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A Variational Approach for an Electron Interacting
with an Impenetrable Dielectric Surface

under the Effect of an External Magnetic Field
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Using a variational approach, the interaction of an extrinsic electron with the surface modes of a semi-infinite
medium is studied under the effect of an external magnetic field. The approach is to be valid for all values of the
electron–surface–phonon coupling. In addition to the ground state energy, the number of phonons around the
electron, and the spatial localization of the electron perpendicular and parallel to the surface are studied. It is
observed that the magnetic field enhances the effective electron–phonon coupling and thus leads to an increased
degree of localization of the electron toward the surface.

PACS: 71.38–k

1. Introduction

The problem of an electron interacting with the sur-
face elementary excitations on a semi-infinite medium
has been the subject of considerable interest in the past
decades [1–10]. This interaction is interesting from a
technological viewpoint in the context of surface spec-
troscopy and the study of the optical properties of polar
thin films and interfaces.

Evans and Mills [1] used the Lee–Low–Pines theory
to study the binding of electrons to the crystal sur-
face. They considered the cases where the electron is
outside and inside the crystal. Tokuda [2], and Bodas
and Hipolito [3] considered only the case where the elec-
tron lies outside the crystal. They observed a phase-
-transition-like behavior from the quasi-free to the self-
-trapping electron state as the electron–phonon coupling
constant exceeds a certain critical value. The effect of
the magnetic field on the problem is investigated by
Bhattacharya et al. [4] using a canonical transformations
method. Using a variational approach, Ninno and Iado-
nisi [5] calculated the ground state energy and the wave
function of an electron near the surface of a polar crys-
tal. Xiao et al. [6] studied the properties of the surface
polaron in polar crystals. Saqqa et al. [7] and Xiukun [8]
studied the effect of the magnetic field on an electron near
the surface of a crystal using the strong-coupling theory.
The effect of both the magnetic field and the temperature
is addressed by Eerdunchaolu et al. [9]. Maslov et al. [10]
studied the effect of surface polaron in quantum dots.

The common conclusion reached by the previous men-
tioned works is that for a sufficiently large coupling con-
stant the electron goes into a bound state in which it is
localized in the close vicinity of the exterior face of the
material by the strong interaction with the surface os-

cillation modes. It has been observed that certain po-
laron quantities such as the ground state energy, the
mean number of phonons around the electron, or the de-
gree of localization are all enhanced by coupling strength.
A further important finding is that the effective poten-
tial deviates considerably from the classical Coulomb pro-
file (Vclass ∝ −1/z) and in particular, at distances close
to the surface, the electron–phonon coupling imposes a
rounding off of the divergence encountered in the classical
picture. The application of an external magnetic field in
the problem brought about an additional contribution to
the localization of the electron so that the electron inter-
acts with the phonons in a more efficient manner. This
leads to an enhancement in the binding and an increase
in the degree of confinement of the electron toward the
surface.

In the following it is referred to the surface polaron
problem considering the case where the electron is out-
side the medium and the effect of an external magnetic
field using the variational method of Devreese et al. [11]
is studied. The procedure is a combination between the
adiabatic approximation and the first order perturbation
method by adopting a variational trial function by which
it is possible to extrapolate from the strong coupling
regime toward the weak coupling one.

The model adopted in this work consists of a ionic or
polar material filling the half space z < 0 and an electron
localized near, but completely external to, the material
surface. The exterior electron has an electric field which
influences and polarizes the surface modes. These modes,
when polarized, create electric fields which in turn act
back upon the electron. The electron is therefore at-
tracted to the surface (z = 0) by its image potential
and in the mean time is repelled away by the repulsive
barrier resulting from the large difference between the
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bottom of the conduction band and the vacuum level of
the material. It should be noted that the interactions of
the electron with the bulk modes are ignored since the
electron is outside the material.

In a previous work [12] we calculated only the ground
state energy. In this report in addition to the ground
state energy, we study the effective potential, the effec-
tive mass, and the spatial localization of the electron per-
pendicular to the surface.

2. Theory

Using the symmetric gauge A = (B/2)(−y, x, 0) for
the vector potential, the Hamiltonian describing an elec-
tron with position r = (ρ, z) coupled to the surface opti-
cal (SO) phonons and acted upon by a uniform magnetic
field perpendicular to the surface can be written as

H = H0 +
∑

κ

a†κaκ +
∑

κ

Γκ

(
aκ e iκ·ρ + a†Q e iκ·ρ

)
, (1)

H0 = p2
x + p2

y +
1
4
(
Ω/2

)2 (
x2 + y2

)
+ (Ω/2) lz , (2)

where the operators a†κ and aκ are the creation and anni-
hilation operators of a phonon of wave vector κ, respec-
tively, and Ω is the dimensionless cyclotron frequency.
The interaction amplitude is related to the electron–SO-
-phonons coupling constant α and the phonon wave vec-
tor κ through the relation [1]:

