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A width and shape of resistive transition as well as thermal �uctuations of the thallium based superconductors
were analyzed theoretically. The applied magnetic �eld widens the resistive transition according to the following
formula: ∆T = CHm + ∆T0. The exponent m �uctuates around 2/3 and depends on vortex structure and
strength of the pinning force. The shape of the resistive transition was �tted by two models: the �rst one based
on Ambegaokar�Halperin theory and the other one based on Anderson�Kim theory expressed by the exponential
formula. Critical �uctuations were analyzed on the basis of magnetoresistance measurements results. The critical
exponents have been calculated above the critical temperature Tc as well as for temperatures close to the zero
resistance critical temperature.
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1. Introduction

The resistive transition from the normal to the super-
conducting state of high temperature superconductors
hides many interesting physical phenomena. In classi-
cal � low temperature � superconductors the resistive
transition is generally sharp and a signi�cant widening
of the transition is usually hardly observable. This is
because in the low temperature superconductors pinning
is reasonably e�ective while the e�ects of �uctuations
are relatively unimportant, so there is rather a well de-
�ned sharp resistive transition in which the resistance
drops to zero in a narrow temperature range [1]. How-
ever, an applied magnetic �eld can broaden the resis-
tive transition and can shift the resistive transition to
lower temperatures. A quite di�erent behavior can be
observed in high temperature superconductors (HTS) in
which the width of the resistive transition can be eas-
ily observed, and it is one of the important parameters
characterizing the superconducting state. The behavior
of resistance in applied magnetic �elds shows an anoma-
lous broadening, in particular when the magnetic �eld is
applied along the c-axis (see Fig. 1). This phenomenon
has been interpreted in the frame of the vortex struc-
ture and �ux motion mechanism [2�5]. There are two
models of the broadening e�ect: the �rst one based on
Ambegaokar�Halperin theory that describes the resistive
transitions by the modi�ed Bessel function [6, 7] and the
other one based on Anderson�Kim theory expressed by
the exponential formula of the �eld dependence of the
resistance [8, 9].
In this paper we study the width and the shape of

the resistive transitions as well as the thermal �uctu-
ation of the thallium based superconductors. Thal-
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Fig. 1. Magnetoresistance as a function of temperature
of (Tl0.5Pb0.5)Sr2(Ca1−xGdx)Cu2Oz for x = 0.2.

lium based superconductors are still very interesting
not only for the transport of electric energy but also
for applications in the �eld of superconductor digi-
tal electronics such as switches, magnetic shields, res-
onators for microwave �lters, microwave guides, anten-
nas and other devices. A research on superconduc-
tors for the power industry is mainly focusing on su-
perconducting tapes which are expected to replace bis-
muth based powder in tube tapes and coated conduc-
tors � the second generation of high temperature su-
perconducting tapes. For this study we have chosen
following thallium based superconductors. The �rst
one is a c-axis oriented and a�b aligned superconduct-
ing �lm (Tl0.6Pb0.24Bi0.16)(Sr0.9Ba0.1)2Ca2Cu3Oy ob-
tained by the screen printing method on LaAlO3 sub-
strate [10]. The critical temperature of this sample is
Tc = 112 K, the critical current is Jc ≈ 106 A/cm2 at
77 K in the self �eld and the irreversibility �elds are
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Fig. 2. Width of the resistive transition of a
(Tl0.6Pb0.24Bi0.16)(Ba0.1Sr0.9)2Ca2Cu3Oy �lm on
single-crystalline (100) lanthanum aluminate as a
function of the applied magnetic �eld for two magnetic
�eld orientations: H∥a−b plane (squares) and H∥c-axis
(circles). Solid lines are the �t to Eq. (8).

