, (7)

where
K2 e2
Ep(ag) = —— — —, 8
p(ap) 2m*a%  eap (8)
represents the mechanical

donor energy,
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(uo|Je(r)|ug) is the effective s(p)—d exchange con-
stant (a for donors and S for acceptors), and h is the
Planck constant divided by 27. In this manner, we
obtain finally, the BMP Hamiltonian in the spin-operator
form, the starting point to any subsequent evaluation of
BMP states and thermodynamics.

2.2. Pair approrimation

Our principal aim is the application of the pair approx-
imation to this Hamiltonian. The BMP possesses a natu-
ral spherical symmetry with the impurity at its center. It
is valuable to exploit its property within PA. We consider
the spins arrangement as divided into consecutive spin
spheres. Thus, R, denotes distance to the v-th coordina-
tion sphere with coordination number n,. Next, we intro-
duce the spins pairing rule that the NN spins are paired
starting from the center and preserve the radial symme-
try. In effect, the partition function of the spins system
is factorized to pair-contributions form. Additionally, we
assume that the interaction between the impurity-carrier-
-spin and the localized magnetic moments can also be
factorized to the form expressing interacting pairs of the
spins. In effect, the obtained pair-approximated Hamil-
tonian H, of BMP for given pair can be written in the
following form:

H, = —y(|¢(Ro)*S, + [¢(Rxn, )| Sxw, )-8
—2J(RyNN,)Sv-SnN, — gus(Sy + Sww, )-B, (9)
where NN,, denotes the nearest magnetic neighbor of v,

RNy is the distance from the center to NN, and R, NN,
is the distance between the nearest neighbors (v and

NN, ). Finally, the BMP free energy can now be writ-
ten in the standard form
F=Ep—ksT» InTrexp(—pH,), (10)
{v}

where the sum is running over all pairs of the spins.

To simplify computations we limit ourselves to the case
with B = 0 and derive analytical solution of the re-
lated eigenvalue problem. For this purpose, we chose
for the {v,NN,} pair the spin-state-space representa-
tion parameterized by the following quantum numbers:

(S SNNV)SVNNVaJ M where SVNN = S + SNN,,;
j = §+.§V+SNNV, and M = —J...J. This assumption
allows us to write the matrix representation of H, in the
following diagonal form:

<57 SV,NNIJ; JZ\/JlHIJ‘S7 SV,NNZI; JA[>

3 { |60]” + |onn, |2

- SV,NND(SV,NNV + ]-) - 5(5 + 1):|

[J(J+ 1)

- JV,NNU[SU,NNV(SV,NNV + 1) - 25(5 + 1)]}

X |S,SVVNN,,;J]V1>. (11)
Such representation allows for a direct numerical evalua-
tion, as discussed next.
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3. Numerical results and comparison
with experiment

Next, we apply the developed approach to assess the
appropriateness of the simple extension of the BMP the-
ory developed by Dietl and Spalek (DS) [15] to the situ-
ation with saturation of the magnetization due to the
spins. For this purpose, we compare the expectation
value of H,y calculated in three different ways. Namely,
we use the approach developed here, obtained accord-
ing to the DS theory, and finally determined by replace-
ment of the linear approximation to the system mag-
netization in the DS solution by the magnetization it-
self. Additionally, we compare numerical results with
experimental data of Ref. [19] for acceptor type BMP in
Cdg.95Mng. g5 Te. Our and DS approaches are derived ex-
plicitly within the spherical approximation. Nonetheless,
we apply them also to the acceptor-type BMP. Generally,
this is not quite correct but we would like to test if the de-
tailed treatment of spin fluctuations suffices to describe
the system, independently of the detailed shape of the
impurity-carrier wave function.

The expectation value of (Hy(,y_q) within DS can be
calculated analytically, it has the following simple form:

4S2€p + 3]4']3T
P 4s%e, + kpT’
with the following replacement:

2
v X ¥
e, = — = — (M), 13
P <9MB> 32mad, guB< ) (13)

where ¢, is the principal parameter obtained within DS
theory, x is the magnetic susceptibility and (M) is the
mean spin magnetization [15]. Let us note that within
the replacement in Eq. (13) we extend formally DS ap-
proach to the situation when magnetization due to the
spins can approach the saturated state. In order to calcu-
late (H,(p)—q), we need to fix values of the Hamiltonian
parameters. For the BMP in p-Cdg.g5Mng o5 Te, we have:
s =23/2 and ag = 10 A according to Ref. [19], z = 0.05,
n =6.8, Jo = —7 K [14], for the acceptor impurity.

All the calculated curves shown in Fig. 1 are ad-
justed to the experimental data with one parameter only.
Namely, the exchange integral v is treated as the ad-
justable parameter within our approach. The curves
within DS approach are obtained with x and M de-
termined within PA (more precisely, with an extended
version of PA which accounts also for the triple-spin
configurations; see e.g. Refs. [14] and [20]) and are ad-
justed by the following parameterizations: ¢, = cx =
cBr;flM(Bmf), with ¢ and By,¢ being the adjustable pa-
rameters. Those results for (H)_q) are also shown in
Fig. 1. As one can see, the calculated curves provide a
satisfactory representation of the experimental data.