Γκ =

√
2πα

Sκ
e−κz , (3)

where S is the normalization area. Lz in Eq. (2) is the
z-component of the angular momentum. It should be
noted that all physical quantities and operators will be
given in dimensionless form where energies are scaled by
the SO-phonon ~ω, and lengths by the polaron radius√
~/2mω.
The procedure followed here starts from the adiabatic

approach where the electron and the lattice variables are
assumed to be totally separable, that is, the wave func-
tion of the problem will be given by

Ψ = ΦeΦph , (4)
where Φe represents the electronic part of the wave func-
tion. The phonon part Φph is given as

Φph = eS |0〉 , (5)
where |0〉 is the phonon vacuum. The exponential oper-
ator with

S =
∑

κ

Fκ

(
aκ − a†κ

)
(6)

is the canonical coherent state transformation which, in
the semiclassical approach, leads to the optimal surface
polarization centered on the mean charge density in-
duced, by electron, on the surface of the material. The
amplitude Fκ depends implicitly on the electron wave
function and must be treated as a variational parame-
ter to be determined by the requirement that the energy
of the system be minimized. Optimization of the trans-
formed Hamiltonian

H ′ = e−SH eS = H0 +
∑

κ

a†κaκ +
∑

κ

F 2
κ

−
∑

κ

Fκ

(
aκ + a†κ

)
+

∑
κ

Γκ

(
aκ e iκ·ρ + a†κ e− iκ·ρ)

−
∑

κ

ΓκFκ

(
e iκ·ρ + e− iκ·ρ)

. (7)

With respect to the ground state Φe|0〉 we obtain
Fκ = 〈Φe|Γκ e± iκ·ρ |Φe〉 , (8)

and the ground state energy in the strong coupling regime
is given by

Esc = e0 − ep = 〈Φe|H0 |Φe〉 −
∑

κ

F 2
κ . (9)

To extend the formulation to the weak coupling case, we
include a first order correction to the trial state Φe|0〉
with the last term in Eq. (7) being a perturbation. We
then have

δΨ =
∑

κ

∑

j

|j〉 〈j| η∗κa†κ |Φe〉 |0〉
ε0 − εj − 1

, (10)

where
ηλ = Γκ e iκ·ρ − Fκ . (11)

The summation over the intermediate states can be pro-
jected out simply by replacing the energy dominator by
an average quantity which in the calculation will be de-
termined variationally. Using completeness we can write

δΨ =
∑

κ

Γκgκη∗κa†κ |Φe〉 |0〉 , (12)

where gκ is another variational parameter. The trial wave
function of the Hamiltonian H ′ is then extended to

Ψ ′ = nΦe |0〉+ δΨ , (13)
where n is normalization constant. The optimal fit to
gκ is achieved by minimizing 〈Ψ ′|H ′|Ψ ′〉 subject to the
constraint

〈Ψ ′|Ψ ′〉 = n2

(
1 +

∑
κ

Γ 2
κ (gκ/n)2 hκ

)
= 1 , (14)

in which
hκ = 〈Φe| ηκη∗κ |Φe〉 . (15)

For the energy we then have
Eg = Esc + λ , (16)

where λ is a Lagrange multiplier depending on α and Ω
through the equation

λ =
∑

κ

Γ 2
κ (gκ/n)hκ , (17)

where
gκ/n = −hκ/ [eκ − fκ + (1− λ− e0 − ep)hκ] , (18)

with
eκ = 〈Φe| ηκH0η

∗
κ |Φe〉 (19)

and
fκ =

∑

κ′
Γ 2

κ′Fκ′ 〈Φe| ηκ

(
e iκ·ρ + e− iκ·ρ)

η∗κ′ |φe〉 . (20)

Selecting a Gaussian spread (with variance σ2) in the
transverse direction and describing the localization in the
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remaining direction by

Φz =
(
β2/2

)1/2
z e−βz/2 , (21)

with β to be determined variationally, we obtain

e0 = σ−2 +
1
4
β2 +

(
1
4
Ωσ

)2

, (22)

ep = α

∫ ∞

0

dκF 2
κ , (23)

Fκ = Sκ(σ)Rκ(β) = e−( 1
4 σ2κ2)

(
1 +

κ

β

)−3

, (24)

hκ = R2κ(β)− S2
κ(σ)R2

κ(β) , (25)

eκ = R2κ(β)
[
e0 + 2κ2 + κβ

]

+S2
κ(σ)R2

κ(β)
[
e0 − 2σ−2 − 1

2
(κ + β)2

]
, (26)

fκ = 2α

∫ ∞

0

dκ′S2
κ′Rκ′

[
R2κ+κ′ + S2

κR2
κRκ′

]