Hirr = 98 T for H∥a − b and Hirr = 4.1 T for H∥c at
T = 77 K [11, 12]. The second one is superconduct-
ing (Tl0.5Pb0.5)(Sr0.85Ba0.15)2Ca2Cu3Oz �lm prepared
on highly polished, untextured silver substrate [13]. A
superconducting transition temperature of this specimen
is Tc,50% = 114.7 K and the critical current is Jc = 11.4×
103 A/cm2 at 77 K in the self �eld. The irreversibility
�elds of this �lm are very small and they are as follows:
Hirr = 80Oe forH∥a−b andHirr = 20Oe forH∥c at T =
77 K [14�16]. The last class of superconductors studied
in this paper are bulk (Tl0.5Pb0.5)Sr2(Ca1−xGdx)Cu2Oz

with x = 0.1, 0.2 and 0.3 [17]. These superconductors
have been studied in several papers [18�20].

2. Width of the resistive transition

The temperature width of the resistive transitions of
HTS was introduced by M. Tinkham [7] who extended
the model of giant �ux creep proposed by Yeshurun and
Malozemo� [21]. According to Ambegaokar and Helperin
in the limit of the small currents the resistance of the su-
perconducting Josephson weak links can be described as
follows [6]:

R

Rn
=

(
P0

(γ
2

))−2

, (1)

where P0 is the modi�ed Bessel function (see Eq. (9)), R
is the resistance of the weak links, Rn is the resistance in
the normal state at a given temperature and γ is the pa-
rameter related to the activation energy U0 which must
be overcome to allow �ux motion and hence resistance.
Using heuristic scaling argument Yeshurun and Maloze-
mo� have proposed that the activation energy U0 should
have a form:

U0 =
βH2

c ξφ0

B
, (2)

where Hc is the thermodynamic critical �eld, ξ is the co-

herence length, φ0 is the �ux quantum hc/2e, B is the
�ux density in the sample, and the parameter β ≈ 1
is introduced to absorb all numerical factors. Using
the substitution of Ginzburg�Landau relations: φ0 =
2
√
2πHcξλ and Jc0 = cHc/3

√
6πλ one can obtain:

U0 =

(
3
√
3φ2

0β

2c

)(
Jc0
B

)
. (3)

This formula involves only one materials parameter Jc0
instead of two (Hc and ξ) in formula (2).

Since the thermally activated process depends on
U0/kBT , one can de�ne the normalized height barrier
as follows [7]:

γ =
U

kBT
=

(
CJc0 (0)

TcB

)
g (t) , (4)

where the function g(t) is the parameter of Ginzburg�
Landau free energy expansion, t = T/Tc. Thus, Eq. (4)
can be described in the form:

γ =
U

kBT
=

A (1− t)
3/2

H
, (5)

where the coe�cient A depends on the critical current at
zero magnetic �eld and H is the applied magnetic �eld.
Putting Eq. (5) into Eq. (1) and taking only two �rst
terms of the modi�ed Bessel series, the following equa-
tion for the magnetic �eld H ̸= 0 may be derived:

R

Rn
=

(
P0

(
A(1− t)3/2

2H

))−2

=

(
1−

(
A(1− t)3/2

4H

)2
)−2

. (6)

Equation (6) is valid for each value of R/Rn. If we con-
sider R/Rn = 0, then a simple calculation yields the
following result for the width of resistive transition:

∆T = 16Tc

(
1

A

)2/3

H2/3 = CH2/3. (7)

For HTS the resistive transition is relatively wide even
for H = 0, so ∆T (H = 0) ̸= 0. Therefore, Eq. (7) should
be rewritten as [11, 12]:

∆T = CHm +∆T0, (8)

where m = 2/3 = 1/n and ∆T0 is the width of the re-
sistive transition at the zero applied magnetic �eld. The
exponent n = 3/2 comes from the irreversibility �elds of
the HTS [22] originally introduced by Müller, Takashige
and Bednorz [23]. This exponent could �uctuate around
this value as a function of the vortex structure and the
strength of the pinning force. Equation (8) has only two
unknown parameters: C and m. The width of the resis-
tive transition at the zero applied magnetic �eld ∆T0 is
usually taken from experiment.