The determined value of the mean molecular field
Bns = 4.5 T shows why a linear approximation to the
magnetization (at B = 0) fails in this particular case.
The value of 7, determined within our model, corre-
sponds to taking NyS = 0.75 eV. This value obtained

(Hyp)-a) = 45°¢ (12)
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Fig. 1. Comparison with experimental data of Ref. [19]
the temperature dependence of the effective p—d ex-
change energy calculated using the original DS approach
[15] (dotted line), PA method of the present work (solid
line), as well as including a simple extension of DS the-
ory (dashed line).

for a bound-hole-impurity state compares well with the
free-hole value 0.88 €V (cf. Refs. [19] and [21]). Finally,
the determined value of e, = 13.76 meV (at T = 1 K)
is significantly larger than the corresponding value for
donor case. Let us note however, that due to differences
in the values of Nya and Nyf3, the enhancement factor of
~ 16 appears. The additional enhancement is provided
by a smaller value of the impurity-orbit diameter (also a
factor of 4).

4. Conclusions

In this work we have developed a model of BMP in
DMS based on the pair approximation. The results il-
lustrated in Fig. 1 demonstrate the appropriateness of
a simple extension of the BMP approach of Dietl and
Spatek (DS) [15] to the situations when magnetization
due to the spins can approach the saturated state. The
value of the molecular field By, acting on the polaron
depends on magnetic-ion concentration and on material
parameters which can be estimated within our present
approach. The detailed shape (apart from its size) of the
impurity wave function seems not to be crucial in this
case. This approach can also be applied to BMP located
inside a quantum dot in a straightforward manner.

Acknowledgments

H.B. is indebted for financial support from the Na-
tional Science Centre project no. NN 508626840. J.S. is
grateful to the Foundation for Polish Science (FNP) for
the grant TEAM, as well as for a support of independent
research.



[1]

(2]

13]

[4]

1]

[6]

7]
[8]

[9]

Application of Pair Approximation to Bound-Magnetic-Polaron State . . .

References

A.O. Govorov, Phys. Rev. B 72, 075358 (2005);
A.O. Govorov, Phys. Rev. B 72, 075359 (2005);
W. Zhang, T. Dong, A.O. Govorov, Phys. Rev. B 76,
075319 (2007).

I.R. Sellers, R. Oszwaldowski, R, V.R. White-
side, M. Eginligil, A. Petrou, I. Zutic, W-C,
Chou, W.C. Fan, A.G. Petukhov, S.J. Kim,

AN. Cartwright, B.D. McCombe, Phys. Rev. B
82, 195320 (2010); R. Oszwaldowski, I. Zutig,
A.G. Petukhov, Phys. Rev. Lett. 106, 177201 (2011).

N. Lebedeva, H. Holmberg, P. Kuivalainen, Phys.
Rev. B 77, 245308 (2008); N. Lebedeva, A. Varpula,
S. Novikov, P. Kuivalainen, Phys. Rev. B 81, 235307
(2010); N. Lebedeva, P. Kuivalainen, Phys. Status
Solisi B 246, 1291 (2009).

P. Wojnar, J. Suffczyrski, K. Kowalik, A. Golnik,
G. Karczewski, J. Kossut, Phys. Rev. B 75, 155301
(2007).

L. Klopotowski, .. Cywinski, P. Wojnar, V. Voliotis,
K. Fronc, T. Kazimierczuk, A. Golnik, M. Ravaro,
R. Grousson, G. Karczewski, T. Wojtowicz, Phys.
Rev. B 83, 081306(R) (2011).

A.C. Durst, R.N. Bhatt, P.A. Wolff, Phys. Rev. B 65,
235205 (2002).

D.E. Angelescu, R.N. Bhatt, Phys. Rev. B 65, 75211
(2002).

H. Bednarski, J. Spalek, J. Phys. Condens. Mat-
ter 24, 235801 (2012); Acta Phys. Pol. A 120, 967
(2011).

J.M. De Teresa, M.R. Ibarra, P.A. Algarabel, C. Rit-
ter, C. Marquina, J. Blasco, J. Garcia, A. del Moral,
Z. Arnold, Nature 386, 256 (1997).

[10]
[11]
[12]

[13]
[14]

[15]

[16]

[17]
[18]
[19]
[20]

21]

1055

J.M. Coey, M. Venkatesan, C.B. Fitzgerald, Nature
Mater. 4, 173 (2005).

T. Jungwirth, J. Sinowa, J. Masek, J. Kucera,
A H. MacDonald, Rev. Mod. Phys. 78, 809 (2006).

T. Dietl, H. Ohno, F. Matsukura, J. Cibert, D. Fer-
rand, Science 287, 1019 (2000).

K. Matho, J. Low Temp. Phys. 35, 165 (1979).

C.J.M. Denissen, H. Nishihara, J.C. van Gool,
W.J.M. de Jonge, Phys. Rev. B 33, 7637 (1986);
W.J.M. de Jonge, M. Otto, C.J.M. Denissen,
F.A.P. Blom, C. v. d. Steen, K. Kopinga, J. Magn.
Magn. Mater. 31-34, 1373 (1983).

T. Dietl, J. Spalek, Phys. Rev. Lett. 48, 355 (1982);
Phys. Rev. B 28, 1548 (1983).

A. Golnik, J.A. Gaj, M. Nawrocki, R. Planel,
C. Benoit a la Guillaume, J. Phys. Jpn. Suppl. A 49,
819 (1980).

J. Warnock, P.A. Wolff, Phys. Rev. B 31, 6579
(1985).

P.Y. Yu, M. Cardona, Fundamentals of Semiconduc-
tors, Springer-Verlag, Berlin 1996.

T.H. Nhung, R. Plane, C. Benoit a la Guillaume,
A K. Bhattacharjee, Phys. Rev. B 31, 2388 (1985).
H. Bednarski, J. Cisowski, J.C. Portal, Phys. Rev. B
55, 15762 (1997).

J. Mycielski, C. Rigaux, J. Phys. (Paris) 44, 1041
(1983).