−4αS2
κRκ

∫ ∞

0

dκ′S2
κ′Rκ′Rκ+κ′I0

(
κκ′σ2/2

)
, (27)

in which I0 is the modified Bessel function of order zero.
To calculate the mean number of phonons in the cloud

around the electron we have
〈n〉 = 〈Ψ ′| e−S

∑
κ

a†κaκ eS |Ψ ′〉 . (28)

After performing a straightforward calculation we obtain

〈n〉 =
b

1 + b
− ep (29)

with

b =
∑

κ

Γ 2
κ (gκ/n)2 hκ = α

∫ ∞

0

(gκ/n)2 hq dq . (30)

The localization of the polaron in a direction perpendic-
ular to the surface can be found by computing the mean
value of z-coordinate, that is

〈
z2

〉
= 12

n2

β2

{
1 +

∑
κ

Γ 2
κ (gκ/n)2

[(
1 + 2κβ−1

)
R2

2κ

−2F 2
κRκ

(
1 + κβ−1

)
+ F 2

κ

]}
.

In the same manner, the localization of the electron
in a direction parallel to the surface can be found by
computing the mean value of the ρ-coordinate, that is

〈
ρ2

〉
=

2
σ

+ 2
n2

σ2

∑
κ

Γ 2
κ (gκ/n)2 κ2F 2

κ .

3. Results and discussion

Before discussing the numerical results of the present
approach, we want to test the theory for some limiting
cases. For large values of the coupling constant α, Sκ(σ)
and Rκ(β), defined by Eq. (24), both approach unity and
hence λ → 0. This means that the ground state energy
defined in Eq. (16) conforms to that given by Eq. (9),

which is the strong coupling limit. For small α, however,
the role of λ becomes very prominent and the polaron
binding is dominantly determined by this term. If the
charge of the electron is restricted to be fluctuating just
on the surface, the present model becomes similar to that
for strictly two-dimensional magnetopolaron [14]. Impos-
ing an infinitely large value for β in Eq. (21), the strong
coupling ground state energy simplifies to

Eg = σ−2 +
(

1
4
Ωσ

)2 √
π

2
ασ−1 . (31)

For strong coupling and weak magnetic field (Ω/α2 ¿ 1),
the dominant contribution comes from the first and the
third terms in Eq. (31). Minimization of the dominant
part gives

Eg = −π

8
α2

[
1− (

2Ω/πα2
)2

]
, (32)

which is the two-dimensional analogue of the correspond-
ing bulk value [14].

Fig. 1. The binding energy as a function of α for Ω = 0
(solid line) and Ω = 4 (dashed line).

Fig. 2. The number of phonons around the electron as
a function of α for Ω = 0 (solid line) and Ω = 4 (dashed
line).
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Fig. 3. The mean square root of the transverse extent
as a function of α for Ω = 0 (solid line) and Ω = 4
(dashed line).

Fig. 4. The mean square root of the distance from the
surface as a function of α for Ω = 0 (solid line) and
Ω = 4 (dashed line).

To study the problem for all values of the coupling
constant α, and in the overall range of the magnetic
field, we minimize Eq. (16) by numerical techniques.
Figure 1 shows the dependence of the binding energy
(Eb = Eg− 1

2Ω) on α with (Ω = 4) and without (Ω = 0)
the magnetic field. From the figure we conclude that for
reasonable values α (α < 10), the magnetic field enhances
the effect of the polaronic correction to the binding en-
ergy. For large values of α, however, the magnetic field
loses its effect on the problem due to the dominancy of
the polaronic field.

In Fig. 2 we display the number of phonons around
the electron as a function of α, again without and with
the effect of the magnetic field. As it is clear from the
figure the number of phonons increases with α. Moreover,
the magnetic field has a role in increasing the number
of phonons. This is due to the fact that the magnetic
field increases the localization of the electron toward the
surface and this increases the importance of the electron–
phonon interaction.

In Fig. 3 we plot the mean square root of the trans-
verse extent versus α for Ω = 0 and Ω = 4. In the

absence of the magnetic field we observe that for weak
coupling the electron becomes free to move parallel to the
surface which means that the interaction of the electron
with the SO-phonons loses its importance to a large ex-
tent in this limit. When the magnetic field is turned on,
the coupling of the electron to the surface phonon modes
becomes more enhanced.

The same phenomenon shows up when we plot the
mean square root of the distance from the surface ver-
sus α for Ω = 0 and Ω = 4 (Fig. 4). Again the spatial
localization of the electron perpendicular to the surface
shrinks as α is getting smaller. The magnetic field pulls
the electron toward the surface a little bit.

4. Conclusion

In this report we have retrieved the problem of an elec-
tron interacting with the surface polaron under the ef-
fect of an external magnetic field using a variational ap-
proach intended to be valid for the overall range of the
coupling constant. The ground state energy, the num-
ber of phonons around the electron, and the localization
of the polaron perpendicular and parallel to the surface
have been calculated. It is found that the magnetic field
enhances the polaronic effect due to the additional con-
finement brought about by the magnetic field.
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