The magnetic �eld dependencies of the width of the re-
sistive transition of thallium �lms show large anisotropy
(see for instance Fig. 2). One can notice signi�cant dif-
ferences between the width of the resistive transitions
for H∥a − b and for H∥c. The �t procedure gave the
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exponents which are m = 0.59 ± 0.02 for H∥a − b and
m = 0.71± 0.02 for H∥c . The values of exponent m less
than 2/3 indicates that a strong pinning and a vortex
glass structure exists (the applied �eld is parallel to the
a�b plane). On the other hand, higher than 2/3 values of
m suggest the pinning force is weak and the vortex struc-
ture is like in HTS. These results are consistent with the
temperature dependence of the critical currents and of
the irreversibility �elds [15, 16].

Fig. 3. Width of the resistive transition of
(Tl0.5Pb0.5)Sr2(Ca1−xGdx)Cu2Oz superconductors
with x = 0.1 (open squares) x = 0.2 (open circles)
and x = 0.3 (open triangles). Solid lines are the �t to
Eq. (8).

The interesting features of the broadening of
the resistive transition may be observed in the
(Tl0.5Pb0.5)Sr2(Ca1−xGdx)Cu2Oz superconductors (see
Fig. 3). The sample with x = 0.2 features the best su-
perconducting parameters like critical temperature, crit-
ical current and irreversibility �eld. Nevertheless a mag-
netic broadening of the resistive transition is smallest
for the sample with x = 0.1. One can observe the
crossover of the dependencies ∆T (H) for x = 0.1 and
x = 0.2 that can be explained by the higher magnetic
moment of gadolinium in the external magnetic �eld of
the sample with x = 0.2. The �tted exponents show that
only (Tl0.5Pb0.5)Sr2(Ca1.8Gd0.2)Cu2Oz sample exhibits
strong pinning and glassy vortex state with n = 0.56.
Also the highest critical current is observed in this sam-
ple. The �ts as well as the experimentally obtained pa-
rameters of (Tl0.5Pb0.5)Sr2(Ca1−xGdx)Cu2Oz supercon-
ductors are summarized in the Table.

3. Transition shape

The shape of the temperature and the �eld depen-
dent resistive transition was analyzed using the two
models: �rst, based on the Ambegaokar�Halperin the-
ory (AH) [6, 7] and the second, based on the Anderson�
Kim theory (AK) [8, 9]. The results were obtained for
(Tl0.6Pb0.24Bi0.16)(Ba0.1Sr0.9)2Ca2Cu3Oy �lm on single-
crystalline lanthanum aluminate substrate.

Fig. 4. Resistance vs. temperature of a
(Tl0.6Pb0.24Bi0.16)(Ba0.1Sr0.9)2Ca2Cu3Oy �lm for
(a) magnetic �elds H∥a − b and (b) magnetic �eld
H∥c [2]. Solid lines are the �tting of Eq. (13) (AK
model). Insets shows R(T ) close to Tc0 in enlarged
scale.

TABLE
Superconducting transition temperatures Tc50%

and the transition width ∆T90%−10% of
(Tl0.5Pb0.5)Sr2(Ca1−xGdx)Cu2Oz samples obtained
from resistance measurements. The �t parameters ∆T0,
n and C are obtained using Eq. (8).

x Tc50% ∆T90%−10% ∆T0 m C

[K]

0.1 101.1 5.6 5.58± 0.13 0.72± 0.05 0.027± 0.011

0.2 105.3 3.6 3.5± 0.3 0.56± 0.03 0.22± 0.05

0.3 98.4 16.3 16.08± 0.18 0.84± 0.03 0.069± 0.014

According to the �rst model, in the limit of the small
currents the resistance of each weak link treated as a
Josephson junction is reduced by the ratio expressed by
the Eq. (1), where P0 is the modi�ed Bessel function
given by:

P0(x) =
∞∑
s=0

1

(s!)
2

(x
2

)2s
, (9)

and parameter γ is determined by Eq. (5). This means
that the activation energy depends only on the tempera-
ture T and the applied magnetic �eld H.
Finally the full Eq. (6) was used to �t the shape of the

resistive transition in AH model. This equation has only
two parameters: A and Tc. The onset resistance Rn may
be taken from experiment.
According to Anderson and Kim theory [8, 9] the re-

sistance due to the �ux motion in the mixed state of an
epitaxial superconducting �lm can be well described by
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thermal activation formula:

R = R0 exp (−U/kBT ) . (10)

The activation energy U has a functional dependence on
temperature T,magnetic �eldH and transport current I:

U = A∗H−β ln (I/I0) g
∗ (T ) , (11)

where A∗ is a constant depending weakly on applied mag-
netic �eld, β is a dimensionless constant close to 1, I0 is
the threshold current. g∗(T ) is a temperature function
consisting of the temperature dependences of the critical
�eld and the penetration depth given by [7]:

g∗ (t) =
(
1− t2

) (
1− t4

)1/2
. (12)

Combining Eqs. (10), (11) and (12) one can recast the
dissipation due to thermally activated �ux creep with
�eld, current, and temperature as follows:

R = R0

(
I

I0

)−A∗H−β
(
1−t2
)(

1−t4
)p

kBT

, (13)

where we have introduced the more general parameter p
instead of 1/2.

For initial �tting some starting values of the parame-
ters should be estimated using special conditions of the
experimental setup. Then only two parameters A∗ and
Tc can be varied in order to obtain the best �t [24]. The
shape of temperature and �eld dependent resistive tran-
sition was interpreted in terms of the Eqs. (6) and (13).
The �ts using Eq. (13) describe the measurements of the
resistance slightly better than Eq. (6) and are shown in
Fig. 4. The reason is that the AK theory includes the
current dependence of activation energy. The calculated
critical temperatures for both models are very close to
the onset temperature T onset

c = 115.2 K of this super-
conductor and can be treated as a freezing temperature
Tg of the vortex-glass state. The surprising fact is that
the freezing temperature does not depend on the applied
magnetic �eld within the measured range. The �tting
procedures show that the parameters A and A∗ strongly
depend on the applied magnetic �eld.

4. Thermal �uctuations

A very short coherence length as well as the large
anisotropy of HTS a�ect the thermal �uctuations around
the superconducting transition. Within the critical re-
gion the competition between the critical �uctuations at
lower temperatures and the gaussian (stochastic) �uctu-
ations at higher temperatures the critical temperatures
exists and depend on both the applied magnetic �eld and
pressure [25�27]. The gaussian �uctuations can give the
information on the e�ective dimensionality of supercon-
ductivity in HTS materials. Because of a huge anisotropy
the superconductors usually show the three-dimensional
(3D) to the two-dimensional (2D) transition in the crit-
ical region for polycrystalline, single crystal as well as
for thin �lm samples [24, 28�30]. To analyze the ther-
mal �uctuation of the thallium based superconductors
the formula for a �eld dependent conductivity within the
transition region was used [31]:

∆σ = Kε−λ, (14)

where ε = (T − Tc)/Tc, λ is the critical exponent and
K is a constant. The temperature dependence of the ex-
cess conductivity is de�ned within the Ginzburg�Landau
mean �eld approximation [32]:

∆σ(T ) =
1

R(T )
− 1

RR(T )
, (15)

where R(T ) is the measured resistance and RR(T ) is the
resistance obtained by the linear extrapolation of resis-
tance data from around 170 K, the highest measured tem-
perature, down to temperatures below Tc [33].
To get ∆σ we have determined the RR for tempera-

tures near Tc by linear extrapolation from higher to lower
temperatures of RR(T ) as follows:

RR(T ) = R0 +

(
dR

dT

)
T , (16)

where R0 and dR/dT are constants. The linearity of
RR(T ) is observed in all the measurements above 130 K.
In the critical region, where the critical �uctuations are

observed the full dynamical scaling theory [34] predicts
that the excess conductivity (Eq. (15)) diverges at the
critical temperature with the critical exponent given by
the relation:

λ = ν (2 + z − d+ η) , (17)

where ν is the critical exponent for the coherence length,
z is the dynamical exponent, d is the dimensionality of
�uctuation spectrum and η is exponent for the order pa-
rameter of the correlation function. The thermodynamic
properties of superconductors in the critical region are
the same as a for 3D-XY model. Then one should sub-
stitute ν = 2/3, z ∼= 3/2 and η ∼= 0.
In the regimes away from the critical temperature the

critical exponents are dominated by Gaussian �uctua-
tions. The mean �eld Ginzburg�Landau theory predicts
that ν = 1/3, z = 2 and η = 0. Then as shown by Asla-
masov and Larkin [31] the gaussian �uctuations can be
described by:

λ = 2− d

2
, (18)

where d is the dimensionality of �uctuation spectrum.
To determine the critical exponents we plotted the

temperature dependence of the following expression:

−
(

d

dT
ln

(
1

R
− 1

RR

))−1

=
1

λ
(T − Tc) . (19)

The critical exponent is given by reversal slope of the
curve within a linear regions of the temperature.
The results of Eq. (19) for

(Tl0.6Pb0.24Bi0.16)(Ba0.1Sr0.9)2Ca2Cu3Oy �lm are
shown in Fig. 5. The calculated critical exponent in
vicinity of Tc temperature interval was determined to be
λ = 0.36 ± 0.05. This means that in this temperature
regime the true critical �uctuations play a dominant role
according to 3 dimensional XY plane model.
The �uctuations of magnetoconductivity in

(Tl0.5Pb0.5)Sr2(Ca1−xGdx)Cu2Oz superconductor
with x = 0.2 have also been analysed. The relation
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Fig. 5. Logarithmic T derivative of
∆σ as a function of temperature of a
(Tl0.6Pb0.24Bi0.16)(Ba0.1Sr0.9)2Ca2Cu3Oy �lm at
the zero applied magnetic �eld. The solid lines corre-
spond to �ts to Eq. (19). The critical exponents λ1 and
λ2 are calculated from the �t parameter of Eq. (19).

Fig. 6. Representative plot of (−d(ln(∆σ))/dT )−1 vs.
T of (Tl0.5Pb0.5)Sr2(Ca0.8Gd0.2)Cu2Oy without applied
magnetic �elds. There are three regions in which the
linear �tting can be obtained (see text).

expressed by Eq. (19) for the sample with x = 0.2 and for
H = 0 is shown in Fig. 6. The calculated temperature
derivatives of the resistance for the sample with x = 0.2
near the critical temperature are shown in Fig. 7. Two
features have been noticed: the maximum associated
with the critical �uctuation temperature Tcf and the
shoulder related to the temperatures below Tcf . The
shoulder shifts to lower temperatures when the applied
magnetic �eld increases, whereas the maximum does not
depend on the magnetic �eld up to the maximal �elds
used in these experiments. Above Tcf the transition is
dominated by superconducting �uctuation in the normal
state in which two regions I and II were de�ned (region
III is de�ned below the Tcf) (see Fig. 6).
The calculated �eld dependence of the critical expo-

nents of (Tl0.5Pb0.5)Sr2(Ca1−xGdx)Cu2Oz superconduc-
tors with x = 0.2 in the �rst and second regions are

shown in Fig. 8. In the �rst region the critical exponent
is equal λ = 0.93 at H = 0 Oe and decreases slowly with
the rising of the magnetic �eld, �nally reaching value of
λ = 0.77 at H = 1000 Oe. It means that the criti-
cal exponents change by 12% within this magnetic �eld
range. The standard deviation of the critical exponent
in this region is equal ∆λ = 0.16. The dimensionali-
ties of the �uctuating system, calculated using Eq. (18),
were found to be d = 2.1 and d = 2.5, respectively. To
summarize, one can conclude that in the region I the 2D
�uctuating system exists and the applied magnetic �eld
enhances this dimensionality. In the region II the critical
exponent increases by 50% of its initial value when the
magnetic �eld is risen up to 1000 Oe. In the region II
the critical exponent is equal λ = 0.30 at H = 0 Oe and
increases up to λ = 0.46 at H = 1000 Oe. The standard
deviation of the critical exponent in this region is equal
∆λ = 0.04. Again, using Eq. (18) the dimensionalities
of the �uctuating system have been found to be d = 3.4
at H = 0 Oe and d = 3.1 at H = 1000 Oe. It means
that there is a 3D �uctuating system within the inter-
val of the applied magnetic �elds. For both regions only
gaussian �uctuations are observed. Similar, in our pre-
vious paper [35] on the shape of speci�c heat anomaly
around Tc in DyBa2Cu3Ox we have found a large e�ect
of the gaussian �uctuations within a few Kelvins around
Tc. The calculated critical exponents in the region III,
as a function of magnetic �eld are shown in Fig. 9. In
this region the critical exponent is equal λ = 1.98 at
H = 0 Oe and increases up to λ = 2.96 at H = 1000 Oe.
In the region III the critical exponent increases by 50%
of its initial value. The standard deviation of the crit-
ical exponent in this region is equal ∆λ = 0.08. This
region is di�cult to be clearly explained and understood.
The authors of the paper [25] interpreted this behavior
in terms of dissipative �ux motion in the presence of
the applied magnetic �eld. On the contrary some au-
thors [36�38] suggest that there is a phase transition
involving quenched disorder within the system of weak
links. They claim that if the exponents are larger than
of two (2.2�2.7) [38] the system shows the paracoherent�
coherent transitions of the granular array, where the �uc-
tuating phase of the order parameter in each grain be-
comes long-range ordered as a consequence of the acti-
vation of weak links between grains. The high values
of the critical exponents near the zero resistance critical
temperature suggest that the �uctuating Cooper pairs
are forced to move along the one dimension percolation
path. This idea was proposed in the paper [39] in which
the crossover from 2D to 1D in the polycrystalline Hg�Tl
1223 superconductors was observed. On the other hand
the crossover from 2D to 3D dimensional �uctuation in
the polycrystalline Hg�Tl 1223 superconductors was also
noticed [40]. The measurements of the conductivity of
c-axis oriented Tl�Ba�Ca�Cu�O (1223) and (2212) thin
�lms in the paper [41] show only two-dimensional �uc-
tuations without crossover to 3D, whereas in Tl�Ba�Ca�
Cu�O (2212) single crystals [42] the crossover from 2D
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to 3D was observed near the transition temperature in
some samples. The critical exponents evaluated for the
temperatures below Tc (for instance, in the region III
for the (Tl0.5Pb0.5)Sr2(Ca0.8Gd0.2)Cu2Oy superconduc-
tor) characterize rather extrinsic behavior of the sample
fabricated at certain preparation conditions but not the
intrinsic physical properties of the superconducting ma-
terial in general.

Fig. 7. Temperature derivatives of the resis-
tance near the critical temperature for dif-
ferent values of the applied magnetic �eld of
(Tl0.5Pb0.5)Sr2(Ca0.8Gd0.2)Cu2Oy superconductor.

Fig. 8. Critical exponents as a function of the applied
magnetic �eld of (Tl0.5Pb0.5)Sr2(Ca0.8Gd0.2)Cu2Oy su-
perconductor for region I (closed circles) and for region
II (closed squares) with linear �ts.

5. Summary

The resistive transition from the normal to the super-
conducting state of the high temperature superconduc-
tors was characterized by its width, shape and by ther-
mal �uctuations. The magnetically anomalous broad-
ening of the resistive transition in the applied magnetic
�elds is well described by the Eq. (8). The shape of the

Fig. 9. Critical exponents as a function of the applied
magnetic �eld of (Tl0.5Pb0.5)Sr2(Ca0.8Gd0.2)Cu2Oy su-
perconductor for region III (closed circles) with linear
�t.

resistive transition could be analyzed using two models:
�rst one, based on the Ambegaokar�Halperin theory and
the other one, based on Anderson�Kim theory. Because
of very short coherence length and the large anisotropy
of high temperature superconductors the thermal �uctu-
ations around the superconducting transition were ob-
served. The critical �uctuations were revealed at the
temperatures below the critical temperature of �uctua-
tions Tcf , and the gaussian (stochastic) �uctuations were
observed above Tcf . These �uctuations show the mag-
netic �eld dependence.
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